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Abstract

This thesisstudiesthe problem of using surface splinesas an approximationbasis.
The simpli ed surface spline basis, a slight simpli cation of the C*-surfacespline

constructionof Jorg Petersjs presented The simpli ed surfacedoesnot guarantea

C? surface,but hasexplicit formulas,explicit basisfunctionsandknown dimension.
In addition, it residescloseto the C!-surfacespline. The simpli ed surfacespline

basisis employedin interpolation Jeastsquarespproximatiorandfairedleastsquares
approximation. In addition, the meshnotation,a notationfor writing algorithmson

polyhedralmeshes$n a conciseandmathematicalvay, is presented.
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Foreword

Thisthesiss partof my CandidatusScientiarunstudiesatthe Departmenof Informat-
ics, Faculty of MathematicsaandNatural SciencesUniversity of Oslo. Thesegraduate
studiesare composedf one semesteof coursesandtwo semester®sf scienti c re-
searchThisthesisis theresultof my scienti ¢ research.

Initially, the scopeof my scienti ¢ researchwasto do an approximationusing
surfacesplines. This includedtriangle surfacegeneration control meshgeneration,
parameterisatioof the ne trianglemeshoverthecontrolmesh blendratio estimation,
and nally approximation.l quickly realizedthatin orderto overcomethis ordeal,|
hadto treatall aspect®f this procesgathersuper cially. Thus,| decidedto pick just
oneaspecbf this processnstead andstudythisin somedetail.

It wasnot particularly dif cult to choosewhich of thesesubjectsto pick. Trian-
gle surfacegenerationis a well-populatedsceneand| doubtl cangive a signi cant
contribution to this topic. Controlmeshgenerationpn the otherhand,is a moreopen
guestion. This involves nding a basemeshfor, amongother uses,approximation.
Blend ratio estimationand surfacespline approximationmethodsare both very open
guestions.With inspirationfrom the approximationtheory of B-splinespresentedn
“Spline Methods” (Mgrken & Lyche 2002),a compendiunfor a graduatecoursein
splinemethods| decidedto try doing somethingsimilar with surfacesplines. Thus,
my topic becomespproximatiorwith surfacesplines.

My intentionwith this thesisis to give a respectableccountof the schemeand
formsof evaluation, nding expressiongor the basisfunctions, nding the dimension
of thisbasis,and nding outif in factthisbasisalwayswasof full rank. Thereademay
beamusedy my ambition. However, my intentionwasneverto createa surfacespline
theorycomparabléo splinetheory Thesplinetheorywasonly a sourceof inspiration.

I nd it ayielding practiceto do things simple rst, andwhenthe simplething
works, expandit to the full thing. Moreover, this was the stratgly employed on the
surfacespline. Thesimplethingis thesimpli ed surfacespline.However, the studyof
approximationwith the simpli ed surfacesplinebasisgrew into a topic large enough
to becoveredalonein thisthesis.

Thus,extendingmy work to the“full” surfacesplineschememustbeanordealleft
to future generation®f inquisitive minds— if anyonecaresto bother

| usethe opportunityhereto thanksomeof the peoplethat have helpedme with
this thesis rangingfrom generainspirationto thetradeof mathematicabriting.

| wishto thankProfessoKnut Mgrken,my supervisoyfor giving methefreedonto
mouldthisthesisinto preciselywhatl wanted aswell asnumerousaluablecomments,
discussionsips, andconstructve criticism.

| alsowish to thank Martin Reimers,a Ph.D. fellow hereat the departmentfor
friendshipaswell ascountlesgliscussionscommentsandcriticism — nonenecessar
ily limited to surfacesplines.
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| alsowish to thankmy parentdor encouragemerandproofreading.

| also wish to thank the employeesat Sim Sumgery A/S, especiallyJan Sigurd
RotnesaandGeir WestgaardRgtnesnitially posedheproblemof my thesis andWest-
gaardhasgivenme a lot of usefulinformationon the surfacespline schemesaswell
asdiscussionscommentsaandconstructve criticism.

Finally, I wish to thankmy fellow studentsat “Parken” studyroom for the good
socialervironment.

Erik Christopher Dyken
Oslo,January24,2003
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Chapter 1

Intr oduction and background

Thisis athesisaboutsurfacesplines.We presenthesimpli ed surfacespling asimpli-
cation of the“C? surfacesplines’-schemdy Joig PetergPeters1995). Thethesis
canbedividedinto four subjects:

1. Themeshnotation,a clean,conciseand mathematicamethodof de ning sub-
setsof connectvity. This notationis not restrictedto analysisof surfacespline
schemes.

2. A thoroughinvestigationof the simpli ed surfacesplinescheme.Much of the
structureof this investigationcan be appliedto other surfacespline schemes.
In addition,a few approximatiorexperimentsareperformedwith the simpli ed
surfacesplinebasis.

3. An overview of afew surfacesplineschemes.

4. A thoroughdiscussiorof practicaladvantagedor usingsurfacesplineschemes.
Much of this discussioris applicablefor any schemeébasedon corvex combina-
tions.

The contribution of this thesiswith originality areitems(1) and(2). Items(3) and(4)
aremoreof anoverview of existing literatureandknowledge.

1.1 About surfacesplinesand meshes

We give a quick overview of surfacespline schemesn general,andthenpresenthe
motivationof the simpli ed scheme.

1.1.1 Surfacesplinesin general

Surfacesplinesmay be regardedasa macrospline, similar to the Clough-Tocherand
Pawell-Sabinmacrosplines. The surfacesplinetries to have the same“conceptual”
framawork as B-splines,wherethe connectvity andthe blend ratios play the same
role asknot vectorsdo for B-splines. Given a control mesh,this meshis re ned and
weightscalled blendratiosare usedto tune the location of the re ned vertices. The
re ned meshandverticesarethenusedto constructa connectegatchvork of tensor
productB-splinepatchesThesepatchesabut with thedesiredsmoothness.

1



2 CHAPTERI. INTRODUCTIONAND BACKGROUND

The surfacesplineschemegenerates surfacefrom control mesheof ratherarbi-
trary topologies.The surfacedoessatisfystandardmoothnessriteria. The numberof
patchesutputis usuallykeptto a minimum, anda closedform of the surfaceexists.
The parameterisatiois simpleandbasedon standardpatches Thusthe surfaceis not
dif cult to evaluate render differentiate andintegrate.

With thissaid,thesurfacesplinedoesnotpossesthesubdvision propertyessential
for wavelets. Further the constructionis not particularlysimpleandelegant— mary
of the schemesre in fact ratherhardto implement. In addition, the schemesre
non-trivial to generalisefor arbitrary degree and smoothnessand there exists little
approximatiortheoryfor theseschemes.

1.1.2 Thesimplied surfacespline

Thereasorof this simpli cation is to make a simpleprototypefor experimentingwith
methodf nding basisfunctionsandproperties.

Whensucha methodis found, it canbe appliedto the full scheme.Investigating
the schemen full is notin the scopeof this thesis. However, we will examinethe
simpli ed surfacesplinein detail: variousforms of constructionthe basisfunctions,
andhow to obtainthem,aswell assomepropertieof thescheme.

Thefocusof thethesisis approximatiorpropertieof thesimpli ed surfacespline.
To shedlight on this, we presenfour kinds of approximationrschemesand put these
to practicewith someexperiments.

1.1.3 About meshnotation

Surfacesplinesarede ned over arbitrarytopologymeshesWe have found no useful
notationfor dealingwith arbitrarymesheshatbothis suitablefor mathematicaanaly-
sisaswell asdescribinga potentialinterfacebetweeralgorithmsandthe connectvity
kernet. We call this notationmeshnotation Meshnotationis the resultof applying
therelationaldatabas@aradigmon geometricabbjects.Usingrelationaldatabasefor
geometricmodellingperseis nothingnew, relationaldatabasearesometimesisedin
GIS-systems.

However, we have never encounteredhe useof this paradignto de ne a notation
to extractcertainsubset®of the connectvity. Connectity informationin the guiseof
relationalalgebracombinedwith mathematicasetoperationsyieldssomeinteresting
results.We will dealwith thisin chapter2.

1.2 Organisationof thesis

We give asmalloverview of thechapters:

1. Intr oduction and background givesa roughoverview of the problemandthe
contentsof this thesis,aswell asa literaturereview. We give an overview of
convex combinationsandsomepropertiesof theseoperationsCorvex combina-
tionsareusedto prove somepropertieof thesimpli ed surfacespline.Therest
of the chapteris an quick overview, to setthe a context, of Béziersplinesand
B-splines.

1By connectiity kernelwe mearwhateer datastructurecontainingthe connectiity of theobjectaswell
asinterfacefunction
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2. Meshesde nestheconceptof mesheandmeshqueries Meshqueriesareused
extensvely in thefollowing chapters.

3. The surface spline curve senesasan introductionto surfacespline schemes.
In addition,the boundarycurve of thesimpli ed surfacesplineis suchacurve.

4. Surfacesplineschemegivesanoverview of threeexistingsurfacesplineschemes.
5. The simpli ed surfacespline givesanaccountof thesimpli ed surfacespline.

6. The simpli ed surface spline basisgivesa detailedaccountof how the basis
functionswerefound,andafew propertiesarededuced.

7. Practical considerationsgivesa discussioraboutpracticalemploymentof sur
facesplineswith substantialveighton method=f evaluationandrendering.

8. Approximation experimentis anexperimento testthesimpli ed surfacespline
basisdeducedn chapter6.

9. Conclusionstriesto summarisehis thesis. In addition,a road mapfor further
researcton approximatiorwith surfacesplinesis given.

1.3 Literatur ereview

A relatively small amountof literatureon the topic of surfacesplinesexists. A few
booksmentiontheschemein thefourth editionof (Farin 1996)a smallpresentatiomf
surfacesplinesis given,andafew articlesemploy theseschemes.

The Primary sourceof information on surfacesplinesis found in the articlesof
Jog Peters. The earliestarticle from Peterson surfacesplinesis (Peters1994),and
this schemas discussedn section4.2.1. This schemds improvedin (Petersl995),
whichis discussedn section4.1. Thisis the schemahatthe simpli ed surfacespline
is basedupon. In additionto a presentatiorof the constructionproofsfor continuity
andthe convex hull propertyaregivenin the paper

In (Gonzalez. Peters1999)the C* surfacesplineis extendedo incorporateocal
re nementandtopologychangesHowever, there nementprocedureloesnotgivethe
exactsamesurface.Finally, in (Peters1996)a G? surfacesplineconstructioris given.

On applicationof surfacesplines,(Eck & Hoppe1996) givesan accountof em-
ploying surfacesplineswhenreconstructind-splinesfrom point clouds.

Thearticle(Gonzalez-OchoadcCammoni Petersl 998)givesanaccounof how,
by usingthe greattheoremof Gaussfo computevariousphysicalpropertief objects
de ned by piecavise polynomials.

Very little is written on the topic of planarcut polyhedra.Planarcut polyhedrais
mentionedn someof Peters’papersespeciallyin (Petersl 998)whereanalgorithmto
corvertplanarcut polyhedrato trimmedNURBS patchess given.

In (Farin 1996), a thoroughaccounton continuity of compositespline patchess
given. Anotheraccountprobablymoreaimedat surfacesplines,aregivenin (Peters
2001). This paperrevealssomeof the motivation behindthe stepsof surfacespline
constructions.

The meshnotationis basedon G-maps. The articles(Halbwachs& Hjelle 1999)
and(Halbwachs,Courriouz,Renaud® Repussea@996)bothgive agooddescription
of theconcepbf G-mapsaswell asrelevantreferences.



4 CHAPTERI. INTRODUCTIONAND BACKGROUND

1.4 Background material

In this sectionwe will look at Corvex combinationsBéziersplinesandB-splinesand
surfacesplines. Corvex combinationsare usedextensvely in this text, and Bézier
patchesareusedin the surfacesplineconstruction.

1.4.1 Convexcombinations

We assumehatall pointsmentionedare pointsin a linear space.Thus,this will not
be statedexplicitly, but neverthelesst is animportantrequirement\We begin with the
formal de nition of a corvex set.

De nition 1.4.1. AsetSis convexif
Pot (1  )P12S 8pyip;2S and  2[0;1] (1.1)

A corvex setis a setwhereary line sggmentbetweentwo elementsf the setis con-
tainedin thesetaswell. We alsode ne thecorvex hull.

De nition 1.4.2. Theconvexhull of thesetof pointsP, CH(P), is thesmallesicornvex
setscontainingall of the pointsof P.

The linear interpolationof de nition 1.4.1is in facta corvex combination. We give
this conceptaformal de nition.

X
c= iCi; (1.2)
i=1

wheetheweights ; satisfythetworequirements

1. i 0 i=1:::;n

If we canwrite an expressionas a corvex combination,the result hassomeuseful
propertiesjn particular thecorvex hull property

Property 1.4.4. A corvex combinationalwaysresidesinside the corvex hull of the
pointsusedin the corvex combination.

This follows from the de nitions 1.4.1and 1.4.2. Corvex combinationsof corvex
combinationsarein turn corvex combinationshemseles. Thisis usefulwhenproving
thata constructioris a corvex combination.

Property 1.4.5. Givena setof points P, let Q be a setof pointsde ned as corvex
combinationsof the pointsin P. Let the setR be a setof pointsde ned as cornvex
combination®f the pointsin Q. Then,the pointsin R are corvex combinationof the
pointsin P.

Proof. Let acornvex combinationof acorvex combinationbe

0 1
X X
c= @ A (1.3)
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Sincebothcombinationgrecorvex, all weightsarepositive. Any multiplicationof two
of theseweights, ; ; will bepositive aswell, hencerequiremeni1) of de nition
1.4.3is satis ed. Further

0 1
X X X
@ A= i 1=1; (1.4)
i=1 j=1 i=1
whichful Is requiremen{2) of de nition 1.4.3. O

Insteadbf writing cornvex combinationgsasum,we canwrite it asamatrix product
betweerarow vectorof weightsanda columnvectorof the objectsto be combined If
we stackseveral of thesecornvex combinationsn top of eachother, we geta corvex
combinationmatrix.

De nition 1.4.6. A convex combinationin matrix form is the construction

P = AC
2p3 2 3203

1 11 1n 1 15
NPT DT @9
Pm ml .- mn Cnh

whele the element®of theweightmatrix A satisfy
1 o0 1L i m 1 j n; and
P

2. jn:l i = 1, 1 i m.

Eachrow of A consistof theweightsof oneconvex combination.We will prove one
situationwherethe weight matrix is non-singular In orderto do so, we mustde ne
diagonallydominantmatrices.

De nition 1.4.7.If theentriesa; ofamatrix A possesshefollowing property
. . X] . . .
jaij > jagj 10 (1.6)
j=1i6i
thenA is a diagonallydominantmatrix.
Diagonallydominantmatricesposses$wo usefulproperties:
Property 1.4.8. If thematrix A is diagonallydominantthefollowingis true:
1. Thematrix A is non-singularandhasan LU-factorisation.

2. ThesystemA x = b canbesolvedby Gaussiareliminationwithoutpivoting

Proofsfor both propertiescan be found in (Cheng & Kincaid 1996, pp.188-190).
We will now shov when the weight matrix of a corvex combinationis diagonally
dominant,andthus,possessegropertiesl.4.8.

Property 1.4.9. Theweightmatrix of a corvex combinationin matrix form is diago-
nally dominantif

1. m= n,and
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2. ji>1=2,forl i n,
thatis, it is squae andthediagonalentriesare larger than1=2.

Proof. Eachrow sumto oneandeachentryin the matrix is non-neative. Thus,for
eachrow, if the diagonalelements largerthan1=2, thenthe sumof the otherentries
of therow will be smallerthan1=2, andthereforethe matrix is diagonallydominant
accordingo de nition 1.4.7. O

We think it is good practiceto de ne termsbeforeusingthem. Thus,we boldly
ignorethe potentialperil of beingregardedaspedantic.andstartwith corvex combi-
nationsandBernsteinpolynomials.

1.4.2 Béziersplines

Béziersplinesare closelyrelatedto B-splines,in factit is possibleto transformary
B-splineto a Béziersplineby knotinsertion,andthusit is always possibleto write a
BéziersplineasaB-spline,it is justa matterof choosinga representationThe Bézier
cunvesandsurfacesepresenafundamentabuilding block for surfacesplineschemes.
Bernstein polynomials

Beforede ning Béziercurvesandsurfaceswe de ne the Bernsteinpolynomials.

De nition 1.4.10. TheBernsteinpolynomialsof degreed are de nedas

Bd(u) = ?ui(l wd o ou20;1] (1.7)

TheBernsteinpolynomialsexhibit someusefulproperties.
Property 1.4.11. TheBernsteinpolynomialsare
1. apartition of unity,
2. all non-ngativeontheinterval [0; 1], and
3. abasisfor polynomials.
Proofsarefoundin (Farin 1996). From (1) and (2) we seethat the setof Bernstein
polynomialsfor a givendegreecanbe usedasweightsfor acorvex combination.
Béziercurves
TheBernsteinpolynomialsform the basisfor the Béziercurve:
De nition 1.4.12. TheBéziercurve segmenbf degreed is de nedas

xd
f(u= Bluc; c2R" (1.8)
i=0

of thecurve
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Wewill giveanexampleof two Béziercurves,thelinearinterpolationrandthequadratic
Bézierblend. Thesetwo curveswill beusedlaterin thetext.

Example 1.4.1. Thelinear interpolationis a Béziercurveof degreel,

Xt
f(u) = Bl(u)c;

i=0 (1.9
Bi(u)co + Bi(u)cy

(1 u)co+ ucy:

Thequadratic Bézierblendis a Béziercurveof degree?2,

Bl (u)ci

1=0 (1.10)
B5(u)co + BF(u)cy + B3(u)co

(1 u)?co+ 21 u)ucy + ucy:

f(u)

Tensor product Bézier surfaces

Thetensomproductof two Béziercurve basisesreates bivariatetensomproductBézier
basis.For details,see(Farin 1996)or (Gallier 2000).

De nition 1.4.13. ABéziertensorproductsurfaces(u;v) is de nedas

R Ry
s(u;v) = cij BY (u)Bjdv (v); cij 2RY; (1.11)
i=0 j=0
WheleBid“ (u) andBjdv (v) areBernsteirpolynomialsandc;; areelementefad, dy
grid of control points.

We give anexampleof two tensorproductsurfacegbothwill beusedin thesimpli ed
surfacesplineconstruction).

Example 1.4.2. Thebilinear interpolationis a tensorproductof two linear interpola-
tions, thusthedegreesare both 1 in theu andv directions.

RS BLBL
s(u;v) = o i Cij B (U)B} (V) (1.12)

=1 u)(l wv)co+ (1 u)ver+ u(l v)ce+ uves:

Thebiquadratic blendis a tensorproductof two quadratic Bézierblends.In this case
thedegreesare 2 in boththeu andv directions.

X X ) )
s(u;v) = cij B (u)B{(v)
i=0 j=0
=1 w?@l v)%coo0+ 21 uw?@ v)veer+ (I u)iviceo+
21 wu@ Vv)%cio+ 4@ wu(@ Vv)verr+ 21 u)uvicyo+
u?(1  v)2ca0+ 20%(1  V)Vea1 + UPVECy:
(1.13)

Figure 1.1 givesanideaof howthe control pointsrelateto the parameterspace
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Figure1.1: Lay-outof the control pointsfor the bi-linear interpolation(left) andthe
bi-quadraticdBézierinterpolation(right).

Propertiesof Bézier curvesand surfaces

Béziercurvesandsurfaceshave numeroususefulpropertiesmostof which stemfrom
thefactthattheseshapesrecornvex combination®f thecontrolpoints.Wewill present
someof themhere thoughwithout motivationandproofs— the readeris encouraged
to consulttextslik e (Farin 1996),(Gallier2000)and(Foley, vanDam,Feiner& Hughes
1996).

Property 1.4.14. Béziercurvesand surfacesxhibit thefollowing properties:

1. Thederivativeof a Béziercurveor surfaceis anotherBéziercurveor surfaceof
lower dggree whele the coefcients are differencef the original coefcients.

2. TheBéziercurveor surfaceresideinsidethe cornvex hull of the control points.

3. Béziercurvesor surfacesof deggreel or higher exhibit linear precision(repro-
ducesaline or plane).

4. Béziercurvesinterpolateits contml pointsat the end, and the Béziersurfaces
interpolatethefour cornercontml points.

1.4.3 CompositeBézier curvesand surfaces

Polynomialsarein nitely smooth;hencethe continuity propertiesof schemegroduc-
ing piecavise polynomialsare only interestingat the joints. We will not treatthis
subjectwith greatrigour sinceit is not in the major scopeof this thesis. The reader
is referredto (Farin 1996)and(Peters2001)for discussion®f continuityandgeomet-
ric continuity, where(Peters2001)is very focusedon requirementdor surfacespline
schemesWe de ne the conceptof continuityatajoint veryloosely

De nition 1.4.15. A compositepolynomialhasthe following continuity propertiesat
ajoint if thefollowing propertiesmatc for all the pieceameetingat thejoint:

1. CO or GO if the positionsmatd.
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2. C1if all of thederivativesmatd.
3. G! if thetangentplanesmatd.

In general C" -continuityis dependenbn the parametrisationsThe speedanparame-
ter spacanustmatchacrosghejoint. G -continuity requiresonly suchareparametri-
sationto exists Thus,thereis adifferencebetweerC® andGP°. For asurfaceto beC?,
the parametespacesnustmatch.

Contraryto intuition, G* canbe stricterthanC?!. G! requiresthe tangentplanes
to exists, andthus, the derivatives of the parametrisatiorcan not drop to zero. We
call sucha parameterisatioa regular parameterisation C"-continuity doesnot have
sucha restriction. However, an irregular parameterisatiomherethe “speed” of the
parameterisatiodropsto zerocanbedesirablepeingameanto achieve sharpcorners,
asis thecasewith surfacesplines.

Béziercurvesandsurfacesarepolynomialsandin orderto make interestingshapes
with them,they mustbe “glued” together This “glue” is smoothnessonstraintsThe
dervativesof the Béziersplinesarevery simple, so thesesmoothnessonstraintsan
oftenbe reducedo co-linearityof coefcients etc. However, it is dif cult to createa
singlevectorspacefor the compositecurve. Surfacesplines,andB-splinesin particu-
lar, solve this problem.

1.4.4 B-splines

A B-splinecurve is composedf threeelementsA degree a knotvectoranda setof
coefcients. Thedggreeis the degreeof the polynomialpiecesandprovidesan upper
boundfor the smoothnesat the knots. The knot vectoris a vectorof non-decreasing
valuesandde nesthe parametespaceof the B-spline. Therelative spacingbetween
theknotsgovernsthetightnessof thecurve. If thespacings small,thecurve becomes
sharperandcloserto the control point, andif two knotscoincide,the curve losesone
degreeof continuity atthat parametewalue. Thus,the knot vectorprovidesa meanto
controlthelocal shapeof thecurve.

Thedegreeandtheknotvectortogetheform asplinespace Thecoefcients de ne
a spline of this spline space.The greatadvantageof B-splinesis that smoothnesef
segmentjoints are automaticallytaken careof, andthusno peripheralconstraintsare
needed.

Similar to Béziersurfaceswe cancreatea bivariateB-splinesurfaceasthetensor
productof two univariateB-splinecurves.With this constructionyve have the e xibil-
ity of two knot vectors. In addition, it is requiredthatthe control pointsis organised
in agrid (andthusis not of arbitrarytopology). To modela shapeof a morearbitrary
topology we mustslicethe surfaceinto piecesandby performingthis slicing, theuni-

ed behaiour gainedby usingB-splinesratherthanBéziersplinesis lost sincewe yet
againhave someperipheraksmoothnessonstraints.

Therehave beenattemptsto generalisethe tensorproductB-spline construction
over arbitrary topologies(arbitrary is probablya bit of an over-statementsinceall
schemeslo have somerestrictionson the parametedomain. However, they aremore
arbitrarythanthe parametedomainof B-splines). This is not new, two paperswere
publishedin 1978 on this topic, (Catmull & Clark 1978)and (Doo & Sabin1978).
Subdivisionsurfacesand surfacesplinesare offspringsof the stratgies presentedn
thesearticles.
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1.5 Summary

This initial partof this chaptergave a very brief overview of whatsurfacesplinesare,
aswell asaliteraturereview.

Thelatterpartof this chaptemgave somebackgroundnformation. Thewell known
corvex combinationsareusedto prove miscellaneoupropertiesof the simpli ed sur
face spline scheme. The treatmentof Bézier splinesand B-splinesare super cial.
Thesetopicsareincludedto give a settingfor the surfacesplineschemedn this text.



Chapter 2

Meshes

This chapterde nesthemeshandmeshqueries. A meshis simply puttheconnectvity
of anobjectde ned by polygons.Theinterestingpartis the meshqueriestheresultof
applyingarelationaldatabas@aradigmto meshconnectvity, andwhich enablesisto
specifypartsof themeshin aconciseway.

We borrov sometermsandconceptdrom G-maps.Informationon G-mapscanbe
foundin (Halbwachs& Hijelle 1999)and(Halbwachsetal. 1996).

2.1 Somenoteson sets

The meshde nition is basedon sets. A setis a collectionof elements An element
couldbeary entity, beit avertex, anedgeor anotherset. The sizeof asetA, denoted
# A, is thenumberof elementghesetcontains.Thus,if A = fa;b;cg, then# A = 3.

An offsetinvariant ordered setis just asan orderedset, however with a different
equialencerelationattachedsuchthatonly therelative orderingof elementss consid-
ered.

De nition 2.1.1. Anoffsetinvariant orderedsetis anorderedset. Two offsetinvariant
ordered setsare consideed equalif onecanbe madeidenticalto the otherby cyclic
shiftingof the set’s elements.

Thus, only the containedelementsandtheir relative orderis of importance.If A =
fa;b;c;dg andB = fb;c;d;ag are offset invariantorderedsets,they’re considered
equalsinceB canbe madeidenticalto A by applyingonecyclic shift to theright on
the set. However, thesetC = fa;c;b;dg is equalto neither sincethe relative order
betweerthe elementss disturbed.

We usepairsto de ne edges.

De nition 2.1.2. A pair is a setof two distinctelements.
Circuitsareusedto de ne faces.
De nition 2.1.3. Acircuit is a shiftinvariant orderedsetof pairs wheee:
1. Eadh pair is usedat mostonce
2. Adjacentpairs containonecommorelement.

3. Theelement®f the pairs are usedexactlytwice by the pairs of the circuit.

11
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Thefactthata circuit is shift invariantandthe requiremen{(2) of de nition 2.1.3im-
pliesthatthe rst andthelastpair of a circuit containghe sameelement.Thelengthof
acircuitis thenumberof pairsfrom whichthecircuitis de ned. This numberhappens
to bethe numberof distinctelementsisedby the pairsof thecircuit aswell.

2.2 The meshde nition

Usually, a vertex hasa geometricalposition,andwe de ne facesby connectingthe
vertices.In this context, thevertex senestwo purposeskFirstof all, it is a“connectvity
thingy” from which we cande ne faces.In addition,eachvertex hasasmentioneda
position.

However, in the meshparadigmwe separatehesetwo roles. A meshis the con-
nectivityof a shape.Thereis no geometridnformationin the mesh.However, we can
embed(muchin the sameway asembeddingof G-maps)the meshinto a spaceby
associatinggeometrywith meshelementge.g. the vertices). If this embeddednesh
is to de ne a surface,we mustalsoassociate scheme The schemeadescribesow to
de ne asurfacefrom thegeometryandtheconnectvity.

Thereis anadwantageof this. With surfacesplineswe letthemeshde ne asurface
splinespaceandthe geometryattachedo the verticesde ne a speci ¢ surfacein this
spaceThisis complementaryo knotvectorsandcoefcients of B-splines.

We de ne thevertex, theedgeandtheface.

De nition 2.2.1. A vertexis a fundamentaklementand hasno properties. An edge
is a pair of two vertices.A faceis a circuit of edges.

Thus,edgesarethe elementof faces,andverticesarethe elementf edges.We use
the notationalcorventionof letting v; denotevertex i, g edgej, andf facek. Then
we arereadyto de ne themesh.

De nition 2.2.2. A meshis thecollectionof thethreesets
M = (V;E;F); (2.1)

whee V is thesetof vertices E is thesetof edgesandF is the setof facesde ning the
mesh.Theelement®f thethreesetsmustcollectivelysatisfy:

1. Everyvertexin V mustbeusedat leasttwice by edgesin E.
2. Theedgesin E mustbe usedat leastonceandat mosttwice by facesin F.

3. If an edee is usedby two faces,the facesmustvisit the verticesof the edge in
opposingorder.

4. Theverticesin V mustbeusedby exactly zeio or two boundaryedges.

Requiremen(l) of de nition 2.2.2makessurethat no verticesare left unused.This
simpli es thingswhenbuilding approximatiormatrices. Further requiremen{(2) as-
suresthatedgesareusedat leastonce,andnot usedby threeor morefaces.Threeor
morefacessharingacommonedgecannotde ne atwo-manifoldsurface.Requirement
(3) assures consistenrderingof the faces. Thus,a Mébius strip cannotbe repre-
sentedasa mesh.Requiremen{4) assures simpleboundary Facesarealwaysof at
leastlengththreedueto the circuit de nition (the reasorwhy is left asa little puzzle
for thereader).
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f1={{1,2}.{2,6},{5,6}.{1,5}}

f2={{1,5},{1,3}.{3.7}.{5.7}} 3={{1,3}.{3,4}.{2,4}.{1.2}}

)

4={{(5,6},{6,8}.{7,8}.(5.7}} 15={{2,4},{4.8}.6,8}.{2.6}}
16={{3,7.{7.8}.{4.8}.{3.4}}

Figure2.1: Examplemesh.The numberslenotevertex numbers.

Example 2.2.1. We will nowde ne the meshof the unit cube(referto gure2.1). The
unit cubeis composeaf eightverticeswhich we simplyenumeatefrom 1 through8,

V = fV1;V2;V3; Va; Vs; Ve; V7; Vg O: (2.2)

Theunit cubehastwelveedges,eat connectinga pair of vertices:

E = fey; e €3] €4; €5, €5, €7; €3] €9; €10; €11; €120

fve;V20; fVo; Vag; T va; vag; f vy vag; T vy vsg; T vo; Veg; (2.3)

fva;veQ; fvs; v70; Tvs; Ve T Vs; vg0; T v7; Va0, T vs; v7Q

Andthere are six faces:

F="ffy;f2,f3,f4,f5feg
fer;es;e9;650;Tes; €s; €5;€120; f €45 €35 €25 €10

r}‘eg;elo; e11; €120; fe; e7; €10; €50; f €3; €11; €7; €39

fvi;vog; fvo; ved; fvs; ve0; f Vi, Vsg

fvi;vsg; fvi;vag; fvs; v7g; fvs; v7g (2.4)

fvi;vag; fvs; vag; fva; vag; f vy vag
fvs; ve; T Vs; vag; f v7; veg; T vs; V70
fva2;vag; fva; Ve f ve; Vag; fv2; veg

0
fv3;v70; T v7; Ve0; f va; veg; T va; vag
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Notethatthe setof edgesis in fact a setof setsof vertices,andthe setof facesis a set
of setsof setsof vertices.Fromthesethreesetswe de ne themesh:

M = (V;E;F): (2.5)

A meshcancontainmostkindsof polygons.However, if themeshonly containgrian-
gles,themeshis calledatriangular meshandif the meshonly containsquadrilaterals
themeshis calledaquadmesh

2.2.1 The verticesof aface

It is oftenusefulto represent faceasa setof verticesinsteadof a circuit (which is
a setof edges).We usethe “hat” to denotewhenwe usethe faceasa setof vertices
insteadof a setof edges.

De nition 2.2.3. Theverticesof a faceare

f'= [ e: (2.6)

e 2f

Thusf" is the union of all the edgesof f , andsincethe edgesaresetsof vertices,the
resultis alargesinglesetcontainingthe verticesof theface.

Example 2.2.2. Usingthemeshde nedin example2.2.1wehave

f1 = fV2;Ve; Vs; Vig
f2 = fvi;va;vz; vsg

f’\:fv;v;v;v
3 1;V3;Va; V20 @2.7)
4 = fVe; Ve; V7;Vsg

f5 = fv4; Vg; Ve; V2g

f = fva;V7; Vg; Vag

2.2.2 Positionsin the mesh

We usesometermsto specifya positionin the mesh. Figure 2.2 givesanillustration
of someof them. Thesetermsspeci espositionsin the connectivity(mesh)and does
not specifya geometricalposition. The rst two of them,verticesandedges arerather
obvious. Thesetwo arethe sameconceptknown from graphtheory In addition,a
meshhasfaces

Thenwe have somemoreuncommorterms.The corneisis wheretwo facesof an
edgeconnect.

De nition 2.2.4. A corner is a vertex-facepair (vi;f«) wheev; 2 fi. A corner
represents positionbetweertwo edgesin the facedescription. Thesetwo edgesare
namede;, or theincomingedge, which is theedge in f that connectdo v;, andthe
outgoingedee e, Which connectdrom v; in thecircuit.

A facethatis ann-gonhasn corners.Eachcornerresidesin the positionwheretwo
edgeameet(atavertex) in thisface.Sincethecircuit de nition enforcesavertex to be
visited eitherby noneor by two edgesthe cornerde nition causeso ambiguities.A
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- v 200

A o r . . 4
vV ‘(

y i N
k " TH HTT//

Figure2.2: Positionsgn amesh.Thenodequpperleft), theedgequpperright) andthe
faceqmiddleleft) formsamesh(middleright). In thismeshwe nd cornerstheblack
triangles,(lower left) anddarts,the pointedarrows (lower right).
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corner‘has” onevertex (thevertex wherethe cornerresidesyaswell astwo edgesthe
incomingedgeandthe outgoingedge.Which edgeis incomingandwhichis outgoing
depend®nthe orientationof thefaces.

At eachendof eachedgewe have anedge-end.

De nition 2.2.5. A edge-ends a vertex-edge pair (vi; g ) wheev; 2 e,. Theedge-
endsare locatedon theendof edges.

Obviously, eachedgehastwo edge-endsEachedgealsohave a numberof half-edges.
Thehalf-edgesarealongthe sidesof theedges.

De nition 2.2.6. A half-edgeis a edge-facepair (g ;fx) where g 2 fy. Thehalf-
edgesare locatedalongan edge where a faceabuts.

In this way, if m facesalut an edge,the edgehasm half-edges.Sinceonly one or
two facesmay akut an edge,consequentlhyan edgeonly hasone or two half-edges
dependingon whetheror not the edgeis a boundaryedge. Boundaryedgeshasonly
onehalf-edgewhile non-boundargdgeshastwo.

A conceptborrovedfrom G-mapsarethe darts. Eachhalf-edgehastwo darts. In
contrasto thedartsof the G-maps our dartsdo not have ary involutionsde ned. Our
dartsis a simplevertex-edge-acetriple.

De nition 2.2.7. A dart is a vertex-edge-facetriple (vi; e ;fx) wheev, 2 g and
g 2 fi. Dartsare locatedon theendof half-edges.

Fromthede nition of dartswe seethatthedartis notanarbitrarytriple. Thisrequire-
mentputalot of topologicalinformationof the meshinto thedarts.

We canlook at thesepositionsascursorsin the connectity at different“resolu-
tions”. Weletv; 2 V, g 2 E, fx 2 F,andM = (V;E;F). We thenhave some
deducedsets(they arenotexplicitly de ned). ThesetC is thesetof all possiblecorner
speci cationsin M , thesetD asthesetof all possibledarts,thesetHE asthesetof all
possiblehalf-edgesandEE asthe setof all possibleedge-ends.

Example 2.2.3. Themeshde nedin example2.2.1has24 corneis,andwe de ne the
setof cornersC:
C= fvp;f1gfve;fag;fvs;fag;fvi;figfviifag;fvs;fag;
fvz;f20;:fvs; f20;fva;fag; fvs;fag fva; fag; fva;fag;
fve; fag;fve; a0, fvr;fag;fvs;fag fva;fsg;fys; fsg;
fve; fs0;fva; 50, fvs;feg; fvr;feg; fvs fed; fva;feg

(2.8)

2.2.3 The number of meshelements

Someobsenationscanbe madeaboutthe differentkind of meshelements.However,
we must rst de ne someclassi cationsof the meshelementsWe classifyeachedge
to bea boundaryor a non-boundargdge.

De nition 2.2.8. Anedgeis boundaryif only onefaceabutstheedge. Otherwise two
facesabut theedge andtheedge is non-boundary

We let thetwo setsBE andIE bethesetsof boundaryedgesandnon-boundaredges
respectiely.
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A vertex canhave bothaedge degreeor facedegree Theedgedegreeis thenumber
of edgesconnectedo the vertex, andthe facedegreeis the numberof facesahutting
thevertex. If the vertex is interior (all connectingedgesarenon-boundaryedges)the
edgeandfacedegreeis thesame.

Thento the obsenrations. If the meshis purely triangular the numberof corners
# C = 3#F. Likewise,if the meshis purely quadrilateralthen# C = 4#F. If the
meshis mixedwith differentkinds of polygonsthe numberof cornersmustby found
by summation. Eachtriangle contributeswith threecorners,eachquadrilateralwith
four, etc. In additionwe have someinvariantsof the sizesof the setsof cornersedges
anddarts.

Property 2.2.9. FromthemeshM the setof corners C andthe setof dartsD maybe
deduced We partition the setof edgesin two, into the setof boundaryedgesBE and
thesetof internal (non-boundaryedgesIE . Thefollowingis true:

1. #C = #BE+ 2#IE
2.#D=2#C= 2#BE+ 4#I|E

Proof. Eachinternaledgeis surroundedy four corners,andeachboundaryedgeis
surroundedncompletelyby two corners. A corneralutstwo edgesandthis gives(1).
Eachcornercontaingwo uniquedarts(onealongtheincomingedgeandonealongthe
outgoingedge) andthis gives(2). O

Sometimesin sub-andsuperscript®f sums.the numberof verticesin ameshare
denotedN,, the numberof edgesare denotedN ¢, the numberof facesN; , andthe
numberof cornersN¢, etc. The reasonfor this is purely aestheticallyreasons.It is
alsoworth noticing that even thoughboth circuits and shift invariantorderedsetsare
in factsets,we do not usethe setfont whendealingwith edgesandfaces.Thereader
maythink thatthis inconsisteng canbe a causeof confusionhowever, in ourhumble
opinion, the oppositeis the case. Therefore vertices,edgesandfacesare denotedn
the samefont.

2.3 Meshqueries

This sectionspresentghe resultsfrom applying the paradigmof relational algebra
(databases)n connectvity of geometricaimodels. This is indeedan unorthodoxap-
proach.However, we will seethatthis approacHet usreapusefulconcepts.

In computationagjeometrywe oftenneedto do operationsfor eachakuttingface”,
“for eachfacede ned by four verticeswhereonevertex is boundary’andsoon. These
verbosalescriptionsare(sometimes)ntuitive, however, they lack the concisenesand
compactnessf amathematicahotation.Ambiguitiesis especiallya problemwhenim-
plementingalgorithms.Meshqueriesis supposedo be a notationto write algorithms
of computationajeometryin acompactandconciseform.

2.3.1 Relational concepts

Theideais very basedon relationalalgebra(usedin databaselesign). Relationalal-
gebrain a databasesettingis not the sameas a mathematicabinary relation For
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comprehensieinformationonrelationalalgebrahereadeiis referredto oneof thenu-
meroushooksdealingwith thistopic, for example(Elmasri& Navathel1994).However
wewill give aextremelybrief overview of the conceptusedin this section.

A relationcanbeviewedasatable.Eachcolumnof thistablerepresena property
andis calledan attribute. The classof datathatcanappeaiin a columnis calledthe
domainof thatattribute. Eachrow representa collectionof relateddatavaluesandis
calledatuple. Thetuplerelatesspeci c occurrencesf theattributestogether

At leastoneattribute of anrelationshouldbe a primary key. If anattribute is the
primarykey, it is anuniqueidenti er for tuplesof the relation. An attribute canbe a
foreignkey aswell. This restrictsthe domainof the attributesin sucha way thatonly
tupleswith avaluein theattribute eld thatalreadyexistsin areferencedattributein
anotherrelationareallowed.

The CREATE TABLE operationin SQL is usedfor relationcreation:

CREATETABLE <name of relation>
( <attribute, domain>,
PRIMARY KEY (<attribute>),
FOREIGN KEY (<attribute>)
REFERENCES<other relation>(<attribute>)

We will usethreefundamentabperationson the relations. The resultof theseopera-
tionsareanew relation:

1. The select denoted <congition(R), extractstuples(rows) from the relationR.
Theresultis all tuplessatisfyingthe condition,andthis is a subsebf the popu-
lation of R.

2. Theproject, denoted <arinutess(R), extractsattributes(columns)of therelation
R. All tuplesremain,but with fewer attributes.

3. TheCartesianproduct denotedR;  R», of thetwo relationsR; andR; results
a compositerelationwith all the attributesfrom both relationsandall possible
combination®f thetuplesfrom thetwo relations.

The SELECToperationin SQL is acompositionof thesethreeoperationsThe syntax
is:

SELECT <attributes>
FROM <relations>
WHERE <conditions>

Conceptuallythe Cartesiarproductof all therelationscombinedaremade.All tuples
not satisfying<condition>arediscardedaswell asattributesnot in <attributes>. In
relationalalgebrathis expressions:

<condition>( <atritutes>(R1~ R2 Rm)) : (2.9)

with all possiblecombinationf the tuplesfrom thetwo relations.thusif relation
A hasnp tuples,andrelationB hasng tuples,the Cartesiarproducthasny  ng
tuples. Join operationsare Cartesiarproductswith a selectionapplied(thus,someof
thetuple combinationsarediscarded).
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2.3.2 The structure

Theideais to represena meshasa relationaldatabaseandthenwe canuseselectand
projectto extract differentsubsetof the mesh. In this way, we de ne exacta great
variety of usefulsubsetsin fact,the meshusedfor meshqueriesdoesnot be asstrict
asde nition 2.2.2.1n thisway, meshqueriescouldbe usedto de ne therestrictionsof
this de nition. However, thiswouldresultin achicken-and-gg-issuga meshmustbe
de ned for thequeriesto bede ned).

If the applicationis dividedin a geometrykernel (which dealswith handlingthe
geometry)andanalgorithmswhich usethis library. The meshqueryis a suitablecan-
didatefor de ning aconciseandclearinterfacebetweerthekernelandthealgorithms.
G-mapss anothesuchinterface.NeitherG-mapsormeshqueriesmposeaparticular
designfor thekernelimplementationonly ainterfacethe kernelmustsatisfy

The domains

We de ne threedomainsthevertices theedgesandthefaces.Thesedomainsareused

to identify avertex, edgeor face.We usethreerelations(noticethattheserelationsdoes

not relateanything sincethey have only onesingleattribute each).The corresponding
SQL-statementsanbe:

CREATE TABLE Vertices
(vertex, int  NOT NULL,
PRIMARY KEY (vertex));

CREATETABLE Edges
(edge, int  NOT NULL,
PRIMARY KEY (edge));

CREATETABLE Faces
(faces, int  NOT NULL,
PRIMARY KEY (face));

Thesethreerelationsde ne only threelists, thelist of verticesthelist of edgesandthe
list of faces:

Vertices Edges Faces
vertex edge face

Vi el fq

We will notdwell onhow to populatetheserelations.

Relating elementsof the domains

We usetwo relationsto relateelementsn thedomainsde ned in the previoussection.
Onerelation,VertexEdge,relatesverticesandedges andthe other EdgeFface,relates
edgesandfaces.

The VertexEdgerelationhastwo attributes: vertex andedge. Thesetwo attributes
areforeignkeys of the singleattributesof the Verticesandthe Edgesrelationsrespec-
tively. Eachtuple in this relationis a “vertex is in edge” (or corversely “edge has
vertex”) statement.
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The Edgefacerelationhastwo attributes: edgeandface. Thesetwo attributesare
foreign keys of the the single attribute in the Edgesand Facesrelationsrespectiely.
Eachtuple in this relationis an “edgeis in face” (or corversely “face hasedge”)
statementSQL-statementfor thetwo relationscanbe:

CREATETABLE VertexEdge
(vertex, int  NOT NULL,
edge, int  NOT NULL,
PRIMARY KEY (vertex,edge),
FOREIGN KEY (vertex) REFERENCESVertices(vertex),
FOREIGN KEY(edge) REFERENCESEdges(edge));

CREATETABLE EdgeFace
(edge, int  NOT NULL,
face, int NOT NULL,
PRIMARY KEY (edge,face),
FOREIGN KEY(edge) REFERENCESEdges(edge),
FOREIGN KEY(face) = REFERENCES-aces(face));

Which createghefollowing structure:

VertexEdge EdgeFace
vertex | edge edge | face

Vi g & fi

Herewe seethatv; is oneof the two edgesof g, ande; is oneof the edgesde ning
fk. Whencombiningthe two relationswe know thatv; is a vertex of f. Thesetwo
relationscontainall the connectvity informationneeded.

The virtual dart relation

Is indicatedin the previous section,we can combinethe two relations. In this way
we de ne thedarts. The dartsarea virtual relation. The populationof this relationis
deducedrom otherrelations.

We nd the dartsasthe Cartesiarproductof the VertexEdgeand Edgefacerela-
tions, followedby anselectandprojectoperation:

CREATEVIEW Darts
AS SELECT VertexEdge.vertex,
VertexEdge.edge,
EdgeFace.face
FROM VertexEdge, EdgeFace
WHERE VertexEdge.edge = EdgeFace.edge

A virtual relation(called“view” in SQL) canbe usedasa regularrelationin queries.
The SQL-statementproduceghefollowing structure:

Darts = ,4( (VertexEdge EdgeFace.)
vertex | edge face
Vi € f k
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Figure2.3: Dartqueries Enumeratiomrefersto list givenon page22. A blackcircleis
aselectedrertex, ablackedgeis a selectecedgeanda darkfaceis a selectedace.

wherea arethe attributesfrom the SELECTstatemenandc is the conditionfrom the
WHEREtatementThetriple (vi; g ;fx) is adartin themesh.Thevirtual dartrelation
is the coreof the meshqueries.

2.3.3 Dart selectionand projection

A meshqueryis theresultfrom adartselectioranda dartprojectiononthedartvirtual
relation.

Dart selection

We startwith the selectionpart,which we call dart queries Thedartqueryde nesthe
conditionfor the selectionandthe querypicksoutthe matchingdarts.

De nition 2.3.1. A dart query(v;; e ;fx) is a triple of a vertex, an edge and a face
whele none someor all of thesethreeelementganbereplacedby a wildcarddenoted
“ . Thedart query matdesall darts which is composedf v;, g andfy or all
vertices,edgesor facesin the caseof a wildcard.
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In SQLthedartquery(v;; g ;fx) becomes

SELECT *

FROM Darts
WHERE vertex = v_i
AND edge = e j
AND face = f k;

If someelementof the queryarewildcards,the correspondinyVHEREtatementsire
removed. Thus,thedartquery(vi; ; ) becomes

SELECT *
FROM Darts
WHERE vertex = v_i;

Thereis in facteightclasse®f thesequerieg(referto gure 2.3):

1. (; ; ) selectsall dartsof amesh.

2. (vi; ;) selectsall dartsaroundvertex v; (it is the 0-orbit of aG-map).

3. ( ;g ) selectsall dartsaroundedgeg; (it is the 1-orbit of a G-map).

4. (vi;g; ) (vi; 5 )\ ( ;g ) selectsall dartsaroundedgee; atthe sideof
Vi.

5. (; ;fk) selectsall dartsof facef i (it is the 2-orbit of a G-map).

6. (vi; ;fx) (vi; ; )\ (; ;fk) selectsall dartsof facef ¢ atv;.

7.(e5fk) (585 )\ (; ;fk) selectsall dartsof facef alonge; .

8. (visg;fk)  (vi; 5 )\ (;¢; )\ (; ;fk) selectaasingledartor none.

Thequeriesl,2,3and5 alwaysmatchsomething Theotherqueriesarecalledcompos-
ite (sincethey canbewritten asanintersectionoesnot necessarilynatchsomething.
For example,thequery(v;; g ; ) doesnot matcharything unlessv; is oneof the two

edgesof g . Thus,thesetestscanbe usedto checkconnectity relations(if a vertex

belongsto aface,anedgeconnectsavertex etc.).

Projection

A projectionpicksout certainattributes,andremovesduplicatetuplesin theresult. In
this casethetuplesareavertex index, anedgeindex andafaceindex.

De nition 2.3.2. A dart projectionis de ned by a subsetof the setfv;e;f g. The
projectionextractssome(or all) of thethreeattributesof a dart andremavesduplicate
tuples.

Thereexist sevenprojectionsof darts(in factthereareeight, but the void projectionis
completelyuseless):

1. fvg picksvertices.

2. fegpicksedges
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3. fv; eg picksvertex-edgecombinationgknown asedge-ends).
4. ff g picksfaces.

5. fv; f g picksvertex-facecombinationgknown ascorners).

6. fe;f g picksedge-acecombinationgknown ashalf-edges)

7. fv; e;f g picksvertex-edge-acecombinationgknown asdarts).

Eachof theseprojectionshasa name(like corneror half-edge). We usetheseterms

whenindexing themesh(“for eachcornerin themesh”,“for eachhalf-edge”,“for each
vertex”).

Combining projection and selection

We combinea dart selectionwith a successie dart projectionon the dartrelationto
createa meshquery

De nition 2.3.3. We querythemeshM with thefollowing notation
M [projection; selection; (2.10)

whee selectionis a dart selection(de ned in de nition 2.3.1) selectinga subsetof
darts and projection is a dart projection (de ned in de nition 2.3.2)to extract the
desiedkind of uniquetuples.

The resultis a setof tuplessatisfyingthe requirementof the selection,with the at-
tributesspeci ed by the projection. In SQL the meshqueryis the following select
statement:

SELECT DISTINCT <projection>
FROMDarts
WHERE<selection>;

Mesh query example

We concludethis chaptemwith someexamplesof meshqueries.

Example 2.3.1. We usethe meshde nedin example2.2.1. Thesetsof vertices(equa-
tion 2.2), edges(equation2.3) and faces(equation2.4) can be foundby the following
meshqueries:

V=M[l; ; ;]
E=Mle ; ; ]Jand (2.11)
F=M[f; 5

Further, wemay nd thesetof all thecorneis C (equation2.8):
C=M[v;f; ;I (2.12)

Thefacesabutting v :
ffy;fo;f30= M[f;ve; ; I (2.13)
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Egge out

Edge in

Edge out

)

Edge out
Edge in
/ Edge in

Edge out Edgeyln
Edge out

Figure2.4: Consecutie orderingof cornersarounda vertex (left) andof aface(right).
Theedgein of onecornermustbe equalto theedgeout of thenext corner

Theverticesof edge e; :
fvi;vog= M|v; ;erq; | (2.14)

We cande ne integrity constaints. Thecondition
O<#MI[f; ;g; 1 2, 8 2E (2.15)
requiresall edgesto beused,andby two facesat most.Further,
0 #MJlev;; ;1 #M[f;vi; ;] 1, 8vi2V (2.16)

requiresa simpleboundary

2.4 Meshmodi cation andre nement

A re nementprocedurés alwaysemployedin subdvision surfacesor surfacesplines.
Thetwo basicoperationsaareknown undervariousnamesput we referto themasthe
facesplit andthe vertex split. Beforediving into the detailsof the differentschemes,
we de ne a property which we call consecutiveordering of cornels (see gure 2.4).
Thisde nition is justcorvenientwhendescribingthe splitting procedures.

De nition 2.4.1. A consecutie setof cornersis an offsetinvariantordered setwhee
theedge out of onecorneris equalto theincomingedge of the next cornet

In addition, we assumethat all meshesare closedin this section. Thus, we do not
presentary rulesfor dealingwith boundaryelements.

2.4.1 Dual mesh

A meshhasa dualwherefacesandverticesoccupy complimentanfocations— analo-
gousto dualsof polyhedra.A pointcanbede ned by theintersectiorof someplanes,
anda planecanbede ned by somepoints. In this sensethe point andthe planehave
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Face split Vertex split

ey

Figure2.5: The two major splitting approachesFacesplit (lower left): Eachn-gon
is split into n quadrilaterals. Vertex split (lower right): Eachvertex of n-degreeis
removedandreplacedvith ann-gon.

arelationshipof duality. The operation®f de ning thesetwo kinds of objectsarere-
gardedascomplementarglual operations.The dual of a polyhedronis de ned by the
exchangeof thesetwo dualelements.

De nition 2.4.2. \erticesand facesare dual elements. Let a vertex be de ned by
ahuttingfacesandafacede nedbyverticesalongtheperimeter Thesdwo operations
are dual operations. Thedual of a meshs a meshouilt with thedual element@anddual
opefationsof this mesh.

In thisway, theverticesof onemeshcorrespondto thefacesf it’ sdualandvice versa.
We can nd thedualB of ameshA by de ning afacefor eachvertex andde ning a
vertex for eachface:For eachfacein A, wede ne avertexin B. For eachvertexin A,
we extractthe fan of akutting cornersin consecutie order, andusethe verticesin B
correspondingo thefaceof thecornergo de ne anew facein B. Eachpair of adjacent
cornersn this orderingde nesanedgebetweerthe verticesof their respectre faces.

We seefrom the de nition thatthe cornerof a meshrepresents kind of “pivot”
betweenthe duals. The numberof corners remainsconstant. The dual meshof the
dualmeshis the meshitself. We usethedualmeshof thequadmeshto de ne theinner
meshfor thesimpli ed surfacespline.

2.4.2 Facesplit (polyhedral split)

Most subdvision schemescan be split into two operations: a splitting stepand a
smoothingstep. The splitting stepre nes the mesh,thatis, it producesa nev mesh
with moreandsmallerfaces.deally, the splitting stepshouldnotchangehegeometry
of theshape This s the casef the embeddedneshis a polyhedron(which hasplanar
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faces).Thesmoothingstepgenerates new setof points,whereeachpointis anaver-
ageof someof the pointsproducedy the splitting step.We ignorethe smoothingstep
for now, andfocusonthesplitting step.For moreinformationon bothsteps(Stolinitz,
DeRose Salesin1996)is agoodsource.

We begin with a subdvision schemeknown asboththe “f acesplit” andthe“poly-
hedralsplit”. This schemesplitseachfaceinto severalnew faces.We call the original
meshM ' andthere ned meshM '*1 .

Vertex and point generation First, we de ne the verticesof M '*1 andtheir posi-
tions.
1. For eachvertexin M, createavertex in M ™1 with the samelocation.

2. For eachedgein M, createavertex in M1 with the averageof the endpoints
of theedgeaslocation.

3. Foreachfacein M, createanew vertexin M '*1 with theaverageof thevertices
of thefaceaslocation.

The numberof verticesin the nev meshis equalto the sumof vertices,edges,and
facesof theold mesh.
De ning the new edges The edgesarede ned implicitly by the facedescriptions,

but for completenessye de ne themhere.

1. Foreachedgein M ', createtwo edgesn M *1 . Theseconnecto theverticesin
M *1 correspondingo the endpointsof the edgeaswell asthe edgemidpoint.

2. For eachedgein M ', createanedgein M '*1 for eachatutting face. This edge
connectghe edgemidpointto the facemidpoint.

Thenumberof edgeds equalof thetotal sumof cornerdn theold meshplustwo times
thenumberof edgedn theold mesh.If the meshis closed,aswe assumethe number
of cornersare2 # E, andthusthetotal numberof new edgesare4 # E.

De ning the newfaces For eachcornerin M, createa quadrilaterain M *% with
theedges:

1. Theedgefrom thevertex of the cornerto the midpointof the outgoingedge.
2. Theedgefrom the midpointof the outgoingedgeto thefacemidpoint.

3. Theedgefrom thefacemidpointto the midpointof theincomingedge.

4. Theedgefrom theincomingedgeto the vertex of the corner

The numberof facesin the new meshis equalto the total sumof cornersin the old
mesh. The subdvision schemds visualisedin gure 2.5. Meshesgeneratedy the
facesplit schemepossessomeusefulproperties:

1. All facesarequadrilaterals.

2. Theverticesfrom M ' keeptheir degree.
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3. Thedegreeof amidpointof ann-gonin M ', hasadegreeof n. Thus,midpoints
of quadrilateralareof degree4.

4. Thedegreeof edgemidpointsare4.

Thus,afteroneapplicationof this schemehequadsof there ned meshmayhave more
thanonevertex of degreenot equalto 4.

If all verticesin the original meshwith a degreeotherthan4 areonly surrounded
by quadrilateralspr the corverse every non-quadrilaterailacein the mesharede ned
only by verticeswith degree4, a quadin the re ned meshhaveat mostone vertex
with degreenot equalto 4. However, if theseprerequisitesarenot ful lled, two suc-
cessve applicationof the splitting procedurealwaysgenerate re ned meshwith this

property

2.4.3 Vertex split (mid-edgesubdivision)

The facesplit splits faces,and the vertex split splits, asthe nameimplies, vertices.
The vertex split (alsoknown asmid-edgesubdvision)is very simple,andthe scheme
proceedssfollows:

Vertex and point generation For eachedgein M, createa vertex in M'*! and
positionthis vertex at the midpointof the edge.We call this point the midpointof the

edee.

De ning the new edges For eachvertexin M ', nd the setof cornersakutting the
vertex. Createanedgein M '*1 for eachof thesecorners connectinghe midpointof
theincomingedgeto the midpointof the outgoingedge.

De ning the newfaces Eachfaceandeachvertexin M ' generatesfacein M 1.

1. For eachvertex, extractthe cornersatutting that vertex and organisethemas
a consecutie setof corners. Thende ne a faceby the edgesconnectingthe
midpointsof theincomingandoutgoingedgeeachcorner

2. For eachfacein the unre ned mesh,extractthe cornersandorganisethemand
build afaceasdonein the previousstep.

Thenumberof verticesin thenew meshis thusequalto thenumberof edgesn theold
mesh thenumberof edgesn thenew meshis equalto thenumberof cornersn theold
mesh,andthe numberof facesn the new meshis thesumof thefacesin theold mesh
plus the numberof verticesin the old mesh. The re ned meshhassomeinteresting
properties:

1. All verticesof the re ned meshhave a degreeof 4 (two facesandtwo vertices
alut anedge).

2. An n-gonin theunre ned meshbecomesann-gonin there ned mesh.

3. A vertex of degreen becomesnn-gonin there ned mesh.
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2.4.4 The Doo-Sabinsplit

TheDoo-Sabirsplitis abit moreelaboratéhanthetwo previoussubdiisionschemes.
It splits both verticesandedgeswhile keepingfaces.The algorithmproceedsasfol-
lows:

Vertex generation For eachcornerin M, createa vertex in M *1 . The position
of this vertex is de ned by a linear interpolationbetweerthe positionof the corners
vertex (in M ') andthemidpointof theface(averageof thefaces verticesin M ). The
numberof verticesn M '*1 equalghenumberof cornersn M. Theparameteof this
linear interpolationde nes the sharpnesganalogougo blend ratios) when building
Doo-Sabirsubdvision surfaces.

De ning the newedges Eachedgein M ' is aluttedby four corners We connecthe
midpoints(verticesin M +1) with four edgesandtheresultis a quadrilaterakentred
ontheedgein M'. Thenumberof edgesn M +1 js four timesthenumberof edgesn
M!.

De ning the new faces Eachvertex, eachedge,andeachfacede ne afacein the
new mesh. The midpoint of the akutting cornersde ne a new face,thus,a verte in
M' of valencen de nesann-gonin M '*1 . Eachedgewill form aquadrilateralwhile
eachfacewill keeptheir numberof vertices.The numberof facesin M '*1 equalsthe
sumof the numberof vertices the numberof edgesandthe numberof facesn M .

Thereis a connectiorbetweerthe polyhedralsplit andthe Doo-Sabinsplit. Both
schemegproduceshe samenumberof edges,andthe Doo-Sabinsplit produceshe
samenumberof verticesasthe numberof the polyhedralsplit producegacesandvice
versa.Thisis indeeda hint thattheresultsfrom the polyhedralsplit andthe Doo-Sabin
split aredualsof eachother

For amoreextensve expositionof splitting proceduresaswell assubdvision sur
facessomesuggestetbooksare(Farin 1996),(Gallier 2000)and(Stollnitzetal. 1996).

2.4.5 Planar cut polyhedra

Planarcut polyhedra(PCP)is a centralcomponenbf surfacesplineschemesOften,
theterm“polyhedron”is usedquitelooselyaboutanything built from polygonalfaces.
However, for sucha shapeto be a polyhedronit is requiredthat every faceis planar
This s of coursenot anissuewhendealingwith triangles,sincethey areplanarwhen
not degenerateTo emphasis¢his planarity we call sucha shapea planar polyhedon
whenthisis of importance.

We getaplanarcutpolyhedonfrom aplanamolyhedrorby choppingoff theshape
ateachvertex with aplane.Theamountof theshapecutawayis calledthe depthof the
cut. Theplanarcut polyhedroncanbe viewedasa generalisatiomf thetensorproduct
controlstructurewhereeachplanarcut represents subdvision step.

If anembeddedneshis equivalentregardingconnectvity (andnotgeometry)to a
planarcut polyhedronwe cansometimesnake this shapénto a planarcut polyhedron
by utilising somelocal projections.This is alwayspossiblef the meshis local degree
bounded This requiresthat at most one non-planarfaceakuts a vertex. If two or
moreoffendingfacesakut, thenwe getadependengin the projectionswhich arenot
necessarilygolvable(oneprojectiondestrys the planarityof the other).
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De nition 2.4.3. A polyhedpnis local degreeboundedif all non-quadrilaterl faces
of a polyhedpbnis only de nedfromverticeswhee only four facesabut, or corversely
all verticessurroundedby more or lessthan four facesis only surroundedby quadri-
lateral faces.

If apolyhedronis notlocal degreeboundedjt canbe madelocal degreeboundedby
re nement.

2.5 Summary

In this chaptewe have de ned the mesh.Meshesarea formal way to de ne connec-
tivity of geometricobjects.Verticesarethe fundamentahtomof meshesanedgeis a
setof two verticesandfacesaresetsof edgesWe alsode ned sometermsof positions
in the connectvity.

Thenwe gave the backgroundand de nition of the meshqueries. The qualities
of meshquerieswill be obviousin chapterss and6, in which meshqueriesareused
extensvely.

We concludedthe chapterwith an overvien of meshduals and somesplitting
schemesBoth of thesetopicsareessentialn the constructiorof surfacesplines.
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Chapter 3

The surfacespline curve

Whathappensf we applythesurfacesplineparadigmto curves?Surfacesplinecurves
are smooth,modelledby the control polygon, caninterpolatedatapointswith some
modi cations,andhave a simpleconstruction A studyof the simplecaseof thecurve
is a gentleintroductionto the surfacesplineparadigm,andin addition,this curve de-
nes theboundarycurvesof asimpli ed surfacesplinesurface.

3.1 The scheme

Surfacesplineshave apeculiarparameterisatiorgndthe sames truefor surfacespline
cunes. The curvesare parameterisetly two numbers:anintegerindex, anda scalar
runningfrom zeroto one. Theindex speci esin which sub-intenal we arein, andthe
scalarspeci esthe positionin this sub-interal. For visualisationof the construction
we arrangethe control pointsalongthereal axis.

De nition 3.1.1. A surfacesplinecurveis de ned by a vectorof m control points,

C= C1;Cp:iiiCm ; G 2R"; (3.2)

b= bi;b,;by;:ih, by by 5 B 2[01] (3.2)
organisedn thefollowingmanner:
\ inter val 1 \ inter val 2 \ inter val 3 \
I I I |
by ! b, B! b,  by! b,
C1 C2 C3 Cy

Eadh interior ¢; hastwo blendratios associatedwith it, b andb’, andc; andcp,
hasoneblendratio each. Thecontmol pointarrayde nesm  1lintervals,oneinterval
betweereadt successivpair of control points: Intervali is betweert; andc;.; . Eacth
interval de nestwo sub-intervalspneodd and oneeven. Theodd sub-intervalis the
left half of the interval, and the evensub-intervalis the right half. Blendratiosand
sub-intervalshavea one-to-oneorrespondenceand usethe sameindices.

31
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3.1.1 Re nement

For everyinterval i we introducea midpoint,m; de ned by
m; = 1=2(c; + Cj+1): (3.3)

Thesemidpointssplit every interval into thetwo sub-intenals.

e
/ i S
/

\ inter val 1 \ inter val 2 \ inter val 3 \
| subl | sub2 ! sub3 | sub4 ! sub5 | sub6
\ J, \ A; \ );, \

C1 mi C2 mo2 C3 ms Cy

We have so far done nothing extraordinary The midpointsare the averagesof the
control pointsat the extremitiesof the intervals, andthe geometryof the curve is not
changed.

3.1.2 Sub-interval midpoints

We introduceyetanotheievel of midpoints,the2m 2 sub-intenal midpoints.These
are just logical midpoints, not necessarilygeometrical. For eachsub-interal i we
de ne the sub-intenal midpointg; as

g =bci+ (1 b)m;

(3.4)
g =bc+ (2 b)mi,
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Eachinner control pointandinterval midpointis surroundedy two sub-intenal mid-
points.We geta constellatiorlooking like

\ inter val 1 \ inter val 2 \ inter val 3 \

| subl | sub2 ! sub3 | sub4 ! sub5 | sub6
| )9 | )9 | )9 |

Ct g M1 g, C qg; M2qg; C g3 M3 g, Ca

If all blendratiosare equalto % the q's arethe geometricaveragesof their two re-
spectve neighbours.If blendratiosare small, the sub-intenal midpointsarelocated
closerto thecontrolpoints,andconverselywhenblendratiosarelarge, thesub-intenal
midpointsarelocatedcloserto theinterval midpoints. Regardlesof blendratios, the
sub-intenal midpointsarejust corvex combinationf aninterval midpointandacon-
trol point, henceit lies on the line betweenthesetwo points. The geometryis not
changedn this stepeither

3.1.3 Béziercoef cients

Thenwe changethe geometry;we generatenew positionsfor the control pointsand
the interval midpoints. The collectionof new control points, new interval midpoints
and the sub-intenal midpointsform the Bézier coefcients of the curve. The new
control pointsaredenotedé; andthe new interval midpointsrh ;, andarede ned by
theaverages

ti1=1cy

& = +q )= i=2:;m 1

I (q| q|) (35)
€m = Cm

3
I
~
o
"+
+
=2
m
ha
Nt
|
(N
I
=
3
-



34 CHAPTER3. THE SURRACE SPLINECURVE

If we connecteachsubsequentoefcient with aline, we get

\ inter val 1 \ inter val 2 \ inter val 3 \

| subl | sub2 ! sub3 | sub4 ! sub5 | sub6 !
| )9 | )9 | )9 |

€. q; i g, € q; ™Mz gz € g3 s g, €4

This stepis important. If the last control point of one sggmentequalsthe rst con-
trol point of anothersegment,the two segmentsjoin continously(C°). In addition,if

the next-to-lastand last control point of the rst segmentare coplanarwith the rst

andsecondcontrol point of the secondsegment,they joint tangentcontinously(G*).

Evenfurther, if thedistancedetweerthenext-to-lastandlastcontrolpointsof the rst

segmentequalsthe distancebetweerthe rst andsecondcontrol point of the second
segment the derivativesof thetwo sggmentsmatch,andthusthe segmentgoin C2.

And the equation3.5 makesthe curve satisfytheserequirementsThe geometryis
changedn this step;we geta smoothedrersionof the original controlcurve, thoughit
interpolateghe controlcurve atthe rst andatthelastcontrolpoints.

3.1.4 De ning the Bézier curve segments

Eachsub-intenal de nes a quadraticBézier curve sggment,denoteds; (u). Eachof
thesecurve segmentsarede ned by threepoints.

(
s(u= BoWe + BiuA + BRum;; j=1+( =2 ifiisodd
T BR(um; + B2(u)g) + BR(U)Ga; ] = i=2 if i is even,
(3.6)

whereB3.;., aretheBernsteinpolynomialsde nedin de nition 1.4.10.This produces
thecurve
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v 1 I |
N<-——--—-—-- <~—————— = <~— - — - — - C1
2 / +/
Bg(u) by
— /
s1(u) B2(u) .- —————— a; L 1

B (u) z

'y

\/

/
B5(u) H
\

s2(u) BI(w) <— == - = a,

B (u) 3

BG(u) z

S3(u) B(u) <--—-—---= q 1
B2(u) %/ b3 /
/m\z /m2
B&(u) \% 1 by
L \ 1

S4(u) B 2(u) < — — — - - = ds

B (u) 3

BG(u) z

s5(U) =——87(w) R o ,
BS(u) 1 16 /
I'ﬁ\g ms3
, / \1 / \
BO(U) > 1 b4
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\Bz(u) \b \
\ \
Cp<—-———-—-—-— - <~—————--= <~—— - — — - Cy

Figure3.1: Layoutof surfacesplinecurve construction
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Cs= €4
U4
C2
/\ + . =
PO msz= M3
/02 A /
N AN
qZ / /\’)mz: mZ/
/ ! /
/ N / q§
AN 63/
AN
mqi=rh, ds N/
C3
+
d;
c1= €

Figure3.2: Thesurfacesplinecurve of example3.1.1.

v

/’\?y/
/

\ inter val 1 \ inter val 2 \ inter val 3 \

| subl | sub2 ! sub3 | sub4 ! sub5 | sub6
| A) | A) | A; |

€. oy M1 g, € q; My g3 € g3 s g, €

3.1.5 Summary of construction

A systematicoverview of the completeschemeis givenin gure 3.1. The scheme
consistof four distinctstagegfrom right to left). At stagd, theinterval midpointsare
created At stagell the subintenal midpointsarecreatedutilising the blendratios. At
stagelll smoothings performedo assuregheC* continuityrequiremenbf composite
Béziercurves,andat stagelV conventionalquadraticBézierevaluationis done. The
dashedinesrepresentk eepingavalue”to beusedlaterin the scheme.
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Example 3.1.1. Find the surfacesplinecurvede nedby thefour pointsin theplane

0 1 2 3
C= Cp Cr C3 Cg = 0 2 1 3 X (3.7)
andtheblendratios
b= b b b b b b
-1 1 1 1 11 (3-8)
- 2 2 2 2 2 2
First,we nd theinterval midpoints
m= mi1 M2 M3
= i+ co) Yoo+ cs) L(es+c
,,,Q(é ! 2)# 5(c2 ##3) 5(C3 + C4) 3.9)
1 11 21
- 2 2 2
1 12 2

Wethen nd thesub-intervaimidpoints andsinceall blendratiosare equalto onehalf,
thesebecomesimpleaveiages,

9= d; d; 95 O3 03 4
2b{01+(l bI)m13T
(1 b)mi+bec
byco+ (1 by)mo
(I by)mz+bycs
b;cs+ (1 by)ms
1 by)mz+bca
2%(cl+|n1)3T (3.10)
%(m1+c2)
%(Cz"‘mz)
2(m2 + c3)
%(C3+m3)
%(2234-0‘5@)* gt # " #" HH

1 1 21 23

3 1 1 3
4 4 4 4
3 1 1 1
12 12 1l 2l

1

NI A
NI~

andfromthis the smoothedontrol points,

¢ = Cl 02 03 04
=61 ,2(02 4, 02) 30 £.05) ca
0 2 3
0 1 13 3

(3.11)
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Cq

C1

Figure3.3: Comparisorbetweenra four-point surfacesplinecurve anda cubic Bézier
cune.

andthesmoothednterval midpoints,

mh = r‘hl r‘hz r‘hg
= 301 F ) (92 10 3(d3 * as)

(3.12)
_1 o3 132
2 1 13 2
andthis de nessix quadratic Béziersegments,
s1(u) = Bg(u)es + BE(u)gy + B3(u)h
s2(u) = Bg(u)rh 1 + BE(u)g; + B3(u)e2
s3(u) = Bg(u)€z + BE(u)g; + B3(u)m:
(3.13)

sa(u) = BS(u)rh o + BZ(u)g; + B5(u)es
ss(u) = B3(u)€s + BZ(u)qs + B2(u)rhs
se(u) = B3(u)rh 3 + BZ(u)gs + BZ(u)s

Thecollectionof thesecurvesegmentss the surfacesplinecurve

The curve is rathersmoothandbearsresemblancéo a traditional spline. Figure 3.3
compareghe surfacesplinecurve to a cubic Béziercurve with the samecoefcients.
Thesurfacesplinecurveis closerto the control polygon.
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3.2 Explicit formulas

For sucha simple schemeasthe surfacespline curve schemadt is easyto deducean
explicit formulafor thecurve.

Proposition 3.2.1. TheBéziercoefcients of the surfacesplinecurvecanbefoundby
the expressions

A=cC

Ch = Cm

6= B)o 1+ 1S +h) G+ A b
UEEEL CHLMELT LI ML L

G = 2+ e+ 20 5o
6 = 3@+h)e+ 30 Ba

TheBéziercoefcients are corvex combination®f thecontol pointsif theblendratios
are valuesin [0; 1].

Proof. The formulascaneasilybe deducedrom the construction(see gure 3.1). If
the blendratiosare kept within [0; 1], we seethat noneof the weightsin the expres-
sionsbecomenegative. Expandingthe expressionsywe seethat the weightsin each
expressiorsumto one. O

3.3 Existsa subdivision formula?

The existenceof a simple subdvision formula considerablyincreaseghe value of a
curve or surfacealgorithm. The “LeSS” (Gonzalez& Peters1999)construction(see
section4.2.2)doesnot give nestedspaces.However, it is worthwhile to seewhether
thisis possible.

3.3.1 Beéziersegmentsubdivision

Our startingpoint will be the re nementformulasfor Béziersegments.Fromthe lit-
erature(e.g. (Farin 1996)and(Gallier 2000))we know thatwe canrewrite onesingle
Béziercurve astwo new ones.

We splitthequadratidBéziersegmentde ned by theBéziercontrolpointsf x 1; X 2; X 39
into two equalhalves thetwo sggmentsle ned by theBéziercontrolpointsf R1.1; R1.2; R1:39
andfR2;1;R2;2; R2:30

R11= X1
R0 = }x1+ }Xg

; > 2 (3.15)
R13= }x1+ }x2+ }Xg;

' 4 2 4

and
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Figure3.4: Insertingonecontrol point.
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R —1x +1x +1x
2;1—41 243

2
1 1
kg;z = EXZ + §X3 (316)
kg;g = X3!

Thiswill usethisrelationof Béziersggmentso relatethecoarseandthere ned surface
splinecurve.

3.3.2 Surfacespline subdivision

To keepthingssimple,we let the blendratiosequalonehalf, andwe write the problem
as a matrix equation. We let ¢' be the control points of the surfacespline curve at
subduisionleveli, andc'*! bethecontrolpointsatleveli + 1.

The matrix A nds the Bézier coefcients from the surface spline curve con-
trol points. Thus,A representshe steps‘re nement”, “sub-intenal midpoints”, and
“Bézier coefcients” combined.We let A' be the matrix that transformsthe control
pointsatlevel i to the Béziercoefcients atlevel i, andA'*! bethesimilar matrix at
leveli + 1.

ThematrixR' re nestheBéziercontrolpointsatleveli to Béziercontrolpointsat
leveli + 1 (thisexpressioris visualisedn gure 3.4). This givesus

whichwould give
f ){z ) (3.18)

subdiisionrule

the subdvision rule we are looking for. However, A is not square,hencethis rule
doesnot necessarilyexists. We will nottry to nd (A'**) IR'A', only seeif this
expressiorin factexists.

3.3.3 Futile attempt no. 1: inserting one point

Initially, let'stry to insertonesinglecontrolpointinto the coarsecurve. Givena curve
with n control points,existsa curvewith n + 1 contmol pointshavingthe exactsame
geometry?Thatis, doesthe curve with n control pointslive in the spaceof the curve
with n + 1 controlpoints?

Then, let us startwith the simplestscenario.Let the coarsecurve consistof two
control points. We wantto re ne this curve by insertinga new control point into the
singleinterval of this curve. Usingtherelation

Al xi*t = RAC (3.19)
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we get
2 3 2 3
100 10 0 00
3 1
s 1 0 53000
1 1 0 1 1 1 0 O 21 03
2 2 2 .43 4 2 4
1 3 1+ 1 1 3 1
i 1z 04 C 0 3 2 0 0z87 3 o
s 3 3 20;1 =80 0 1 0 04Ri 1 Ci (3.20)
0§ i e fo oo i3 ofdl g
1 1 1 1 1
0 3 2 00 3 3 37 01
0 %3 000} 3
0 01 0 00 01
We multiply togetherthe matriceson theright-handside
2 3 2 . 3
1 0 0 cy
2 1o e+ Ll
2 0 , 3 CL+ 36
b3 03%0a® Bad+ g,
5 3 §4c:2:i5= 201+ 3G (3.21)
0 % i ' B+l
053 L+ 3¢,
0 3 3 5L+ 5Ch
0 0 1 ch
andperformGaussiarelimination,
2 3 2 . 3
1 00 cy
010 fch + ic)
00O 0
2 ..,3
0 0 04 ¢t 0
0 0 144c*5= ch (3.22)
0 0 04 ¢t 0
00O 0
0 0O 0
0 0O 0
which revealsthatindeedthis expressiorhasa solution! The solutionis ¢t =,
eyt = cl + Icl andcy™ = c. Thisdoesnotreally comeasasurprisebecausef

thecorvex hull property A two point surfacesplinecurweis justaline sgment.

We increasethe numberof intenvalsin the coarsemeshto two, andinserta point
into oneof theseintervals. After right-handsidemultiplicationandGaussiarelimina-
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tion, we get 2 3 2 ‘ 3
1000 cy
0100 sci+ 3ch
0 00O 0
0 00O 0
0 0 0 0 Ch 5

gci;l é - i i i

0 00O o5 = Cy 2c;+ch (3.23)
0 00O c?” cy 2c,+Cy

0 00 14 ™ 3¢h  3ch+ 2ch

0 00O cy Cp

0 00O ¢y ¢

0 00O ci ¢

0 00O c, ¢C,

The lastfour equationsequiresc; andc), to be equal,andthusthis systemdoesnot
have a solutionfor arbitrarycontrolpointsatleveli.

We concludethat, while keepingblendratiosequalto 1=2, we cannotinserta new
controlpointandgetthe exactsamegeometry

3.3.4 Futile attempt no. 2: uniform re nement

Insertinga pointin oneof theintervalsfailed, soinsteadwe try to inserta pointinto
everyinterval. Givena surfacesplinecurvewith n control points,canwe nd a curve
with2n 1 contml pointswith the exactsamegeometry?Theinitial scenariore ning
a curve with two control points,is exactly the sameasin the previous section— the
curve hasonly oneinterval to bere ned. And this problemdid in facthave a solution.
Then,let ustry to re ne a curve with threecontrol points,thatis, a curve with two
intervals. We inserta new controlpointin themiddle of eachinterval. After right-hand
sidemultiplicationandGaussiareliminationwe get

2 3 2 . 3
10000 ¢
01000 ich+ 3ch
0 00O O 0
0 0O0OO 0
00100 ch
0 0 00O 0

2 in : o
0 000 04 cy c) 2c,+ ch
0 0 00 0ffcy” c, 2ch+ch
0 00 1 048c5"4=2 3¢} 3ch+ch (3.24)
0 0 0 0 044c)* ¢} 2ch+ch
00 0O0TO O ci5+1 c} 2ch+cy
0 0 0OG O cy 2c,+cCh
0 0 0O01 3c; + 6C, 2ch
0 00O0O cy 2c,+Cy
0 00O0O Cy 2c,+ch
0 00O0O ¢y 2¢,+ ¢4
00000 ¢, 2ch+ch

whichrequires2c), to equalc}  + ¢}, andthuswe do nothave a solutionfor arbitrary
controlpointsatleveli.
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We concludethereforethat, whenblendratiosare equalto 1=2, we cannotinsert
anew control pointin betweeneachadjacentpair of control pointsandgetthe exact
samegeometry However, allowing blendratiosto changecould possiblygive us a
subdvisionformula.

Our conclusionis thereforethat the surfacespline curve doesnot have a general
subdvision formula, and this implies that that the simpli ed surfacespline scheme
doesnot have a subdvision formulaeithet

3.4 Summary

The surfacespline curve is the result of applying the surface spline paradigmon a
curve. We de ned the stepsof the curve andinvestigatedhe stepsof the construction.
In addition,we tried to nd are nementrule for surfacespline curves, however this
gavenoresults.

This chaptersenestwo purposesprimarily it is anintuitive introductionto surface
splineschemessincethe caseof thecurve aresimplerthanthe caseof thesurface,and
requiressubstantiallylessbook-keeping. Secondlyit is usedto de ne the boundary
curve of thesimpli ed surfacesplinecurve.



Chapter 4

Surfacespline schemes

Surfacesplineschemesremethoddgor obtaininga patchvork of traditionaltriangular
or rectangulaB-spline patcheswith smoothnessonstraintsul lled over the joints,
from a control meshof arbitrarytopology The surfacesplineis the resultingsurface
de ned by this patchwork. The surfacesplineschemeriesto:

1. Createa surfaceover anarbitraryparametedomain,wherethe surfacesatis es
smoothnessonstraints.

2. Representhesepatchesas a patchwork of corventional patches,so that the
schemecanbe easilyintegratedinto existing framewvorksandpipelines.

3. Achieve minimal polynomialdegreefor eachpatch.

4. Have alocal constructionsothatno largelinearsystemhasto be solved.

Blend ratios are usedto control the tightnessof the surface(see gure 4.1 on page
46). The blendratios play the samerole for surfacesplinesasknot intervals do for
B-splines.

If thecontrolmeshof the surfaceis a planarpolyhedron(seesection?.4.5),we can
usually make a planarcut polyhedronfrom it, andfrom this we canalwaysde ne a
C! surfaceof BézierpatchegPeters199%). Thus,the surfacesplinemust,unlessthe
control polyhedronis a suitablepolyhedron performa re nement(to isolateoffend-
ing vertices)and performa local planarisation.Thenwe cande ne the surfaceasa
compositesetof patches.

4.1 The Cl-surfacespline

The C!-surfacespline scheme(Peters1995) is a generalisatiorof the biquadratic
tensomproductB-spline. Theinputmeshtopologygivesthelayoutof the“knot vectors”
andtheblendratiosdescribethe knot spacing.This de nes a vectorspacewherethe
pointsassociateavith the verticesof the controlmesharecoefcients relative to some
basis,andthusspeci esa particularsplineinsidethis space.The resultingsurfaceis
describedasa collectionof Bézierpatcheghat are eitherrectangulartriangularor a
mix. If themeshis composeaf triangularor amix of rectangulaor triangularpatches,
the surfaceis alwaysG?. Theinputof this schemeconsistof threeingredients:

45
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Figure4.1: Differentblendratios. The simpli ed surfacesplineschemewasusedto
generatgheseimages. In upperleft the blendratiosareall equalto 0. Upperright,
blendratiosare0:25, lower left, 0:5, andlowerright, 0:75.
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Ll LA

Figure4.2: Thetreemeshe®f the C!-surfacesplineschemeLeft: Thecontrolmesh,
Middle: Thequadmesh,andright: Theinnermesh.

1. A controlmesh.This meshmustsatisfythe local degreeboundednesproperty
(seede nition 2.4.3on page29).

2. Oneblendratio associateavith eachdart of the controlmesh.The blendratios
have avaluein therange[0; 1]. Theblendratiosdescribeapropertyanalogouso
knot spacing.Smallerblendratiosgive a sharpersurface,andif all blendratios
associatedvith a vertex is zero, we get the sameeffect as collapsinga knot
interval; a degreeof smoothnesss lost (andin this casewe getinterpolationof
thatparticularvertex).

3. Onepointin R? associatedvith eachvertex of the control mesh. The points
mustsatisfythe projectivecorvexity property Theprojective corvexity property
stateghatfor eachfacethereexists a projectionof the facesuchthatthe faceis
thecornvex hull of it’ svertices.Thisassureshatholesandbaysof themeshfaces
arenotcoveredby thesurface.However, this meanghat somerestrictionsapply
to the coefcients. This makesit awkwardto nd agenerabasis.However, the
simpli ed surfacesplineschemedoesnot this restriction.

4.1.1 Thescheme

We give a quick overview of the C!-surfacesplinescheme For moreelaborateexpla-
nationsandformulas,see(Petersl995).

Threemeshesare usedin the construction(see gure 4.2). The rst meshis the
control mesh,the seconds the quadmeshandthethird is the inner mesh. The quad
meshis theresultof a polyhedralsplit of the controlmesh,andthe inner meshis the
dualof thequadmesh.

The schemeis composedf six steps: Meshre nement, edgecutting, quadratic
meshingguadraticpatchingdegreerising, andtwist adjustment.

Meshre nement

Theinitial stepof this schemee nes the controlmesh.Thereareat leasttwo reasons
for this step:to separat®ffendingregionssuchthatthe planarcut polyhedrorproperty
is achieved,andto corvertthe meshto an all-quadmesh. This re nementprocedure
is the polyhedralsplit, describedn section2.4.2. The quadmeshconsistsonly of
guadrilateralg§see gure 4.3and gure 4.2left andmiddle).
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Figure 4.3: Meshre nementof the control mesh(left) resultingin the quadmesh
(right).

There ned meshM *1 s calledthe quadmesh Eachfacein the quadmeshis a
guadrilateralandthey areknown asquads Eachquadis surroundedby four edgesand
theseedgesarecalledquadedges.Two of theedgesaretheresultfrom asplit face,and
two of theedgesaretheresultfrom a split edge.Thereis a one-to-onecorrespondence
betweercornersin M ' andfacesn M 1.

An irregularvertex is a vertex wheremoreor lessthanfour facesakbut. Eachquad
of the quadmeshaluts at mostoneirregular vertex. Eachquadis de ned from one
vertex which correspondso avertex in thecontrolmesh pnevertex whichcorresponds
to afacemidpoint,andtwo verticescorrespondingo edgemidpoints.

A vertex in thequadmeshis eitheravertex from thecontrolmesh anedgemidpoint
or afacemidpoint. Theedgemidpointsalwayshave four abutting quadgdegreefour).
If afacemidpointhasa degreelargerthanfour (the resultof a faceof morethanfour
vertices),then all of the surroundingverticesare either edgemidpoints, or vertices
from the control meshwhich hasa degreeof four or lower (dueto the local degree
boundedness).

Edgecutting

This stepperformsthe planarcut. Eachquadhastwo exclusive blendratiosassociated
with thetwo edgesof thequadcorrespondingo edgesn the controlmesh(Remember
the one-to-onecorrespondencbetweencornersof the control meshandthe quads).
For eachquadin the quadmeshwe createa temporaryquadmidpoint(see gure 4.4).

Thequadmidpointis abilinearinterpolationof thefour verticesof thequad ,where
theblendratiosareusedasparameterslf theblendratiosarezero,the quadmidpoint
endsup at the positionof the onevertex of the quadwhich corresponds$o a vertex of
the control mesh. If bothblendratiosare one,thenthe quadmidpointendsup at the
facemidpointof themesh.

Then,for eachvertex in the quadmeshwith a degreelargerthanfour, all thequad
midpointsof theahutting quadsareprojectednto acommonplane.Theprojectedquad
midpointsandquadmidpointsnot touchedby a projectionarekept,andtherestof the
constructioruseshesequadmidpoints.

Fromthequadmidpointswe de ne theinner mesh(see gure 4.2right). Theinner
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Figure4.4: Edgecutting: Thequadmidpointsarebilinearinterpolationsf thevertices
of thequad.

meshis thedual of the quadmesh andwe usethe quadmidpointsasgeometryfor this
innermesh.Theinnermeshis a planarcut polyhedraof thecontrolmesh.

Quadratic meshing

Thequadratiacoefcients comein three a vours: Quadmidpoints,quadmeshvertices
andquadedgevertices(see gure 4.5).

First we calculatethe quadmeshvertices. The positionof eachvertex in the quad
meshis setto the averageof the midpointsof akutting quads.

Thenwe calculatethe quadedgemidpoint. A quadedgemidpointis the average
of the midpointsof the two akutting quads. The quadedgemidpointsof quadedges
alutting a quadmeshvertex alwayslie in acommonplane.If threequadsahut, thisis
obviouslytrue. If four quadsahut, thisis alsotrue (proof: poseit asa matrix problem,
andthis matrixhasrank3). If morethanfour quadsakut, thequadmidpointshave been
projectednto acommonplaneandthusaveragesarein the sameplane.

Eachedgein the quad meshhasthree coefcients associatedtwo quad vertex
coefcients andonequadedgemidpoint), andthesecoefcients canbeinterpretedas
the coefcients for a quadraticBéziercurve sggment. The curve sggmentsconnecting
aquadmeshvertex have rst orderendderivativesin acommonplane(the quadedge
midpointsof edgesahutting a vertex residesn the sameplaneandthe curveshave the
sameendpoint).

Quadratic patching

Eachquadhasnine coefcients associatedOnequadmidpoint, four quadedgemid-
points,andfour quadmeshvertices. One of theseis from the split face,two is from
split edgesandoneis from a controlmeshvertex.

We canpatcheachof thesequadswith eitheronequadratidBézierpatch(usingthe
coefcients directly asBéziercoefcients) or alternatvely asfour triangularpatches
wherethe coefcients areweightedaverageof the nine coefcients. Theresultis a
surfacethatis C! in mostareas.
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\ [ ] [ ]

Figure 4.5: Quadraticmeshing. The verticesof the quad meshare relocatedto the
averageof the quadmidpointsof the atutting quads.

Degreeraising

Theterm*irregularvertex” is dependenon contet. In context of C* surfacesplines,
thefollowing classi eswhethera vertex is regularor irregular.

De nition 4.1.1. Aregular vertexis a vertex whete exactlyfour patchesabut. A vertex
which is notregular is irregular.

Thesurfaceis notsmoothin the neighbourhooaf irregularvertices.Thetwist (mixed

derivatives)doesnot necessarilymatch.We can x this, but we needsomeadditional
degreesof freedom. To getthesedegreesof freedomwe raisethe degreeof patches
ahutting irregular verticesfrom quadraticto bicubic. This actiondoesnot changethe

surface.

Twist adjustment

Then,we employ the new degreesof freedomto get the desiredsmoothnesaround
irregularverticesaswell. We only tweakthe coefcients residingin theinterior of the
patch,andthusthe boundarycurve of eachpatchis kept. The procedurds dependent
on our choiceof four sidedor threesidedpatchesn the step“quadraticpatching”.

4.2 Two other surfacespline schemes

We give anoverview of two othersurfacesplineschemes.

4.2.1 Surfaces...bhicubics

The article (Petersl994)is the predecessoof (Peters1995). To quotePeters:*For
general modellingl recommend *-surfacesplines.Surfaces. . bicubicsis older, uses
more patches,usesmore complicatedformulas,and doesnot prove the corvex hull
property It is however the r st of this typeof construction. The algorithmis rather
similarto thatof C* surfacesplines however a bit morelaborious:
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Figure4.6: The schemeof surfaces.. . bicubics. Upperleft: Theinitial control mesh.
Upperright: The re ned meshafter onere nement. Lower left: The re ned mesh
re ned yet anothertime. Lowerright: The patchstructure.Eachvertex of there ned
meshis in themiddleof onesplinepatch.Thesolidline renderghe“hole” whichis not
tted with quadrilaterapatchesthethreepatchesnsidethis holeis of cubicdegree.
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1. Theinput meshis re ned twice with the Doo-Sabinre ning andaveragingpro-

cedurein orderto separatdrregular vertices(which becomenon-quadrilateral
meshcellsafterthe rst re nement). Thisremoresthe needfor thelocal degree
boundednesgroperty. However, it resultsin morepatches.

. Every vertex in the doublere ned meshwhereall neighboursareregular (and

thusisa3 3 regularsub-mesh)s patchedwith a biquadratidB-spline.

The knotsof the knot vectorsare evenly spacedandthe knot vectorshave no
multiple knots. As a resultof this, the patchonly coversthe areaaroundthe
vertex andhalfway to the neighbourgsee gure 4.6). This knot vectormakesit
possiblefor the B-splineto usethe neighbouringrerticesascoefcients, andthe
patcheswill akut nicely andsmooth.

Alternatively, the patchesnayberewrittenin Bézierform, but thisincreaseshe
numberof coefcients.

. An irregular vertex in the control meshwill represent triangle after the Doo-

Sabinsplits (see gure 4.6). The patchescorrespondindo the verticesof this
triangleis not yet patched andthusaroundeachirregular vertex in the control
mesh,we have a hole in the meshin the shapeof a corvex n-gon built from n
rectangulapatchesyheren is the degreeof theirregularnode.

Dueto two stepsof the Doo-Sabinre nement,noneof theseholestouchesach
other andthuscanbehandledseparately

Eachvertex correspondingo a patchin the hole (thereis n of them)is patched
with abicubicpatch.Thepatchboundarie®f thesemesheshatabutstheregular
patchesaredegreeraisedquadraticsandthuswe getsmoothtransitionsbetween
theregularandirregularpatches.

The increaseddegree of thesepatchesgives the requireddegreesof freedom
requiredto make a smoothtransitionbetweertheirregularpatches.

This schemeperformsone more re nementstepthan C! surfacesplines. The gain
from this is thattheinput meshcanhave a morearbitrarytopology but at the expense
of increasediumberof patches.

4.2.2 Localised-hierarchy surfacesplines

LeSS(Gonzalez: Petersl999),anacrorym for Localised-HierarchyurfaceSplines,
is anextensionof (Petersl995). In essencethe surfaceis the same put methodsare
presentetio removeasmallpartof themeshandreplacat with anothemeshfragment.
The in uence of this operationis local. An interestingeffect of this schemeis that
we can not only make re nement, but actualtopological changego the meshwith

local in uence. We canmake bridgesbetweentwo partsof the meshesor introduce
topologicalholes.

However, it is importantto notethatthis new surfaceis not exactly equalto theold

surface only very similar. Thus,we cannotgetnestedspace®f surfacesplineswith
this construction.
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4.3 Summary

This chaptembeginswith the motivation of surfacesplinescheme The mainideais to
createa schemebehaing lik e the regular tensorproductB-spline, but applicablefor
arbitrary topologies. In addition, by de ning the surfaceas a setof standardBézier
patchesthe schemecaneasilybeincorporatednto existing geometryframeworks.

Threesurfacesplineschemesredescribedwith extraemphasin oneparticular
schemethe C!-surfacespline. This schemeis the “full” surface spline schemeof
whichthesimpli ed surfacesplineis derivedfrom.

A regularvertex is a vertex surroundedy four faces.An irregularvertex is vertex
wherethis is not the case.Theideais to re ne the control meshto separatérregular
vertices.Thenwe associata midpointto eachquadin there ned mesh.We cancreate
adualof there ned meshby usingthequadmidpointsasvertices.Thisdualis aplanar
cut polyhedrorafterthelocal projection.

Aroundirregularverticesthefollowing stepsarenecessarto produceaC?! surface:
The local planar projectionassurescoplanarityof Bézier control points of relevant
coefcients from alutting patches.The raisingof degreefrom quadraticto cubic on
the patchesncreaseshe numberof degreesof freedomwhich are usedby the twist
correctionwhich perturbgheinnercontrolpointsto creatematchingcross-deniatives.
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Chapter 5

The simpli ed surfacespline

Thesimpli ed surfacesplineis asimpli cation of C*-surfacesplines(seesectiord. 1).
Theconstructionis almostthe same howeverwith thefollowing differences:

No planarprojectionis performed.

Only rectangulamiquadraticBézier patchesare used,thus, only one kind of
patches.

No twist-correctionis performed.

The simpli ed surfacesplineis not necessarilysmoothin small neighbourhood®f
irregularvertices(seede nition 4.1.1). We tradefull C*-continuitywith “almostC?*-
continuity” for the bene t of a simplerscheme.

5.1 Overview

The schemeconsistsof ve layers,andeachlayer hasan arrayof points. A pointin
onelayeris a cornvex combinationof pointsin theprecedindayer. Thelayersare:

1. Layerp is lled bythecontrolmeshverticeswhichareindexedby vertices.The
polyhedralsplit combinegthe verticesof the control meshto form the vertices
of thequadmesh(p ! ps). Thepointsin ps playsthe samerole asthere ned
pointsof the surfacesplinecurve (section3.1.1).

2. Layerps is lled bytheverticesof thequadmeshwhichareindexedby vertices,
edgesand faces. The quad midpoint generationcombinesthe verticesof the
guadmeshto calculatethequadmidpoints(ps ! gm). Thequadmidpointsare
equivalentwith the sub-intenal midpointsof the surfacespline curve (section
3.1.2).

3. Layergm is lled by thequadmidpoints,which areindexedby corners.Bézier
coefcient calculationcalculatesheBéziercoefcients from thequadmidpoints
(gm ! bc). The Béziercoefcients correspondso the Béziercoefcients of
thesurfacesplinecurve (section3.1.3). This stepis changegeometrysuchthat
akutting patchesften' have coplanarcontrol pointsatjoints.

1For this awaysto happena planarprojectionmusttake place.

55
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Topologicalterm | Symbol | Indexing | Usedin layers
Original vertices (vi) p,pv,bv
Edgemidpoint F (g) pe,be
Facemidpoint (fx) pf ,bf
Quadmidpoint H (vi;fx) | gm
Edgequatrtile N (vi;g) | beq
Inneredgequartile N (vi;fx) | biqg

Table5.1: Termsin the constructiorwith the symbolsusedin the gure. Notethatthe
edgequartilesandthe inner edgequartileshave the samesymbol. Indexing denotes
how the pointsareindexed.

4. Layerbc is lled by the Béziercoefcients. Theindexing is too complex to be
statedin onesentenceThe Bézierevaluationdoesa biquadraticBézierevalua-
tion of therelevantBéziercoefcients (bc ! s). ThebiquadratidBézierevalua-
tion is equialentto thequadratidBéziersegmentevaluationof thesurfacespline
curve (section3.1.4).

5. Layers is theevaluatedsurface.

5.1.1 Topologicalterms of the simpli ed surfacespline

All layersareindexedby topologicalterms,andthesetermshave symbols,usedin the
subsequengures, associatedvith them. As an example,the vertex termrefersto a
coefcient attachedo avertex, andthe inneredgequartiletermrefersto a coefcient
attachedo themidpointof anedgein thequadmesh.Section?.2.2de nesthedifferent
positionsin themesh.

Sincethe controlmeshcanbe moreor lessarbitrary we cannotutilise regular se-
guentialindices whichareusedn theconstructiorof B-splines.This canbeconfusing
(if corventionalsplinesoverregulartopologieshave a messof indices,surfacesplines
over arbitrarytopologiesare even worse). For simpli ed surfacesplines,we usesix
termsto de ne the coefcients:

1. Verticesarewheretheverticesof thecontrolmeshare. Theseareindexedby the
vertices.

2. Edge midpoints arethe middle of eachedgeof the control mesh. Theseare
indexedby theedges.

3. Face midpoints are the middle of eachfaceof the control mesh. Theseare
indexedby thefaces.

4. Quad midpoints arelocatedin the middle of eachquadof the re ned control
mesh(thequadmesh).Thereis aone-to-oneorrespondendeetweereachquad
in the quadmeshandeachcornerin the controlmesh,andtheseareindexed by
the cornersof the controlmesh.

5. Edge quartiles arein the middle of the edgesin the quadmeshwhich is the
resultof a split edge. Every edgein the control meshhastwo edgequartiles,
betweertheedgemidpointandtheir respectre endvertex of the edge(thustheir
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Figure5.1: Surfacesplineconcepts.The individual patchesare colouredin different
shadef grey. Upperleft, the controlmesh.Upperright, the quadmesh.Lower left,
theinnermesh,andlowerright, the Béziercoefcients.

namequartiles).The edgequartilesareindexed by anedgeanda vertex (oneof
thetwo de ning theedge).

6. Inner edgequartiles arein the middle of the edgesin the quadmeshwhich is
aresultof facesplitting (Eachedgein the quadmeshareeitherthe resultof a
splitedgeor asplit face).Eachedgein the controlmeshaboutafacein thesame
meshgivesraiseto anedgein the quadmeshwhich is the resultof a facesplit.
Thus,theseareindexedby anedgeanda facefrom the controlmesh.

Thereadeiis recommendetb look attable5.1whichis thekey betweertermsandthe
symbolsusedn gures, aswell asthe gures 5.2,5.3,5.4and5.5wherethesesymbols
areused.

5.1.2 Thethreemeshes

Thereexist threemeshesn theschemdreferto gure 5.1. The rst meshis thecontrol
meshwhichis theinputto the schemeThe secondneshis are nementof thecontrol
mesh,which is known asthe quadmesh The verticesof the control meshalsoexist
in there ned mesh. Hence,the setof verticesin the control meshis a subsetf the
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verticesin the re ned mesh. Thethird mesh,not usedexplicitly, is theinner mesh It
is the aim of the C!-surfacespline schemeto make this inner meshinto a planarcut
polyhedron.

5.1.3 Theintrinsic parameterisation

Thereis a one-to-onemappingbetweencornersof the control meshand the Bézier
patchesof the surface. Thus, the cornersare useful for indexing the patches.Each
patchhasthe unit squareasits local domain.

De nition 5.1.1. Aparametempointp onthesimpli ed surfacesplinesurfaces atriple
p= (cis;t); (5.1)
whee(s;t) 2 [0;1] [O; 1], andcrefeisto a cornerin the control mesh.

Thepatcheglo overlapatthepatchboundariesHowever, thealutting patchesvaluate
to thesamevalue,andthusthisis justa matterof choosingwhich patchto evaluate.

Theparametrisatiofis muchin uenced by theblendratios Blendratiosarein the
interval [0; 1]. If theblendratiosareoutsidethisinterval, the constructioris nolonger
entirely constructedrom corvex combinations.The blendratios play the samerole
asthe knot spacingdoesfor B-splines.From gure 4.1 we seethatsmallblendratios
producehesameeffectassmallknotspacingsharpeigeometryandlargeblendratios
give smootheigeometry Whenblendratiosarereducedo zero,we loosea degreeof
continuity.

5.2 Layer |: The control meshvertices

Theinputto the schemds a controlmeshwith a blendratio associatedvith eachdart
of this meshanda controlpointassociateavith eachvertex.

Theinitial layeris composeaf the control points. Eachvertex hasa controlpoint
associatedandthus,we index the control pointswith the vertices. The control points
mustresidein alinearplacesuchthatcorvex combinationsantake place.Otherwise,
thereareno restrictions andthus,the pointscanbe of arbitrarydimension.However,
pointsfrom R® areprobablythe mostusefulchoice.

5.3 Layerll: The quad meshpoints

The control mesh( gure 5.2) is split with the polyhedralsplit scheme(seesection
2.4.2)to make the quadmesh( gure 5.3). The original verticesare kept, the edge
midpointis the averageof thetwo verticesthe edgeconnectsandthe facemidpointis
the averageof the verticesof the face.We call the verticesobtainedfrom this stepthe
ps-vertices referringto the splitting schemethe polyhedralsplit.

We usethenotationj estriction tO restricttheexpressiorto aspeci ¢ case.Thus,psjv
is the polyhedralsplit in the caseof avertex.

De nition 5.3.1. We de ne theverticesof thelayer ps asa combinationof verticesin
the control meshlayer p. There are three avours of these;vertices,edge midpoints
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Figure5.2: Theinitial controlmesh.In this case:Threequadrilateralsndthreetrian-
gles, fteen edgesandtenvertices.

Figure5.3: The quadmesh.This meshde nesthe patchstructure;eachquadrilateral
correspond$o oneBézierpatch.
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andfacemidpoints:
psjv (vi) = p(vi)

. 1 X
psjem (g ) = > p(vi) 52)
V| 2¢€ .
X

1
Sj fr) = — vi):
psjem (fk) T Ap(l)
V|2fk

The three functionsgive the position of the vertex correspondingto the old vertex,
positionof thevertex correspondingo the edge midpointandthe positionof the vertex
correspondingo the facemidpointrespectively

The notationis de ned in section2.2. Quadmeshegtheresultof a polyhedralsplit)
is treatedin section2.4. This operationis the equivalentof there nement-stepof the
surfacesplinecurve constructionsection3.1.1).

Oneimportantobsenationcanbe made;all of the new verticesarecorvex combi-
nationsof verticesin the controlmesh.

Lemma 5.3.2. All verticesof thequadmesh(layer Il) are corvex combinationof the
verticesof the control mesh(layer ).

Proof. Theaveragesn de nition 5.3.1areohbviously cornvex combinations. O

Corollary 5.3.3. Theeare# V + # E + # F pointsin thequadmeshlayer.

Proof. Thepointsof theverticesarekept,andeachedgegeta midpointaswell aseach
face. O

5.4 Layer lll: Quad midpoints (inner meshvertices)

From the quadmeshvertices,we computethe quadmidpoints. The quadmidpoints
de ne the inner meshvertices. The inner meshis not explicitly used,but the inner
meshis the planarcut polyhedrort from which we de ne thefaces.

A quadmidpointis a bilinear interpolationof the four verticesof the quad. The
parameter®f this interpolationare the blendratios, andthe coefcients arethe four
verticesof thequad.A overview of thebilinearinterpolationis givenin sectionl.4.2.

Eachquadcorrespondso a cornerin the controlmesh.Eachcornerin the control
mesh‘has” two non-exclusiveedgesassociatedheedgein andtheedgeout. Thecom-
binationof faceandvertex (from the corner)in additionto anedgegivesanexclusive
key (adartin this case)andfor eachsuchkey we have ablendratio associatedThus,
eachcornerhastwo exclusive blendratiosassociatedThis calculationis visualisedn

gures 5.3and1.1.

At the boundary the edgequatrtilesof the curve play an equalrole asthe quad
midpointsof the surface. To achieve this, we assigna valueto the edgequartilesof
every boundaryedgein this step. This is to achieve a borderin the form of a surface
splinecurve. No edgequartilesare de ned for interior edges.De nition 5.4.1uses
meshqueriesde nedin section2.3.3.

2|t it not necessarily planarcut polyhedrorsincethe planarprojectionis skipped
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Figure 5.4: The quadmidpoints. Connectingthesepoints togetherforms the inner
mesh.

De nition 5.4.1. LetthesetBE bethesetof edgesin themeshM which areboundary
edees,

BE= g 2M[e ; ; ligmir; o =1 (5.3)

which is thesetof edgeswhere thenumberof abutting facesare one Similarly, wemay
de ne the setof boundaryvertices

BV= vi2M[v; i liemrovi: ;168 Mievi: 1] s (5.4)

which is the setof verticeswhere the numberof connectingedgesare not the sameas
thenumberof abutting faces.

Onemayread"if v; is a boundaryedge”as"“if v; 2 BV” to make it more formal,
andlessreadable.The samegoesfor edges.The quadmidpointscorrespondso the
sub-intenal midpointsof the surfacesplinecurve (section3.1.1).

De nition 5.4.2. We de ne theverticesof thelayer gm , the quadmidpoints,ascom-
binationsof the verticesof layer ps. Theverticesare indexedby the corners of the
contol mesh.Givena corner (v;; f¢), we havetwo edgesassociatedvith it, e, and
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eut aswell astwo blendratios,b, andhy,, andgm is de ned

dmjom (Vi;fk) = (1 bBa)(X  bou)psjv (vi) +
hn (1 bout)ijEM (eln) +
(1 bin)bou PSjem (€out) +
Bin bout PSjEm (Fk);

(
; 1 b)psjv(vi) + bps e ) ife isaboundaryed
quEQ(Vi;e])Z ( )p JV(l) prM(]) ) : vedee
unde ned otherwise
(5.5)

whee bis a blendratio. Thequeryd = M [v;e;f;vi; g ; ]will giveonedart, d, if g
is aboundaryedge, andbis theblendratio associatedvith this dart.

The expressionsn equation5.5 are a bilinear interpolationanda linear interpolation
respectiely. If bothblend-ratiosarezero,the quadmidpoint getsthe positionof the
original vertex of the patch. If both blend-ratiosare one,the patchmidpoint getsthe
positionof thefacemidpoint. Sinceall the Béziercoefcients dependon thesepatch-
midpoints, we may utilise the blend-ratiosto control the curvature of the resulting
surface.While we're atit, patchmidpointsarealsocorvex combinations.

Lemma 5.4.3. All verticesin gm (:::) are corvex combinationsf the verticesof the
control mesh.

Proof. The bilinear interpolationis a corvex function. Seesectionl1.4.2for details.
Thus, in the quad midpoint case,the verticesare corvex combinationsof ps(:::),
whichin turnis a convex combinationof the verticesof the controlmesh.Fromprop-
erty 1.4.5we know thatthis resultsin a corvex combination.n theedgequartilecase,
the vertex is a linear interpolationof two pointsin ps(:::) andthe sameargument
applieshereaswell. O

Corollary 5.4.4. There are# C + 2# BE pointsin thequadmidpointlayer.

Proof. Thereis aone-to-onecorrespondenckeetweerthe quadsin the quadmeshand
the cornersof the controlmesh.Eachquadhasone quadmidpoint,andthereare# C
guads.In additionwe needtheedgequartilesattheboundary Eachedgehastwo edge
quartiles,andthusthis numberis 2# BE. O

5.5 Layer IV: Béziercoef cients

Thenext layeris the layer of Béziercoefcients, which arecombinationof the quad
midpoints,andthe Béziercoefcients areusedby thebiquadraticBézierevaluation.

It is in this stepthe smoothingtakes place. All Béziercoefcients are averages
of surroundingguadmidpoints(which residein the interior of patches).In this way,
the control pointsare coplanarfor akutting patchesalongboundaries.The simpli ed
surfacesplineconstructionis equalto thefull C! surfacespline schemeexceptat the
neighbourhooaf irregular vertices,and hasthusthe samesmoothnesgropertiesas
thefull schemeat non-irregularneighbourhoods.

The Bézier coefcients of the surface schemeare analogougo the Bézier coef-
cient stepof the surfacespline curve construction. Béziercoefcients comein six
avours:
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Figure5.5: The Béziercoefcients.

1. Vertex coefcients aretheaverageof the quadmidpointsakutting thatparticular
vertex in the controlmesh. The numberof akutting patchesequalsthe number
of facesahutting the vertex.

2. Edgemidpoint coefcients aretheaverageof thefour akutting quadmidpoints.
Edgemidpoint canalsobe the averageof the two edgequatrtile coefcients of
thatedge which givesthe exactsameresult.

3. Facemidpoint coefcients arethe averageof the quadmidpointsof thatpartic-
ularface.If thefaceis ann-gon,then quadmidpointsof thisfaceareused.

4. Quad midpoints coefcients arejust a copy of the quadmidpoint of the layer
below.

5. Edgequartile coefcients aretheaverageof thetwo quadmidpointsahutting at
thatendof theedge.

6. Inner edgequartile coefcients arethe averageof two succeedingatchmid-
pointsin afacein betweertheinneredgelies.

Figure 5.5 shaws the layout of thesecoefcients andde nition 5.5.1de nes the for-
mulas.

The coefcients have two major casesat this step: boundaryand non-boundary
In the caseof a non-boundarycoefcient, the coefcient is the averageof the quad
midpoints.However, in the boundarycase the coefcient is the averageof someedge
guartilesfrom the samelayer. Consult gure 5.6to getanideaof which coefcients
areboundaryandwhich arenot.
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Figure5.6: Theboundarycoefcients arein blackwhile the non-boundargoefcients
arein grey. Noticethatnoinneredgequartilesor facemidpointslie ontheboundary

De nition 5.5.1. All the Béziercoefcients are averagesof a subsebf the quadmid-
pointsof the layer below Thee are ve typesof Béziercoefcients: vertex (V), edge
midpoint (EM ), face midpoint (F M ), edge quartile (EQ) and inner edge quartile
(I Q). Thegenerl formulais
(
bo(: ) = #f vt )chmJQM (v;f) !f :::!s non-boundary (5.6)
e (vie2eqUMieq(v;€) if :::isboundary

whee: :: is theappropriate parametes. Obviously only vertices,edge midpointsand
edge quartilescanbeboundary In the non-boundarycase the Béziercoefcients are
blendsof the quad midpointsof the layer below In the boundarycase the coefcients
are blendsof the edge quartilesde nedin the layer below In the non-boundarycase
thesetC is a subsebf thequadmidpointsspeci c to thecaseandparametes,

Civ(vi) = M[v;f;vi; 5 T,
Ciem () = M[v;f; ;g I;
Ciem (fk) = M[v;f; 51l

Ciom (visfy) = f(vi;fk)g,;
Cieq(vi;g) = M[v;f;v; ; Jand
Ciio(g:fk) = M[vif; ;g fk];

(5.7)

In the boundarycase the setEQ is a subsebf the edge quartilesde nedin the layer
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s=0 s=1
t=1 t=1
bcjem (€n) beji o (en s fk) bcjem (fk)

C . . .

-% bcjeq(Visen) | bcjom (Vi;fk) | bCjiq(€out;fk)

(]

=

- bcjv (vi) bcjeq (Vis€out) | bCiem (€ ; €out)
=0 - - =1
oo s direction ! oo

Figure5.7: Thelayoutof the coefcients usedin the Bézierevaluation.Fromacorner
(vi;fk), we nd thetwo edgestheincomingandoutgoing.Fromthis we know which
verticesfrom the bc layerto use.

below

[
EQjv (vi) = (vise);

8e2BE:vi2e
EQjem (§) = M[v;e; ;§; ]
EQieq(vi;g) = f(vi;g)g

(5.8)

Lemma 5.5.2. The Béziercoefcients are convex combinationof the contol mesh
vertices.

Proof. All thefunctionsaresimpleaverageswhicharecornvex combinationsof either
(a) the quadmidpointsof thelayerbelaw, or (b) the edgequartilesof thelayerbelow.
We utilise lemmass.3.2,1.4.5,and5.5.2,andthis concludeghe proof. O

Corollary 5.5.3. Theeare# V + 3# E + # F + 2# C pointsin the Béziercoefcient
layer.

Proof. Eachvertex hasa point, eachedgehasthree points (one midpoint and two
guartiles),eachfacehasthe samenumberof inneredgequartilesascornersandone
midpoint. In additionhaseachpatcha patchmidpoint. O

Corollary 5.5.4. If thecontol meshis closed all Béziercoefcients canbecalculated
fromthe quadmidpoints.

Proof. If the controlmeshis closed,it hasno boundaryedgesandedgequartilesare
notusedin this step. O

5.6 Layer V: Bézierevaluation

Eachpatchis de ned from nine coefcients. All of thesecoefcients, exceptthe quad
midpoints,aresharedetweemeighbouringpatcheswhich assure€? continuity. To
geta consistenorientationof the surface,we let s andt run alongthe outgoingand
theincomingedgerespectiely. If thecontrolmeshis consistentyoriented thesurface
will be consistentlyorientedaswell.
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De nition 5.6.1. A patch is associatedwith ead corner of the contol mesh. The
cornercis de nedbya vertex-facepair. In addition,a cornerhastwo edgesassociated
with it, theincomingedge e, andegy; -
s(e;sit) = (1 s)*(1 ) bejv (v) +
2(1 9)*(1 ttbcjeq(V; o) +
(1 s)*t? bejem (Bout) +
2(1 s)s(l  t)?bcjeg(vien) +
4(1 s)s(1  t)t bcjom (v;f) + (5.9)
2(1  s)st® bejig(eoutsF) +
s*(1 t)*bejem (en) +
2s?(1 )t bcjio(en;f) +
s*t? bejew (F);

whee (c,s,t)is a parameterpoint (de nition 5.1.3),v.f ,e;, and ey, are the verte,
face incomingedge and outgoingedge of cornerc = (vi;fk) respectively

The nine coefcients are blendedwith a biquadraticblend (seeexamplel1.4.2). The
biguadratidblendblendscoefcients laid outin athree-by-thregrid (see gure 5.7).

Property 5.6.2. Theexpressiongyivenin de nition 5.6.1are corvex combinationsof
theverticesof the control mesh.

Proof. The biquadraticBézierblendis a corvex combinationof its coefcients (see
sectionl1.4.2). In theusualspirit, we utilise propertiess.3.2,1.4.5,and5.5.2,andthis
concludeghe proof. O

With this, we have provedthatary point on the simpli ed surfacesplinesurface
is computedascorvex combinationf the control meshvertices. This givesa useful
property the convex hull property

Property 5.6.3. Thecompletesimpli ed surfacesplinesurfaceresidesnsidethe con-
vex hull of the control meshvertices.

Proof. We know from property5.6.2thatarny pointonthe surfacecanbeexpresseds
a corvex combinationof the control meshvertices,andthusby propertyl.4.4we get
property5.6.3. |



Chapter 6

The simpli ed surfacespline
basis

The stepsof chapter5 are intuitive and ratherstraight-forvard. However, this way
of representinghe surfaceis not the bestwhen dealingwith qualitatve aspectsof
approximation We areinterestedn howmud a speci ¢ controlvertex is contributing
to thesurfaceat a givenparametepoint. Sinceall operationsarecornvex combinations
of thelayerbelow we canview theschemeasa seriesof matricesappliedto thecontrol
points. Eachstepde nesa matrix. In addition,we introduceanadditionalmatrix, the
selectmatrix. The selectmatrix picks out the correctBéziercoefcients to be usedin
the Bézierevaluation.We de ne thefollowing matrices:

1.

ThematrixSps performsthepolyhedralsplit. This matrix has# V columnsand
#V + #E+ #Frows.

. Thematrix Sym calculateghe quadmidpointmatricesandcopiesthe boundary

edgequartiles.Thismatrixhas# V + # E+ # F columnsand# C+ 2# BE rows.

. Thematrix Sy calculateghe Béziercoefcients. Thismatrix has# C + 2# BE

columnsand# V + 3# E+ # F + 2# C rows.

. Thematrix S¢ (€) is dependenbn which patchto be evaluated.It extractsthe

correctsetof Béziercoefcients to beusedin the Bézierevaluation.This matrix
has#V + 3#E + # F + 2# C columnsand9 rows. This matrix containsnine
1'sandtherestof the entriesarezero. Which entriesarenon-zerais dependent
onc.

. Thematrix Sp,(s;t) performsthe Bézierevaluation. The entriesin this matrix

is the nine basisfunctionsfor the biquadraticBézier patch. The matrix has9
columnsand1l row.

Combiningthis, we getthe matrix product

s(c;s;t) = sz(s;t) Sse|(C}7 Sbe Sgm Sps}p

basis

" (6.1)

= B (Vb; C;S; t)p(Vb);
b=1

67
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andthe matricescombinedgive the basisfunctions.A basisfunctionis a functionthat
givestheamountof contributionavertex hasataparticularparametevalue.lt isin fact
rathereasyto deducethe entriesfor thesematrices.However, thesematricesbecome
ratherlarge,evenfor smallmodels.

We will not usethis matrix formulation directly when deducingthe basisfunc-
tions. Insteadwe will write the matrix productsexplicitly assums,andformulatethe
following hypothesis:

Hypothesis6.0.1. Thesimpli ed surfacesplineis a linear scheme(all stepsare linear
combinationof valuesof the previousstep) thuswe canwrite the surfaceasa sum,

X
s(c;s;it) = B (Vb; C;s; t)p(Vb); (6.2)
b=1

wheee B (vp; c; s; 1) is the basisfunctionassociatedvith v; evaluatedat the parameter
point(c;u;v).

Eachvertex of the control meshhasits own basisfunction. Insteadof writing “the
vertex of which the basisfunction corresponds$o”, we will consistentlyusevy asthis
vertex. Whenwe have severalbasisvertices(asin the sumof hypothesi$.0.1),we use
b asthesummationvariable.

6.1 Overview

Conceptuallywe aresamplingthe scheme A basisfunctionis theresponsegivenby
theschemevhenemittinga unit pulseatvy,. Theunit pulseis de ned as

1 i=D

: 6.3
0 i6b ©3)
We usethe unit pulseto rewrite the controlmeshverticesasa samplingof the control
meshvertices,

p(vi) = ib P(Vb); (6.4)
b=1

Thiscumbersoméentity will beuseful.We rst unwraptheschemeof section5, then
introduceour identity givenin equation6.4,and nally re-wraptheschemewith some
algebraiguggling. Theresultis anexpressioron theform givenin hypothesi$.0.1.
Fromde nitions 5.6.1,5.5.1,5.4.2and5.3.1we seethatthe schemecanbe com-
posedof corvex combinationf a “layer belon”. The schemds composedf layers
of computation;rst, the polyhedralsplit is performedandis thelayerabove the con-
trol meshvertices. Thenthe quadmidpointsare calculatedirom the polyhedralsplit
verticesandform thelayerabovethis again,andsoon (we skip mostof theparameters
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for simplicity here).
s(c;s;t) =
s(c;s;t) =

s(c;s;t) =

s(c;s;t) =

s(c;s;t) =

X X X X

X
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Wpzbe(:::)
X
Wbz Wpedm (:::2)
X
Whz
X
Whz

Woe W PS(::2)
X

WpsP(Vi) (6.5)

Whe Wgm
v

Wps ij P(Vb)

N (e .

fromeq.6.4

Wewill provethatwe maymovethesumoverb outsidethenestingof the computation

stepby step,
X ke
s(csit) = Whz(U;V)  Wie(€)  Wgm - Wps i P(Vb)
° | —fz—}
Bps (Vb;:i)
« Z( o qn}l(:::) {
s(c;sit) = Wiz(U;V)  Wie(€) Wgm Bps (Vb; 2 :2) P(Vb)
b {z }
Bgm (Vp;::) (66)
. bc}(l...) {
s(c;s;it) = Wpz(U; V) Whc(C)Bgm (Vb ::2) p(Vi)
b {z }
B e (Vb;ii)
X X
s(c;s;t) = Wiz B be(Vb; : 2 1) P(Vb)
b {z
B (vp;:)
s(csit) = B(vpi)p(vi);
b

and we end up proving hypothesis6.0.1. The un-nestingdonein equation6.5 are
provedin theoppositedirectionin thede nitions of the previoussection.To overcome
extremely tediousbookkeeping,we will perform the changeof summationand re-
nestingof equation6.6 stepby step,andnotall stepsatonce.

Wewill alsoseethatthesimpli ed surfacesplinehasgoodlocal supporiproperties.
We will prove a corollary for eachstep determiningthe size of the supportof the
expressionf the step,and combinethis to nd the supportof the schemein total.
We startwith the polyhedralsplit.
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6.2 Layer ll: Quad meshpoints
Lemma 6.2.1. Theverticesof the polyhedal split layer canbewritten as
X
ps(::) = Bps(Vb;::)p(Vp); (6.7)
b=1

whee::: areeitheravertex, anedge or aface Therearethreecasesn thislayer: the
vertex (V), the edge midpoint(EM ) andthefacemidpoint(F M ),

Bpsiv (Vb; Vi) = ib

. 1
Bpsiem (Vb; §) = > Ib
V|2€j (68)

1
Bpsiem (Vb; fx) = —« b
#(}( V|2€j

wheef is theverticesof facef , asde nedin de nition 5.3.1.
Proof. Fromde nition 5.3.1we have
psjv (Vi) = p(vi): (6.9)
We introducean extra summation,
psjv (vi) = ib P(Vb); (6.10)
b=1

The equations.9 and6.10areequialent. The expressiorfor verticesin the layer of
thepolyhedralsplit, in thecaseof avertex, arethen

Bpsiv (Vb; Vi) = ib: (6.11)

Now, let'slook atthe edgemidpointsof this layer, from de nition 5.3.1

. 1 X
psjiewm (g) = > p(vi)

V|26i
1 X X
= b P(VI)
V|26i b=1
s 1 x ! (6.12)
= > b P(VI)
b=1 V|26
Xy _
= BszEM (vb;e,)p(v|):
b=1

The changeof summationin the two middlerows of equation6.12is appropriateand
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thisenablesisto nd theexpressionsFinally, the caseof the facemidpoints,

. 1 X
psjrm (fk) = P p(vi)

VkaAk

Xv 1 X

= b P(Vb) (6.13)
b=1 k Vk2fAk
Ky _

= Bpsiem (Vo fk)p(V1);
b=1

andthis proveslemma6.2.1. O

Corollary 6.2.2. ThefunctionsB ps(vp; :::) are

Bpsiv (Vb;vi) = 0 if vy 6 i,
Bpsjem (Vb;g) = 0 ifvp 2 g and (6.14)
BpstM(fk)= 0 ifvbzfl\k-

Proof. Thisfollows easilyfrom thede nitions of B ps givenin lemma6.2.1. O

Theexpression®f thepolyhedralsplit layerarenon-zeraatthevertex vy, themidpoint
of edgesconnectedo vy, andatthefacemidpointsof facesabuttingvy,. Otherwisethe
functionsarezero.

6.3 Layer lll: Quad midpoints

Theverticesin the quadmidpointlayerarecorvex combinationf the verticesin the
polyhedralsplit layer Therearetwo casesf aquadmidpoint:

1. it isin facethemidpointof a quad,or
2. it isthemidpointof anedgequartile.

Item (2) canbe a bit confusing. The quadmidpoint layer consistsof a midpoint of
eachquadin the meshaswell asthe midpointof ead boundaryquartile. Remember
from chapter3 that the sub-intenal midpointsplayedan equivalentrole asthe quad
midpoints. The boundaryof a simpli ed surfacesplinesurfaceis de ned by a surface
splinecurve,andtheedgequartilesonthe boundaryarein factthe sub-edgenidpoints
of thisboundarycurve.

Lemma 6.3.1. Thepointsof thequadmidpointlayer canbewritten as

KV
gm(:::) = Bgm (Vo; 1 :2)p(Vb); (6.15)
b=1

whee ::: are eithera corneror an edge quartile. There are two casesin this layer,
the regular quad midpoint, and the edge quartiles for usein boundary-cases.The
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expressionsare

. 1 ifvp=vy
Bamiom (Vo;Visfk) = (1 bn)(T  bou) 0 otherwisle
1=2 ifvw 2 en
+ 1
b (1 Bour) 0  otherwise
(6.16)
1=2 if vy 2 eout
1
@ Bin)Bou 0  otherwise
( .
1=#f ifvw2 f’L
hn l:'out 1
0 otherwise
and
. 1 ifvp=v;
B Vb;Vi;e)= (1 b i
amjeo(Vo;vi;g) = (1 B 0 otherwise
(6.17)
1=2 ifvp 2 g

+Db )
0 otherwise

The edges e, and ey are the incomingand outgoingedge of ¢ = (vi;fk), and
bn is the blend ratio associatedwith M [v; e;f ;v;; e ;f«] and similarly for gy .
We assumehat Bqmje g are only evaluatedwheneg; is a boundaryedge, and thus,
M[v;e;f;vi;g; ]returnsasingledart, andbis the blendratio associatedwith this
dart.

Proof. We startwith the caseof a quadmidpoint. Fromde nition 5.4.2andlemma
6.2.1,

v

gmijom (Vi;fk) = (1 bn)@  bow) Bpsiv (Vb; Vi)p(vp) +
Vvp=1

v

bn (1 bou) Bpsiem (Vb; €n )p(Vo) +

Vvp=1

% (6.18)
(1 bin)boy Bpsiem (Vb; €out )P(Vb) +
Vvp=1
Xy .
Bin Bout BpsiFm (Vo F)p(Vb):
vp=1

We may move the summatiornof vy, outsidethe expressionandinsertthe expressions
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for Bps,
. Xy
amjom (vi;fx) = (1 bn)T  bout) bi t
vp=1
X
(1 bou) St
R (6.19)
1 bn)bou St
Vi 2 €out
X bk
Bin Bout T# f p(Vb):

Vk2fAk

Only onetermof thesumsmaybenonzerdor eachv,, andthus,we getequationb.16.
We do the samefor the edgequartiles.We assumeg; to beaboundaryedge andfrom
thesamede nition andlemmawe get

v %V
agmjeq(vi;g)=(1 b Bpsiv (Vb; Vi)p(vp) + b Bpsiem (Vb; §)p(Vb)
0 vp=1 1 vp=1
R X
= @1 b p+b 7A P(Vp):
vp=1 Vk26j

(6.20)

Hereaswell, only onetermof the sumis nonzero,andthuswe getequation6.17 of
lemma6.3.1. O

Fromthe natureof the control mesh,we seethatthe quadmidpointsof this layercan
bein four differentsituationsn respecof vy,. Either

1. Thevertex vy = vj, andthusv, 2 €, Vp 2 €yt andvp 2 f'\k. Thusall four of
thetermsin thebilinearblendarenonzero.

2. Thevertex v; 6 v, but eithervy 2 €, orvp 2 eyt. Thenvyy 2 f’}( andtwo of
thetermsarenonzero.

3. Thevertex vy, Z €, Orvp 2 eyt , andthusvy 6 v; but vy 2 f’\k. Thenonly the
termof thefacemidpointis nonzero.

4. If vp 2 f'\k, all of thetermsarezero.

Situation(4) is especiallyinterestingandwe will recordthisin a corollary. We call the
setof nonzeropatchmidpointsfor a particularvertex v, the quadmidpointin uence
of vy (see gure 6.1). Thiswill be usedwhendeducingthe supportof the expressions
of otherkindsof coefcients.

Corollary 6.3.2. ThefunctionsB gm (vo; : : :) are zeo when

Bamiom (Vb; Viifk) = 0 if vy 2f)

. . (6.21)
Bgmieo(Vh;Vi;g) =0 ifv,2¢.
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Figure6.1: Deductionof supportfrom thein uence of v, andsourcesf computation
for the variouscoefcients. Upperleft: Thein uence of v, onthe quadmidpointsH.
The gray quadmidpointsare zero and the black quadmidpointsare not necessarily
nonzero.Upperright: The sourceof computatiorfor original vertices(white square).
The black quad midpointsare usedin the calculationof this coefcient, while the
gray onesarenot used. Middle left: The sourceof computationfor edgemidpoints.
Middle right: Thesourceof computatiorfor facemidpoints.Lower left: Thesourceof
computatiorfor edgequartiles.Lowerright: Thesourceof computatiorfor inneredge
quatrtiles.
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Proof. Fromthefundamentatoncepbf ameshtheincomingandoutgoingedgemust
be apartof thefacethe cornerbelongso. Also, bothof thesetwo edgesanustconnect
to the vertex of the corner Thus,if a vertex is not part of the faceof the corner the
vertex cannotbe the vertex of the corneror one of the endverticesof the incoming
andoutgoingedge. This if vy, 2 f}, thenall four termsare zero, and thereforethe
resultis zero. Similarly, if avertex is not oneof thetwo endverticesof anedge,then
it obviously cannotbe oneof the two endverticesof the sameedge.Thus,if v, Z g ,

thenbothtermsarezeroin the caseof edgequartiles. O

6.4 Layer IV: Béziercoef cients

The Béziercoefcients arecorvex combinationsof eithera setof quadmidpointsof
thelayerbelaw, or a setof edgequatrtiles.

Lemma 6.4.1. Thepointsof the Béziercoefcients layer canbewritten as

K
be(:::) = Boc(Vb; :::)p(Vb); (6.22)
b=1
whee
( 1 P Bgmjom (Vp;v;f)  if :::isnon-boundar
Buo(Vos::) = 7 C plvinze Zamlou Wb t) -] Y (6.23)
7TEG  (vie)2eq Bamieq(vh;v;€) if :::is boundary

thatis, the expressionsare averagesof quadmidpointsin the non-boundarycase and
avermages of the edge quartilesin the boundarycase The setsof which the averages
are takenare de nedin de nition 5.5.1.

Proof. Fromde nition 5.5.1andlemma6.3.1we know that

(,p P, . o
be(::?) = FC plvi)2c :Nl Bgmjom (Vb; v;f)p(vp)  if :::isnon-boundary
ﬁ (vie)2E0  vee1 BamieQ(Vb; V;€)p(vp) if :::is boundary
(6.24)
In bothcasesve canswapthetwo summationsand,
EP Ny 1 P H .
be() = p vesi Fc _(vif)2c Bamlom (Vb;vif) p(vp)  non-boundary
: \’:‘bvzl ﬁ (vie)2eQ BamieQ(Vb; v;€) p(vp) boundary
(6.25)
andby de ning the expressionsnsidethe big parentheseasthe expressionswe get
lemma6.4.1. O

We let Q andEQ bethe setsof quadmidpointsor edgequartilesusedin thecomputa-
tion of apoint,andlet | andleq bethein uenced quadmidpointsandedgequartiles
respectiely for agivenvertex. In generalwe have

Q\ lgm(wp) =; if non-boundary

Boe(Vp;:::) = 0 if -
be(V; 127 " EQ\ leq(Vb) = ;  if boundary

(6.26)

Thespeci c casesregivenin thefollowing corollary.
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Corollary 6.4.2. The expressionsusedin the computationof a point in the Bézier
coefcient layer are zeo for a basisvertex v, when

1.

8
2 Vi Z2M[v; ; fy] 8fk 2 M[fiv,; ;]

Bocjv (Vo;vi) 0 if S m (6.27)
TV 2MJv; ; fk] 8fk 2 M[fivi; ;T

Thesedwotestsare equivalent.

2. Both

B Vb, € 0 .
_bCJEM( bi€) if g 2Mle; ; ;fx] 8k 2 M[f;w; ; .
Bocjeg(Vb;Vvi;g) O

(6.28)

3. Both 8
- 4 G 2 fk ZMI[f vy, ]
beFm (Vb; Fi) i m (6.29)

Bociio(Vb; g :fk) O > v 2 f):

Thesewotestsare equivalent.

Theproofis ratherargumentatie,and gure 6.1 canbeof goodhelpwhenexamining
this proof.

Proof. We will begin with the non-boundarycase. We make someobsenations of
lqm (Vb): Thecornersin this setform full facesthatis, eitherall or noneof thecorners
of afaceis in theset.

This impliesthatif afaceis “in” thein uence region, all of theinneredgequar
tiles andthe facemidpointaswell are possiblenonzero. However, if the faceis not
inside,which meanghatnoneof the cornersusethis face,all of the before-mentioned
coefcients areexactly equalto zero. Thus,thetestfor facemidpointsandinneredge
quartilesarethe same.

This alsoimpliesthatanedgecaneither(i) beinsidetheregion, thatis, bothakut-
ting facesarein theregion, or (ii) the edgeis on the borderof the region, thatis one
of the akutting facesarein the region while the otheris not or (iii) the edgeis notin
theregionatall. Thus,if theedgeis either(i) or (ii), the edgemidpointis in uenced
by quadmidpointsin thein uence region. If the edgeis (iii), the edgecannotbe in-
uencedsincebothof thetwo facesusedin all cornersaroundtheedgearenot present
in thein uence region. Further sinceboth of the cornerson onesideof the edgeare
eitherbothin or bothoutof thein uence region, thetestfor edgequartilesarethesame
asfor edgemidpoints.

Test(1a) testswhetherv; is oneof the verticesof the facesakutting vy,. If thisis
not the case thenobviously noneof the surroundingcornersof v; is in thein uence
region.

To verify that(1a)and(1b) areequivalent,we remarkthatif v; is oneof thevertices
of facesahutting vy, thenvy, mustalsobe a vertex of this samefaceaklutting vi. Thus,
this testis symmetric.

Test(2) testswhetherg; is oneof the edgesboundingthe facesatutting vy, thus
this testchecksf theedgeeg; is of type(iii) or not.
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Test(3a)testswhetheff  is oneof thefacesakutting vy,. If thisis notthecasethen
asimplied, boththe facemidpointandtheinneredgequartilesassociatedavith f  are
equalto zero.Test(3b) is equivalentsinceif afaceis oneof thefacesahuttingavertex,
thenthis vertex mustbein thisface.

Let usturn to the boundarycase. In fact, we can make somesharpertestsat the
boundarybut we will usethesametestfor simplicity.

For a boundaryvertex v; to be nonzerothe basisvertex v, mustsatisfyeither (i)
Vp = V; or (ii) vp mustbein oneof thetwo boundaryedgesconnectingo v;. Thus,if
ary of thetestsin (1) aretrue,thenneitherof (i) or (ii) couldbetrue.

For anedgemidpoint(e; ) oranedgequartile(v; ; g ) to benonzerothebasisvertex
v, mustbe eitherof thetwo verticesin theedge.Thus,if g is notin ary faceakutting
Vp, thenthis cannotbethecase. O

6.5 Layer V: The surfacein terms of basisfunctions

Theorem6.5.1. Thesurfacecanbewrittenasa linear combinationof the basisfunc-
tions, that is, a linear combinationof the control pointswith the basisfunctionsas
weights,

Kb
s(c;s;t) = B (Vp; C;S;t)p(Vp); (6.30)
b=1

whee

B(vbiCisit) = (1 )°(1 )% Bucv (Vb V) +
2(1 9)’(1 1)t Bocjeq(Vo; Vieout) +
(1 S)th BbchM (Vb;eout) +
2(1 s)s(I  t)*Bucjeo (Vo Vien) +
41 s)s(1 )t Bucigm (Vo vif) + (6.31)
2(1  s)st® Bugji o (Vo; €out ;) +
s?(1  t)?Bocjem (Vb €n) +
25%(1 )t Bocjio(Vbien ) +
s°t® Bocjem (Vo T );

andwher v,f e, andey aretheverte, face incomingedge and outgoingedce of
cornerc = (vi;fy) respectively

Proof. Fromde nition 5.6.1andlemma6.4.1we have

= B(vp; C;S;t)p(V); (6.32)
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where
b
s(g;s;it)y = (1 s)?(1 1)? Boclv (Vb; V)P(Vb) +
b=1
Kb
2(1 s)’(1 )t Bocie (Vb Vi€out)P(Vb) +
b=1
Ko
(1 9%*  Bucjem (Vb; €out )P(Vh) +
b=1
b
21 s)s(1 1) Boceq (Vo V;en )p(Vh) +
b=1
Kb
41 s)s(l )t Bpcjom (Vb vif)p(vp) + (6.33)
b=1
Wb
2(1 S)St2 Bocji @ (Vb; €out ; T )p(vp) +
b=1
b
(L 1) Bodem (Vb €n)P(Vo) +
b=1
Kb
25%(1 )t Bocli @ (Vb; &n ; f)p(vb) +
b=1
Wb
s2t? Bocirm (Vo T)p(Vb);
b=1

The sumis commonfor all theterms,andthuscanbe moved outsidethe expressions.
Thisappliesto p(vp) aswell. We thenget

SESD= (@ 9P 0 Budy ()
b=1
2(1 9)*(1  t)t Buejeo (Vb V; €out) +
(1 9)°t* Budjem (Vb; €out) +
21 9)s(1  t)®Bodeq(VoVien) +
41 s)s(1  t)t Bucjom (Vb vif) +
2(1  S)st® Bucji o (Vb; €out ; ) +
(1 t)? Bocjem (Vo; €n) +
2s%(1 1)t Bucjio(Vbi€n ;) +
S?t? Bcjem (Voi ) P(Vb):

The expressioninside the bracletsare indeedthe basisfunctionsde ned in theorem
6.5.1,andthusthis theoremis proved. O

(6.34)

The parametewalues(c; u; v) wherea basisfunction for a particularvertex of the
control meshis nonzerois called the supportof v,. Actually, we will not be that
speci ¢, wewill justdenotehesetof patchegindexedby thecorner)whichis nonzero.
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Corollary 6.5.2. Apatchc = 8(v; f)is outsidethesupport%f Vp if
< [ =
Vi 2 Mv; 5 il (6.35)
' fk2MIf;vp; 5 ] ’
thatis, if v, is notin anyfacegbutting Vi, or equivalently
< [ =
Vo 2 MI[v; ; ;fkl, (6.36)
’ fk2MI[f;vi; 5 ] ’
Otherwisethe patch mayhaveat leastonenon-zeo coefcient.
Proof. If v, is notin ary faceahutting v;, thenneitheris ary faceahutting oneof the
two associate@dgegsincethesefacesalutsv; aswell asthe edges)andvy is notin
f (sincef byde nition akutsv;), and nally, v; 6 v,. With thisinformation,we know

from corollary 6.4.2thatnoneof the blendedexpressionsarenonzero.The symmetry
of the conditionis provedin corollary6.4.2. O

6.6 The simpli ed surfacespline space

In theprevioussectionwe founda setof functionswhich canbe usedasweightswhen
performingthe surfaceevaluationas one single linear combination. We calledthese
functionsbasisfunctions, sincethey are suitablecandidatedor a simpli ed surface
splinebasis.

6.6.1 The space

Welet B; denotethebasisfunctionof vertex v;. We putall then = N, basisfunctions
of themeshM into arow vector,

B (c;s;t) = B(va;c;s;t) B(va;c;sit) ::: B(vn:c;sit) ; (6.37)

whereB (vp; c;s;t) is de ned in theorem6.5.1, and the control meshverticesin a
columnvector,

2 3
p(v1)
p(v2)
p= . : (6.38)
P(Vn)
Thesimpli ed surfacesplineis thenthevectorproductof thetwo vectors,
s(c;s;t) = B(c;s;t)p: (6.39)

De nition 6.6.1. A simpli ed surface spline spaceS is de ned by the connectivity
andthe blendratios of a meshandis populatedby all simpli ed surfacesplineswith
this mesh.An objectin this spaceis speci edby a vectorof contmol points,onecontrol
point associatedvith eac vertex in the mesh. Addition and scalar multiplication of
objectin this spaceis de ned by additionof the contmol pointvectoss of the objects.

Theorem6.5.1stateghatary objectin S, canbewritten on theform of equation6.39.
Lemma 6.6.2. Thesimpli ed surfacesplinespaceS is a linear vectorspace



80 CHAPTER6. THE SIMPLIFIED SURRRACE SPLINEBASIS

6.6.2 Linear independence

We de ne whatwe meanby linearly independenbasisfunctions,andhow this relates
to the pointsin the quadmidpointlayer. If the surfaceis closed,the quadmidpoint
layerconsistonly of quadmidpoints,otherwise the surfacehasa boundaryandeach
boundaryedgecontributestwo edgequartilesto thislayer.

De nition 6.6.3. A setof basisfunctionsare linearly independentf and only if the
zepo vectorgivesthe zeo surface

B(cisit)p=0 8(c2M[v;f; ; ; ];s2[0;1]t2[0;1])
m (6.40)

p= 0 0 ::: 0':

Thezerosurfaceis asurfacethatis zerofor all possibleparametepoints.We canrelate
de nition 6.6.3to the pointsin the quadmidpointlayer.

Lemma 6.6.4. Thepatcesof a simpli ed surfacespline surfacecan only be exactly
equalto zewo if andonlyif all the pointsof the quadmidpointlayer are equalto zeio.

Proof. The quadmidpointlayer consistsof the quadmidpointandthe edgequartiles
for the boundaryedges. The weightsusedin the Bézierblendingon eachpatchare
parametrigpolynomials,andthusall coefcients mustbe zerofor this to be the zero
surfaceandvice versa.

Thus,if all the pointsin the quadmidpointlayer arezero, all Béziercoefcients
arezero,andthusthe surfaceis the zerosurface. Corversely;eachpatchhasexactly
oneexclusive quadmidpointeach. If atleastonequadmidpointor edgequartileare
non-zerosomeof the Béziercoefcients arenon-zeroandthus,the surfacecannotbe
thezerosurface. O

We canreducethe problemto examinefor whatconditionsall the quadmidpointsare
equalto zero. Lemmae.6.4is the connectionbetweenthe quadmidpoint layer and
the zerosurface. We will de ne the quadmidpoint matrix, a matrix which transform
control meshverticesinto quad midpoints,to examinethe connectionbetweenthe
controlpointsandthe quadmidpointlayer.

De nition 6.6.5. Thequadmidpointmatrix B ¢m is de nedby

Bamjow (V1:€1) it Bomiom (VaiC1)
Bgmjom (Vi;Cm) i Bgmjom (Vn;Cm)% .
Ban = 8 0 amlQ : 6.41
M B Bamieo(V1iG) it Bamieq(Vniy) (6.41)
Bamjeo(v1;@) i1 Bamjeq(Vn: @)
wheec; 1 i marethecorness,v;; 1 j naretheverticesandg;; 1 |

n are theboundaryedge-end=f the control mesh.TheexpressiorB gmjom is de ned
in lemma6.3.1.

Thematrix B gn is the productof thetwo matricesSqm  Sps in equation(6.1). Each
edgehastwo edge-endsandthusB ¢ has# V columnsand# C + 2# BE rows. A
vertex hasat leastonecorner andthus,this matrix hasneverlessrows thancolumns.
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Quad midpoint matrix

Vertives of f

. By v %o .
AR
f,\\;§|:lll-:|
v mEEm
) (mEE
) mEEE
Entry extraction
{f. g} Em = n
%(f 3 EE = - Row permutation
Vi
Corners of
\(f,\@} EE = n
f
" TN V3 V4 Vr\g
f,3|:lll-:|
o (mm .
fvEEEE
T\ (HEEE
Local quad midpoint matrix of

Figure6.2: Constructiorof thelocal quadmidpointmatrix.

Lemma 6.6.6. Thesimpli ed surfacespline basisfunctionsare linearly independent
if andonlyif thequadmidpointmatrix B 4, of de nition 6.6.5hasfull rank.

Proof. This follows from lemma6.6.4. If it is of full rank, only the zerovectorgive
zeroquadmidpoints.If it isn’t of full rank,it hasa non-trivial null-space. O

For therestof this chaptemwe will usea one-way implication insteadof the two way
implication of lemma6.6.6. In otherwords,we settlefor nding onecriteriumimpli-
catinglinearindependenbasisfunctions,a criteriumnot necessarilymplied by linear
independenbasisfunctions.

Eachvertex hasat leastone akutting corner and thus, the numberof cornersis
larger or equalto the numberof vertices.Eachcornercorresponds$o a row, andthus,
we canprove full rank of the guadmidpoint matrix by examiningthe B gm jom -rows
only. For simplicity, we let B qmjom be a sub-matrixof the quad midpoint matrix
whereall B ym je o -rows areremoved.

6.6.3 A local criterium

We will nhow shaw that diagonallydominantlocal quadmidpoint matricesresultin a
non-singulaquadmidpointmatrix. Eachfacehasa local quadmidpoint matrix, and
the entriesof this matrix is a subsebf the entriesof the quadmidpointmatrix.

De nition 6.6.7. Thelocal quad midpoint matrix for facef , denoted® '&ijM (fx),
is a subsebf the entriesof the quad midpointmatrix. First, remweall rowsnot cor-
respondingo corners of f . Then,remaveall columnsnot correspondingo vertices
of fx. Thenpermutetheremainingrowssud thatthe entryof vertex v; in rowff;vig
liesonthediagonal.
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Theconstructioris depictedn gure 6.2.

Lemma 6.6.8. Thelocal quadmidpointmatrix for facef \ is a squae matrix of size
#f« #fy,andall theremosedcolumnshavezeno asentriesin theremainingrows.

Proof. Thereis aone-to-oneorrespondendeetweerguadmidpointsandcornersand
acornercanonly belongto oneface. Thereare# f verticesin facef, andthusthe
samenumberof corners. Hence,# f rows and# f columnsare retainedand the
resultis a squarematrix of size# f, see gure 6.2.

Eachgquadmidpointis abilinearblendof only theverticesof theface thusentries
of verticesnotbelongingto f « onrowsbelongingto f arezero. O

Eachrow of the quadmidpointmatrix “belongs”to onesingleface andthus,therows
of the local quadmidpoint matricesdo not overlap. We will now prove thatif all the
local quadmidpoint matricesarediagonallydominant thenthe quadmidpoint matrix
B gmjom is of full rank,andthus,B 4 is of full rankaswell.

Theideais to reversethe constructiorof de nition 6.6.7. First, we pick N, rows
from thelocal matricesandpadthem(the oppositeof thecolumnremoval). In thisway
wecanbuild aN, N, diagonallydominantmatrix. By addingtheunusedowsfrom
thelocal matricesandpermutingrows this squarematrix canbe madeidenticalto the
guadmidpointmatrix.

Lemma 6.6.9. If all local qguadmidpointmatricesare diagonally dominantthe quad
midpointmatrixis of full rank.

Proof. For eachfacef, we de ne a paddediocal quadmidpoint matrix B :m (k).
Thismatrixis identicalto B '&m (fk) exceptcolumnsof zerosareinsertinto appropriate
placessuchthatthe matrix orderingalongthe columnsmatchB ¢, . This matrix is of
size#fy Ny.

For eachvertex v; pick oneof the akutting faceswhich we call f . Pick therow

correspondingo corner(f;v;) of B ;m (fx) andlet this be row i of a matrix which
wecallD .

ThematrixD isaN, N, diagonallydominantmatrix. By addingtheremaining
unusedows from the paddedocal quadmidpoint matrices,we canobtainB qmjom
from D . ThematrixD is of rankN,, andis a sub-matrixof the quadmidpointmatrix
B gmiom . HenceB gmjom is of rankN,. O

Notethatthe corverseof lemma6.6.9is not necessarilyrue.

6.6.4 The local quad midpoint matrices

Then,if the local quadmidpoint matricesare diagonaldominant,thenthe quadmid-
point matrix is of full rank,andfurther, the basisfunctionsarelinearly independent.
Initially, we try blendratiosof 1=2 andseeif we getdiagonallydominantlocal quad
midpointmatrices.

We deducean expressionfor the local quadmidpoint matrix. For simplicity, we
renameheverticesof thefacef  asv; :::v,, wheren = # . Weletindices“wrap”
suchthatv,+1 = vi. Further p; is the geometricposition associatedvith v;. We
combinethe stepsof polyhedralsplit (de nition 5.3.1)andquadmidpointgeneration
(de nition 5.4.2)andaftersomeget:
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m_—}_+}(_+ . )+1'( + )+i>@ .
am; = 4p| 8 Pi Pi+1 8 Pi 1 Pi 4nj:1 pj

L (6.42)

1
= 5P + gPiv + gPi 1t Ej:l p;:

In the caseof atrianglewe getthreeexpressions

1
aqm, = ﬂ(l“pl + 5(py + p3))
1
am, = ﬂ(14p2 + 5(p3 + p1)) (6.43)
1
qms = 5, (14p3+ 5(py + P2)) :
whichwe canposein matrix form,

2 3 2 3
am P1
4qm25 = qujQM (fk)4p25
amg P3

2 3 2 32 3 (6.44)
am 1 14 5 5 p;

4qm25:ﬂ45 14 554p,5:
agmg 5 5 14 p;

Thelocal quadmidpointmatrixis of size3 3, and14is largerthan5 + 5, andthus
this matrix is diagonallydominant.If we do the samefor aquadrilateralwe get

> 3 2 32 3
am, 9 31 P1

qmzézi 393 12 pzé.

gms5 =~ 1641 3 9 354p.5° (6.45)
qm 3139 p,

whichis diagonallydominantaswell.

By investigatingequation(6.42) we canobtaina generaformulationfor the ele-
mentsof thelocal quadmidpointmatrix. We let a;; denotethe elementat positionj; i
andget

N 0

Ly L jfi=j
27 an =

i = %+ % ifi=mod(j 1;n)ori= mod(j + 1;n), (6.46)
L otherwise

ey
=

The rows are corvex combinationsandthe diagonalelementis % + %,
1=2, andthuseachrow is diagonallydominant.
However, requiringall blendratiosto be equalto 1=2 is anunnecessartigid con-

dition, solet usconsidewhathappensn thegenerakase.

larger than
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Lemma 6.6.10. Thelocal quad midpointmatrix is diagonally dominantif the blend
ratiosfor ead cornerof the facesatisfy

hn l:'out
#f

2@ b by B (6.47)

wheef isthefaceofthecorner

Proof. We setn = #f. We combinede nitions 5.3.1and 5.4.2, and organisethe
coefcient in a cyclic order The expressionfor the rows of the local quadmidpoint
matrixis

pmy = (1 H)L P+ (L Byt (p, 1+ )¢

‘ , i g X (6.48)
2o (L by )P+ piag) + BT

j=1

Theweightof p; is thediagonalentryin the expressionof pm ;. If thisis largerthan
1=2, thentherow is diagonaldominant.With somealgebraiquggling we get

Py (@ B Ha) S )bt S )+ o g
%(1 dn )U;Jut + unnﬁ pi 1t
%d” (1 Bhy)+ unnﬁ Pi+1
| b X
ant]jout | b
J=1 25i+2 500
(6.49)

andwe posethefollowing inequality

@ )@ Ha)* 2@ Hbh + ot (@ b+ Tt s 2

d_n h dnb;)ut 1‘ 6.50
1 > > + - 2>0 (6.50)
L - _ o
> 1 b, by + un:m >0

Thus,if thisrequirements ful lled, thelocal quadmidpointmatrixis diagonallydom-
inant. O

Figure6.3 givesanindicationof wheretheinequalityof lemma6.6.10is satis ed.

6.6.5 Thesimplied surfacespline spaceand its basis

We combinethe resultsof this sectionto de ne whenthe basisfunctionsform a basis
for S, thespaceof simpli ed surfacesplinesfor agivenconnectvity.
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Figure6.3: The domainwherethe inequality of lemma6.6.10is satis ed for a trian-
gle (upperleft), a quadrilateral(upperright), a octagon(lower left) anda 100-sided
polygon(lower right). Notice thatthe domaincorvergestowardsu + v < % whenthe

vertex countincreases.
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Theorem 6.6.11. Thesimpli ed surfacespline basisfunctionsform a basisfor S if
(but not necessarilyonly if) all blendratios satisfy

hn l:'out >
#fy

2@ b b+ 0 (651)

In this case thedimensiomf S is N, the numberof control vertices.

Proof. Thisfollowsfrom combininglemmas6.6.9and6.6.10andde nition 6.6.1.The
basisfunctionsarelinearly independenaindthereforeform a basisfor the spaceS of
simpli ed surfacesplines. O

6.7 Summary

In this chaptemwe have founda setof basisfunctionsfor the simpli ed surfacespline.
Thesefunctionswere found by insertingan extra summationover the verticesinside
theschemeandthenmoving this summatiorstepby stepto the outsideof thescheme.
Theresultis a sumover the basisfunctions. We alsoinvestigatedhe supportof these
basisfunctions.

In addition, we investigatedvhenthis setof basisfunctionsformeda basis. We
de ned linearindependenceetweerbasisfunctions,andlinked this de nition to the
guadmidpoints. Further we found a local criterium for the blendratioswhich gives
linearly independenbasisfunctions,whichin turn formsa basis.



Chapter 7

Practical considerations

In this chaptemwe investigatesomeaspect®f puttingthesimpli ed surfacesplineinto
practice.Many of theideaspresentedn this chapterapplyto C!-surfacesplines,and
someideasapplyto ary schemebasedn corvex combinationsfor exampleB-splines
andsubdvision surfaces.

7.1 Evaluation of layer basedschemes

The discussiorpresentedn this sectionappliesto mostlayer basedschemeswith a
nite numberof layers.A layerbasedschemds aschemeavhereeachlayerrepresents
a setof intermediatepoints,whereeachpointin onelayeris a corvex combinationof
pointsin thelayerbelow. Theinitial layeris populatedwith the controlpoints,andthe
nal layerarethe evaluatedpoint on the surface. Both surfacesplinesandB-splines
aresuchschemes.

Thereexist two majorstratgyieswhenevaluatingthe simpli ed surfacespline.The

rst strateyy, calleddirectevaluation beginswith the controlpoints,appliesthelayers
of the schemeandendsup the positionof the surfaceat the givenparametepoint.

The other strateyy, called indirect evaluation appliesthe layersin the opposite
order We nd theamountof in uence eachcontrol point hasfor the given parameter
value,andthenmultiply the this amountof in uence with the positionof the control
point. The sumof this over all the control pointsis the position of the surfaceat the
givenparametepoint.

Thesetwo stratgiesareanalogoudo the two major strat@iesusedto evaluateB-
splines. Which to useof thesetwo stratgjies dependson the context. As a rule of
thumb,if we wantto evaluatethe surfaceat the sameparametepoint for mary setsof
controlvertices(for examplewhenperforminganimation) indirectevaluationis a nat-
ural choice.Onthe otherhand,if evaluatingthe surfaceat numerougparametepoints,
andthe positionsof the control verticesremains x ed, direct evaluationis probably
appropriateln addition,directevaluationimplieslessbook-keepingandis thuseasier
to implement.

7.1.1 Evaluation in matrix guise

Eachlayer of the simpli ed surfacespline schemeconsistsof corvex combinations
of theresultsof the layer belon, and eachlayer only dependson the layer below. In

87
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chapter6 we statedthat the simpli ed surfacespline evaluationcould be posedasa
seriesof matrix multiplications.We have

s(c;s;t) = Spz(S;t) Sser(C) She Sqm Sps P (7.1)

Eachmatrix is a matrix of corvex combinations.

7.1.2 Directand indir ectevaluation

Therearein essencéwo waysto carry out thesematrix multiplications. Direct and
indirect evaluationcorresponds$o whetherthe matricesare multiplied togetherfrom
theleft or from theright.
Thestratgy of directevaluationappliesthematrix S ,s to thecontrolpointsp. The
resultof this multiplicationis thenmultiplied with S ¢ andsoon. This correspondso
|

s(c;s;t) = Spz(s;t) Ssel(€)  She Sgm Sps P : (7.2)

The parenthesesevealthe orderof evaluation.

The stratgy of indirect evaluationworks in the oppositedirection. The matrices
Shz(s;t) andSee (€) are rst multiplied. Theresultof thisis multiplied with Sy, and
soon. In the last stepthe intermediateresultis multiplied with p, the control points.
Written asa matrix productthisis

|

s(c;s;t) = Sbz(S;t) Ssel(€)  She Sqm Sps p: (7.3)

The last intermediateresultis a row vector This vector revealsthe contribution of
eachcontrol point to the surfacepoint. In fact, the entriesof this vectorarethe basis
functionsevaluatedat a speci ¢ parametepoint.

This matrix factorisationof the schemds of moretheoreticalimportancethan of
practicaluse.Thematricesareseldomcalculatedexplicitly. However, comparingwith
thetwo stratgiesgivenin chapterd we seethatthe stratgy of section5 (the scheme)
is in factdirectevaluation,while the stratgyy of section6 (basisfunctions)is indirect
evaluation.

7.1.3 RetainedBézierevaluation

In the matrix product(equation7.1) we seethatonly the two leftmostmatricesof the
expressioraredependentn the parametevalue. Therestof the matricesareconstant
for any parametepoint. Thusit maybea goodideato split the evaluationin two; rst
dotheconstanpart,andthenfor eachparametepointcarryoutthetwo multiplications
ontheleft. We get

s(c;sit) = sz(s;t% Ssel(cg Fbc Sap Sps ' (7.4)
z T
parametedependent constant
This expressioncanbe split into a parametedependenpartanda constanfpart. The

constantpart of the evaluationis performedoncefor every setof control points. The
parametedependenpartis performedoncefor every evaluation.



7.2. OPENGLRENDERINGOF SURRCESWITHLOCALSUPPORT 89

By retainingthe Bézierevaluation,we canusethe constanfpartto nd the setof
patchegle ning thesurface.Having the surfacerepresentedsa setof patchess often
usefulfor renderingdifferentiation integration,etc.

We canuseboththe directandindirectapproacheto nd the constanpart. Usu-
ally, thedirectapproachs thesimplest.We canalso nd thebasisfunctionsexpressed
asasetof Béziercoefcients,

Thisis simply the constanpartwherethemultiplicationwith p is omitted. The matrix
By is of size(Ny + 3Ne + Nf + 2N¢) N,, andis thusa pretty large matrix.
However, from the local supportpropertyof the schememostof the entriesare zero,
andthusa full storageandmatrix productis not necessaryEachtime p changeswe
can nd all the new Béziercoefcients by multiplying B ,c andp, andwith a smart
sparsaepresentationf the basismatrix, this canbe quite effective.

7.2 OpenGL rendering of surfaceswith local support

This sectiondealswith OpenGLat a ratherdetailedlevel, andmary termsspeci ¢ to
renderingareusedwithout de nition. Bookslike (OpenGLARB, Woo, Neider, Davis
& Schreinerl999)and(Foley etal. 1996)give thoroughde nitions anddiscussiorof
theseterms. Eventhoughthis sectionis speci ¢ to OpenGL the discussiorappliesto
Direct3D(MSDN n.d.) aswell.

7.2.1 Efcient renderingof Bézier patches

OpenGLhassupportfor Bézier patchesof arbitrarydegreeat corelevel. The appli-
cation developerhasthe choice betweensendingthe coefcients to OpenGL,or to

tessellatehe patchto trianglesin the application.Using OpenGLfor patchevaluation
is straightforvard. Usually the implementations quite good,andthe speedaccept-
able.In somecasespnecanwrite specialisedcodethatrun faster Onthe otherhand,
dueto the arrival of geometryengineson off-the-shelesconsumeigraphicscard,the
Bézierevaluationhasthe potentialto be carriedout in hardware— quite superiorto

software calculationin termsof speed.If OpenGLdoesthe evaluation,this will be
donein hardwarewhenthisis possible.

It is the applications responsibilityto calculatethe staticpart of equation7.4 and
performthe actionsof the matrix S (C), thatis, shoving the correctcoefcients for
eachpatchto OpenGL.The bestway to obtainthe Béziercoefcients variesamong
differentapplications We will give somethoughtson this question.

If the surfaceis constant thatis, the verticesare not changedexceptfor a rigid
transformationdirectevaluationis probablymostappropriate First, calculateall the
Béziercoefcients. Then,for eachpatch,createa displaylist* for the evaluationof
eachpatch.Renderingf thevisible patcheshenbecomeasimplecall to therespectie
displaylist. However, thenumberof displaylistsis limited, andthereforejf rendering
a high amountof patchesjt canbe a soundideato clusterseveral patchesnto each
displaylist.

1Display lists are a mechanismin OpenGLto storea setof OpenGLcommandson the sener. For
example,the renderingof anobjectcould be encapsulateihto a displaylist, andthenthis objectwould be
renderedy simply calling this displaylist.
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Figure7.1: Theview frustum.

Bottom plane

If themodelis dynamig thatis, the pointsin p arechangedvertime (e.g. by ani-
mation),displaylists arenot appropriate Much effort mustthenbe putinto extracting
thecoefcients in the quickestway possible.Not all coefcients needto be calculated
— alarge amountof the modelcould be culled (culling is elaboratecn in the next
section),andcoefcients usedexclusively by culled patchesarenever used.Thus,we
must nd which coefcients arein needof re-computationandthenpassthe visible
patchego OpenGL.

7.2.2 Frustum culling

Culling of invisible partsof the scenearethe breadandbutter of fastrenderingcode.
OpenGLhashighly optimisedclipping code,and employs hardwareto performthis
taskif this is present. Thus, thereis no needto cull at a very detailedlevel. Out-
performingthe clipping codeof OpenGLis probablyquite achallenge.

However, if it canbe donewithout muchcomputationjt is a goodideato cull at
objectlevel. This keepssomepressureff the renderingpipeline. We will presenian
algorithmto cull patchesvhichis de nitely outsidetheview frustum.

The view frustum

Theview frustumis a corvex setwith the shapeof atrapezoid.It is de ned by either
theintersectiorof half-spacegeachde ned by a clipping plane)or asthe convex hull
of the eight pointswherethreeof the six before-mentionedlipping planesintersect,
seegure 7.1.

Theview frustumis de nedin clip coodinates andour modelis de nedin world
coominates Thus, eitherthe model mustbe transformedo clip coordinatespr the
view frustum must be transformedto world coordinates. The latter is the natural
choice. For this to make sensewe musttake a super cial look at the vertex trans-
formationpipeline. OpenGLdoessometransformation®n the pointsthe application



7.2. OPENGLRENDERINGOF SURRACESWITHLOCALSUPPORT 91

Eye Coord|nates NOI’ma|Ized dEVICG COOI’dInates
X _ . . X
v Modelview Projection Perspective Viewport
matrix matrix division transtform Y
z z
W
Vertex Clip coordinates Window coordinate

Figure7.2: Thevertex transformatiorpipelineof OpenGL.

passesdnto it, andthesetransformationgreknown collectively asthe vertex transfor
mationpipeline,see gure 7.2.

Thevertex transformatiorpipelineis composeaf threematrix multiplicationsand
a division. First, pointsexpressedn world coordinatesare passedrom the applica-
tion. Thesepointsarein homogenougoordinates.The points are corvertedto eye
coordinatesby the modelview matrix. The modelview matrix de nesthe orientation
of the camerain the world. The eye coordinatesarethentransformedo clip coordi-
natesby the projectionmatrix. Clipping takesplacein clip coordinatesandafterthis,
the perspectivedivisionis done. This division transformghe point from homogenous
coordinateso non-homogenousoordinates Finally, thesepointsaretransformedy
the view port transform which scalesand translatescoordinatego matchthe pixel
resolutionof the framebuffer.

Themodel-viev matrix andthe projectionmatrix combinedde ne thetransforma-
tion from world spaceo clip spaceandthustheinversetransformgheview frustumto
world coordinatesHowever, thisinversionis not necessarywe can nd theview frus-
tum directly from the productof the model-viev matrix andthe projectionmatrix. The
web site (Gribb 1999)givesanan overvien on how to extractthe half spacegle ning
the frustumdirectly.

Theview frustumde nesin world spacehepartof theworld is visible throughthe
currentview. Thus,everythingoutsidethe view frustumis invisible.

Culling

The key elementto our culling strateyy is the local supportpropertyof the simpli ed
surfacespline, aswell asthe fact that the schemeis composedf corvex combina-
tions. Thus,a patchresidesnsidethe corvex hull spannedy the control pointswhich
have a non-zerocontribution to that particularpatch. Therefore|f this corvex hull is
completelyoutsidethe view frustum,the patchis notvisible.

All patchesof oneface(in the control mesh)have the samesetof control points
with non-zeracontribution. Thus,we candealwith all the patchef afacecombined.

We testif a vertex is inside or outsidethe view frustumby checkingits position
relative to the six half-spacesle ning the view frustum. Eachhalf-spacds de ned by
aplane,

Ax + By+ Cy+ D < (; (7.6)

whereA, B, C andD arethe coefcients from the planeequation.If theinequalityis
satis ed, the vertex is insidethe half space.This checkrequiresthreemultiplications
andthreeadditionsanda comparisorper half-space.
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The algorithmconsistsof two stages.We let  denotea bitwise OR, and% be a
pre x of numberswrittenin binaryform. Further we de ne thesetA(f ) to betheset
of controlverticescontritutingto the patcheof f  (This setcanbefoundwith theaid
of corollary6.5.2).

1. For eachvertexv;: Checkthepositionof thevertex againsthesix half-spaces,
andstorethe resultas a bit-maskof six bits, denotedom(v;). If the vertex is
insidea half-spacethe correspondindpit is set,otherwiseit is notset.

2. For eachfacef: We de ne the bitmaskfor thefacebm(f ),

M
bm(fg) = bm(v;): (7.7)
Vi 2A(fK)

If bm(fy) = %111111thenrenderthe patchesof the face,otherwisecull the
patches.

Thus,bm(f ) istheresultfrom combiningall thebitmasksof contritutingverticeswith
a bitwise OR. If at leastoneof the bits arenot set, all of the patchesare completely
outsidea half-space.

We needthe bit-maskto storethe resultsfrom the six tests. Eventhoughall the
supportingverticesarecompletelyoutsidethe view frustum,the patchdoesnot neces-
sarily residecompletelyoutsidetheview frustum.Thisis why reasorfor all half space
checksaredonefor eachpatch.

7.2.3 Occlusiontests

Surfacesinside the view frustum can be occludedby other surfaces. This is usu-
ally dealtwith either by using the painters algorithm or a depth buffer. Evaluat-
ing and triangulatingpatchesinvisible in the imageis a wasteof preciousproces-
sor time. Two vendorspeci ¢ extensionsexists to deal with theseproblems: the
HP_occlusion_test andNV_occlusion_query extensions.Informationon
extensiongo the OpenGLstandardcanbefoundin (OpenGLExtensiorRegistryn.d.).

Thesetwo extensiongrovide themeango doa“dry run” of theshapgor abound-
ing shape)to checkif ary pixelsof this shapewill bevisiblein theimage.Thedry run
donotaltertheimage,but thefull rasterisatioprocesss done,andthereforethetests
have arasterisatiorcost.

Rasterising bunchof pixels,to nd outwhethetrto rasterisevenmorepixels,isn’t
alwaysa wise choice— especiallyif the rasterisations a bottleneckin the rendering
pipeline. Anyway, let's assumehatrasterisations not the bottleneck. Then,to reduce
the numberof potentially expensie Bézier evaluationand tessellationswe needa
simpleboundingobjectto usein thedry run.

Examplesof simple occlusiondetectionshapesare the following: The rst and
obviouscandidatés the corvex hull of the controlpointscontrituting to the patcheof
theface.However, the 3D corvex hull is not particularlyeasyandfastto nd.

An alternatve is to usea coordinatesystemalignedboundingbox. Thisis notan
optimalshapeput we just needthethreepairsof minimumandmaximumvaluesand
thedry runis therasterisatiorof six quadrilaterals.

Insteadof usingpolygonswe may uselines, loweringthe pressurattherasterisa-
tion stage.However, testingwith lines canfail in pathologicalcasesWith n vertices,
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weneed ), linesto connecthemall. The numberof lines grows quite rapidly when
n increaseshut usuallyn is ratherlow.

We concludewith an important, but not necessarilyobvious note. When using
occlusiontests,it is importantto renderthe scenefrom front to back (the oppositeof
painters algorithm). This resultsin a maximumnumberof objectsbeingculledby the
occlusiontests.

7.3 Bene ts of using compositepolynomial patches

The surfaceof the surfacespline schemess de ned by a setof polynomial patches.
We will now discusgwo usefulaspect®f this.

7.3.1 Raytracing

Raytracingconsistsof intersectingan objectwith a parameterisedine. The use of
raytracingis not limited to the imagegeneratiortechniquecalledraytracing: Picking
and simple collision detection,as an example, may make useof ray tracing. In an
interactve application,picking is thetaskif nding which objectis pointedto by the
mouse.A stratgy for thisis to transformthe pixel coordinatef the mousepointer
into the world spaceandshootaray from this pixel andoutwardly away from the eye
pointandseewhich objectthisray intersects.

An exampleof simplecollision detectionis the following: Assumefor a moment
we arecreatinga car simulation,in wherethe world is representedssurfacesplines.
We needto know wherethetirestouchtheground whatkind of surfacethisis (asphalt,
gravel, grass)to determinethe friction, and we mustknow the normal planeof the
surfaceat eachwheel. A stratgy to solve theseproblemsis to employ ray tracing.
We begin by positioningthe objectin anapproximateposition. Then,for eachpoint
of contact(for example,one point per wheel), we shoota ray from this point andin
the direction of the gravity pull (usually straightdownward). From this, we know
whetherthe points of contactare above or have piercedthroughthe ground,andwe
thenrepositionthe car.

Thus,raytracings acommortask. Severalstratgiesto raytracgpolynomialpatches
aregivenin the book (Arvo, Cook, GlassnerHanrahanHeckbert& Kirk 1989),in
which Hanrahargivesanextensie surwey of ray-surficeintersectioralgorithms:

1. We cantessellatehe surfaceinto planartriangles.Ray-triangleintersectionsre
easilydealtwith.

2. We cancorvertour patchego implicit functions,andin our casewe thengetan
implicit functionof degreeeight.

3. We canrewrite theray asanintersectiorbetweerntwo planesandinsertthis into
the expressionfor the patch. We thenget a pair of implicit equationsand by
elimination,we canwrite this asa singleequation,andthis polynomialwill be
of degreefour.

Algorithm (1) is the mostcommon. However, if the numberof raysarefew, andwe
do not needthe tessellatedurfacefor anything else,oneof the othermethodscanbe
suitable.

Algorithms (2) and(3) canbe solved by somenumericalsolver like Newton iter-
ation. Algorithm (3) solvesthe equationfor the parametercoordinatesandthis can
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be usefulif we needadditionalinformationaboutthe surfaceat that point besideghe
point of intersection(e.g. derivativesandthe normalplane).

7.3.2 Mass,centre of gravity and momentof inertia tensor

Oftenit is usefulto nd differentphysicalpropertiesof anobject. Whendealingwith
rigid body dynamicsasanexample,we needthe masscentreof gravity andthe mo-
mentof inertiatensorto posea suitabledifferentialequation.

The mass,centreof gravity andmomentof inertiatensorcanoften be calculated
quite easilyfor bodiesde ned by a simpli ed surfacespline. All of theseintegralsare
volumeintegrals,andthuswe needsomeway of specifyingthe limits of theintegral
from the extentof the object— whichis rarelyatrivial exercise.

Dependingon the densityfunction, theseintegralscanbe simpli ed from volume
integralsto surfaceintegralsby the Gausdivergencetheorem.The article (Gonzalez-
Ochoaet al. 1998) gives a thoroughexpositionof this. The key elementis that the
surfacesplinesurfaceis de ned asa collectionof standardBézierpatchesandthese
arerathersimpleto performsurfaceintegralson.



Chapter 8

Approximation experiment

In this chaptemwe will putthesimpli ed surfacesplineto practice;we will statesome
approximationmethodsusingthis basis. To our knowledge,surfacesplineshave not
beenusedextensiely for approximationandthusthis experimentshouldbeinterest-

ing.

8.1 Our choiceof parameterisation

We have employed a very simple parameterisatiom this experiment. The original,
thatis the objectwhich we try to approximatejs parameteriseth the samemanner
asthe simpli ed surfacespline. All of the originals have the sameconnectity as
the surfacespline usedto approximatethat particularoriginal. Thus,in essencethe
originalsandthe approximatiorhave the samemesh but have a differentschemeand
differentcontrolpoints.

The originals are polyhedralmeshesandthey one of two surfaceschemes.The

rst surfaceschemeae nes the meshoncewith polyhedralsplit, suchthatall facesin

there ned mesharequads.Eachof thesequadsarethenpatchedwith abilinearBézier
interpolation.Theresultis a methodto de ne a surfacefor polyhedralmesheswhich
gives at facesif the polyhedronis planar and cangive a well-de ned surfaceif the
polyhedronis not planar Further sincetheoriginalis re ned oncewith the polyhedral
split, they canbe parameterisedvith the sameparameterisatiomsedfor simpli ed

surfacesplines(seesection5.1.3).

Theothersurfaceschemes almostidenticalto the rst surfaceschemeexceptthat
evaluatedpointsarenormalised Theresultof thisis thatall pointsonthesurfaceis on
theunit sphergapointonthesurfaceis de ned asthepointwherealine from thepoint
returnedromthe rst schemendtheorigin piercegheunit sphere) However,to“ II”
the completespherewith surface the polyhedraimeshusedto de ne the surfacemust
enclosetheorigin entirely.

Therearethreetypesof parametepointswe will useextensvely, the parameter
point of a vertex, the parameteipoint of an edgemidpoint and the parameteipoint
of afacemidpoint. Whenevaluatingthe surfacespline at suchparametepoints, we
canchooseoneamongseveral abutting patcheso evaluate. Sincethe surfaceis C°-
continuousywe getthe sameresultregardlesf which of thesepatchesve choose.

Further boththe biquadraticandbilinear Bézierblendsusedto de ne the surfaces
interpolatetheir corners,andthe cornersarelocatedat thesethreetypesof parameter
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Model Ny Ne N¢ N
cubeO 8 12 24 6
cubel 26 48 96 24
cube?2 98 | 192 | 384 | 96
cube3 386 | 768 | 1536 | 384
cube4 1538 | 3072 | 6144 | 1536
sphere0 8 12 24 6
spherel 26 48 96 24
sphere2 98 192 | 384 | 96
sphere3 | 386 | 768 | 1536 | 384
sphere4 | 1538 | 3072 | 6144 | 1536
jittercube | 26 48 96 24
bunry 473 | 1194 | 2388 | 723

Table8.1: Miscellaneouglataon the original models.The symboIN, denotenumber
of vertices N denotenumberof edgesN. denotenumberof cornersandN¢ denote
numberof faces.

points. Thus,we canusethe Béziercoefcients directly, andskip theBézierevaluation
altogether

8.2 The original models

Four differentmodelswith differentcharacteristicsvereemployedto testout the four
approximationmethods. Two of the models,the cubemodeland the spheremodel,
werere ned into four levels. Thus,twelve modelswereemployedin total.

The blendratiosof all modelswere setto 1=2. Probablya lot of approximation
power could be gainedby usingmoresensiblechoicesfor the blendratios. However,
we choseto keepthingssimple,andtheseblendratiosmakesthe systemat leastsolv-
able.

The rst ve of the modelshave their origin in the standardcube,“cubeQ”. This
cubewasre ned four timeswith the polyhedralsplit method(seesection2.4.2) pro-
ducing“cubel”, “cube?2”, “cube3” and“cube4”. A cubehassharpcornersandthese
sharpcornerswerea challengdor the smoothsimpli ed surfacespline.

We alsowantedto test smoothsurfaceswithout sharpcorners. We created ve
sphereof differentlevel of resolutionby normalisingthe surface(seeclassControl-
Sphere in section8.5) of the ve cubemodels.Thus,thesphereandcubemodelshave
equalconnectvity ateachsubdvisionlevel.

The"jittercube” is a perturbedsersionof “cube2”. This modelwasincludedto test
how theschemesvould handlenoisyandextremedata.

To testthe methodon “real-world” data,we usedthe “bunry”. The “bunry” is
a heavily decimatedversionof the bunny modelfrom StanfordUniversity Computer
GraphicsLaboratory This decimationresultedn quitea coarsemodel,andwasthere-
fore a challengefor approximatiorwith a smoothsurface. In additionto decimation,
mary of thetrianglepairsforming quadrilateraldhave beenexchangedvith quadrilat-
erals.
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8.3 Error, approximation order and stability

The basisof our error estimateis the geometricdistancebetweenthe surfaceof the
originalandthesurfaceof theapproximatiorfor agivenparametepoint. Thisdistance
is calculatedat several parameteipoints, and from thesesamplesthe meanandthe
maximumvalue are calculated. The meanandthe maximumvalue are usedas two
estimate®f theapproximatiorerror.

We will usethesetwo errorapproximateso comparethe differentapproximation
methodsandwewill investigatef we can nd someinformationontheapproximation
order We assumeheerroris ontheform

En(f) h"kf®™ k; (8.1)

wheref is theoriginal, h is ameasuremendf the sizeof parametedomainresolution
andn is the approximationorder We let h be the maximumlength of edgesin the
polyhedron. The polyhedralsplit re nes eachquadrilateralinto four quadrilaterals,
andthushalvesthelengthof eachedge.We thereforeassumehath is halvedfor each
re nement.

Thus,if the surfaceis smooth we assumehat

En(f) h" k£ (M k .
Ena(f)  (h=2)" k(M Kk

(8.2)

The simpli ed surfaceschemehasthe corvex hull property andthus,shouldhave an
approximatiororderof atleast2. However, thetermk f (") k growsratherargefor the
cubemodels. The cubehassharpedgesandthusthe rst derivative is discontinuous,
andthe secondlerivativeis thereforen nite. Thus,we anticipatea behaiour of order
1 for the cubeapproximationexperimentand a behaiour of order?2 for the sphere
experiment.

To give a notion of the stability of the simpli ed surfacespline basis,we have
computedthe conditionnumberandthe numberof iterationsof the linear systemgo
be solvedin theapproximatiorexperiments.

8.4 Four approximation methods

We have employedfour differentapproximatiormethodsn our experiment.The rst,
“lazy approximation”is extremelysimple. The next “vertex interpolation”is interpo-
lation at eachcontrolvertex. The“leastsquaresincreaseshe numberof interpolation
constraintsyhile “f airedleastsquares'addsa numberof fairnessconstraintsThetwo
lastmethodgproduceover-determinesgystemsandwe usealeastsquaregonstruction
to minimisetheresidualsandthus nd thebestsolution.

8.4.1 Lazy approximation

The nameof the lazy approximationschemewasinspiredby the lazy wavelets. The
reasorfor thisnameis thatnothingatall hasto bedone.For eachverte, theoriginalis
evaluatedatthe parametepointof this vertex, andtheresultis simply usedasacontrol
point.

It is worth to notethat this is indeedthe sameschemeasthe variationdiminish-
ing approximatiorschemdor B-splines,however no variationdiminishingproperties
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have beenproved, exceptfor the corvex hull property But the non-eistenceof these
propertieshasnt beenprovedeither andthus,they may exist.

8.4.2 Vertexinterpolation

Vertex interpolationis a specialcaseof interpolation.As mentionedn section8.1,we
canusethe Béziercoefcients atthe verticesdirectly, andthereforeskip the quadratic
Bézierevaluation.Thelinearsystemto be solvedis

Bv P = Fv; (83)

whereB vy is the matrix of basisfunctionsfor the Béziercoefcients at vertices,p is
the control pointswe're trying to nd, and nally, F v is the original evaluatedat the
vertices. To simplify the notation,welet n = N, which is the numberof verticesin
thecontrolmesh.If we write outthe matriceswe get

. _ 32 3 2 3
Bocjv (Vi;v1) i Bucjv (Vnsvi)  p(vi) f (v1)

: | - £=8 . & (g
Bocjv (V1;Vn) i Bucjv (Vas;vn)  P(Vn) f (Vn)

ThematrixBy isaN, Ny matrixandboththe columnvectorsp andF\ haveN,
entries.lt is essentiato know if andwhenthis systemhasa solution.

Lemma8.4.1. Thelinear systenof equation8.4hasa solutionif B is a basis(theoem
6.6.11).

Proof. If theorem6.6.11is satis ed, the expressiondor quad midpointsof corners
ahutting the vertex of which the basisfunctionsbelongsareall largerthan1=2 (seethe
proof of lemma6.6.10). The Béziercoefcient atthevertex arethe averageof all the
alutting quadmidpoints.

From this we seethat all the diagonalentriesare averagesof valueslarger than
1=2, andthereforethis averageis larger than 1=2. Proposition5.5.2 statesthat the
Béziercoefcients arecorvex combination®f thecontrolmeshvertices andtherefore
thematrix B y is diagonallydominant,andaccordingto property1.4.8this matrix is
non-singular O

The systemis not symmetricandpositive de nite, andour choiceof solverfell onthe
Gauss-Seiddalgorithm.

8.4.3 Leastsquares

The vertex interpolationmethodof section8.4.2usesonly the vertex positionsof the
original. Eachrow of the vertex interpolationmatrix is aninterpolationconstraintfor
avertex. To capturemoreof thesurfaceshapewe canusea leastsquaregonstruction
to addmoreinterpolationconditions.

We addrows of furtherinterpolationconstraintsput addingmorerows to the sys-
temresultsin an over-determinedsystem. Sucha systemhasmore more constraints
thanfree variables.Hopingfor a solutionof suchassystemis ratherfutile. However,
we can nd the“best” solutionof this problemby usinganorm.

With this motivation,we introduceour next method theleastsquaresnethod.The
leastsquaresnethodis actuallyjust a methodto producea speci ¢ minimum of an
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over-determinedsystemnot how to build this system.We will choosea rathersimple
stratgyy; we will try to interpolatethe original at the vertices,the edgemidpointsand
thefacemidpoints.Thisresultsn Ny + N¢+ Nt equationandN, degreesof freedom.
To minimisethe error of the system,we will usethe 2-norm (see(Trefethen& Bau
1997,p. 18)).

Property 8.4.2. Givenan over-determinedsetof linear equationsAx = b, thesolu-
tionof ATAx = AT b minimiseghe2-normresidualr =k b A X k. Thisproblem
hasa solutionif andonlyif A hasfull rank.

Theproofis givenin ary text onlinearalgebrage.g. (Trefethen& Bau1997).
To build the systemwe de ne two matricesandtwo vectorsin additionto B v and
F ., de nedin section8.4.2.Weletn = Ny, m = Ng,| = N andde ne:

Bocjem (V1;€1) i1 Bucjem (Vns€1) 3 fem (81)3
Bem = : : Fem = :
Bocjem (Vi;€m) i1 Buocjem (Vniem 2fEM(em)
Bocirm (Vi;f1)  1ii Bogjem (Vn;fa) fem(fo)
Brm = : D Fem = ;
Bociem (Vi f1) it Bocjem (Vasfi) fem(f1)

The entriesof the two matricesare the expressiondor the edgemidpointsandface
midpointsof lemma6.4.1.
To build the completesystem we stackthesematricesandvectorson top of each
other andwe getthefollowing over-determinedinear systemof equations:
2 32 3 2 3
By _P(v1) Fyv
4'BEMSQ g=4FEM51 (85)
Bem  p(vn) FrEm

In thissystemtherearen + m+ | equationsandn unknowns.If theblendratiossatisfy
therequirement®f theorem6.6.11,we know from lemma8.4.1thatthe matrixB v is
non-singularandthusof full rank. Adding rows doesnotlowertherankof the matrix,
andthus, the completestack of matriceshasfull rank. By property8.4.2 we know
that we may minimise the residualof equation8.5. When applying the transposed
matricesthe systembecomesymmetricandpositive de nite, andthus,we may solve
this systemwith the conjugategradientmethod.

Whenbuilding thesesystemsthestacledmatrix canbecomeguitelarge. It is rather
easyto build theproductsA T A andA " b directly. Eachelemeniin the productof two
matricesis a regular inner product. Thusthe entry &; of A TA is theinner product
of columni andcolumnj of A . Similarly, the entriesof A " b areinner productsof a
columnof AT andb. Thematricesof basisfunctionsarerelatively sparseall entries
correspondindo verticesoutsidethe supportof the basisvertex are zero. Using this
factcanspeeduptheinnerproductcalculations.

8.4.4 Fairedleastsquares

In the previous sectionwe staclked a lot of interpolationconditionsinto a composite
systemmatrix to createanover-determinedgystemwhichwe minimisedwith theleast
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squareamethod. Insteadof addingadditionalinterpolationconditionsto the vertex
interpolationwe will in this methodaddN, fairing constraints.

A fairedsurfaceis a surfacewheresmoothnestiasbeenminimisedin someway,
resultingin a niceandsmoothsurface.We will usearathernaive fairing constraintin
this method. We wanteachvertex to lie wherethe averagef the neighbourf that
vertex is. We de ne

8
2 1 if v = Vi

g(Vi;Vj):>1:#M[e;Vi; ;1 iffvisvig2 M[gvi; ;] (8.6)
"0 otherwise

to formulatethis mathematicallyTheexpressiorg(v; ; vj ) isequalto  1if thevertices

areequal,andis oneoverthenumberof edgesconnectingy; if v; andv; areconnected.

Otherwisethis expressioris zero. Thesumof all g(v;; v ) for avertex v; sumsto zero.
With this functionwe de ne thematrix of fairing conditions,

2 3
g(viiva) it g(Vaiva)

6= § | . & (8.7)
9(viiva) it G(Va;Vn)

The parameter de nesthe amountof contribution the fairing conditionsgive to the
system.Setting = 0 resultsin aninterpolationproblem.Eachof therowsin G sum
to zero,andthe matrixis squareandhasN, columnsandrows.

By stackingthe vertex interpolationconditionsandthe fairing conditions,andlet-
ting O denotea columnvectorof N, zeros(thefairing conditionsequalszero),we get
thesystem 2 3

B 7 F
GVQ. =y (8.8)

In thissystemwe have 2N, equationg&ndN, degreef freedom.To solvethissystem,
we applytheleastsquaresnethodof the previoussection.As alwayswith thesekinds
of leastsquaresystemsthelinearproblemto solveis positive de nite andsymmetric,
andthusthe conjugategradientmethodis a naturalchoicefor solvingthe system.

8.5 Application

In this sectionwe will brie y describethe applicationdevelopedto performthe ap-
proximationexperiments.

8.5.1 Overview

Theaim of this programis to testoutthefour approximatiormethods A classdiagram
is givenin gure 8.1.

All surfacesaresubclassesf thecommonsurfaceinterfaceControlMeshEmbed-
ding. A ControlMeshEmbedding hasthe ability to be evaluatedin termsof control
meshparametepointsandhasthe ability to renderitself. A control meshparameter
pointis a cornerindex plus a pointin the unit square(the sameparametrisatiomsed
by the simpli ed surfacesplinesurface,seechapter5.1.3). In addition,just for plain
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corveniencea ControlMeshEmbedding canalsobeevaluatedatavertex, atanedge
midpointandat afacemidpoint.

Whenrenderingtherenderfunctionof ControlIMeshEmbedding is calledwith a
valid OpenGLcontet. This functionis virtual, andit is thusthe responsibilityof the
subclasgo implementthis. However, the ControlMeshEmbedding classprovides
somehelp: It allocatedexturesand lls themwith distancenformation(aswell ascal-
culatingstatisticson this information). Thus,the subclas®nly hasto bind the correct
texturewhenrendering.

TheSimpli edSurf aceSpline classs implementedsasubclas®f ControlMesh-
Embedding. In addition, the classhasan instanceof a Simpli edSurf aceSpline-
Basis, thebasisin whichthesurfaceis expressedin additionto ful lling theControl-
MeshEmbedding interface,the simpli ed surfacespline hasan approximationcon-
structor Insteadof specifyingthe surfacewith control points,one cangive the con-
structoranotherControlIMeshEmbedding andan approximationscheme.Four dif-
ferentapproximatiorschemesreimplementediazy, interpolation Jeastsquaresand
fairedleastsquares.

The applicationis very simple. First, it readsa controlmesh(by usingthe SSS-
Reader class),andde ne an original from this (by usingeither ControlPolyhedron
or ControlSphere) data. Then,a Simpli edSurf aceSpline is createdor eachof the
four schemeby by passingthe original and the appropriateschemeto the construc-
tor. Finally, therestof the programis a simple GLUT-programopeninga window and
settingup anOpenGLcontext.

8.5.2 Nitty-gritty details

Wewill diveintotheheartof thematter;thedetailsof theclassesWe dividetheclasses
in two: coreclassesandhelperclassesThecoreclassesepresentheconceptualo w
of the programwhile the helperclassesare,asthe nameimplies, helperclasses.

Coreclasses

ControlMesh. Thisclassis usedo holdtheconnectvity andblendratios(blend
ratios are only usedby the simpli ed surfacespline surface)for surfaces,and
answemmeshqueries However, the meshqueryparadigmis notstrictly followed
(thereasorfor this is thatit wasprogrammedprior to the developmentof this
notation, and the awkwardnessf this classinterfacewas one of the reasons
for developingthis notation). It is alsoratherbloated,muchinformationwhich
would be easilydeduciblewith a moreclever datastructureis explicitly stored,
andthereforeit hasa large memoryfootprint. To summariseit is notanideal
implementationbut evenso, it works.

ControlMeshEmbedding. Thisisthesuperclasfor thesurfacesparameterised
by a controlmesh. This classsenesseveral purposesMainly, it is an abstract
interfacefor surfacesparametrisedy controlmeshesThe classesub-classing
this classmustimplementa few methoddor evaluatingitself anda methodfor
OpenGLrendering.In addition,asmentioneckarliet theclassimplementsome
functionalityto calculatedistancedetweerntwo surfacesandgeneratingexture
mapsof this information.

Simpli edSurf aceSplineBasis. This classhasfunctionalityto evaluatethe ba-
sisfunctionsde ned by its controlmesh.Theimplementatiorfollows the math-
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- I | ControlMesh
Statistics | |
I Original I Topological Queries |~ 1
Min/max | I pological Q |
Mean/variance L . I ! I
ControlMeshEmbedding I : I
I | |
isti . ) B mesh 1
|(_:a_|c_st§t|§t|(_:; virtual: OpenGL rendering | ¢— asemesh _ ___ : | :
virtual: Evaluation ‘ |
l
: SimplifiedSurfaceSplineBasis I
l
I
| Basis function evaluation :
I
1 l
I | |
! I
l
' — , \Base mesh |
ControlPolyhedron ControlSphere 1 SimplifiedSurfaceSpline | |
I
- - l
OpenGL rendering OpenGL rendering : OpenGL rendering . !
Evaluation Evaluation | Evaluation , |
I Approximation 1 |
I | |
1 ] |
! et B
I | linearsolver ;!
L — — — _—
- i |
: 1 Conjugate gradientI !
SSSReader | | Gauss-Seidel ! !
B . , Surfaces L _ _ _ _ _ _ 1 :
i |
Parse SSS files | nput ‘ :
-- == Base mesh
- & - - - - — - ——— - !
N @] Application
Output
Write SSS files
Figure8.1:]

Classdiagramof application. Arrows denoteclassinheritance and dottedlines with
diamonddenotes’has-a’relationshipwherethe classwith diamondhasoneor more
objectsof the classwithout the diamond.
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ematicalde nition ratherclosely Thus,eachevaluationresultsin a few calls
down the layers. A speed-upcould be obtainedby joining all or someof the
layersin the evaluationprocess,but this would give increasedcode-sizeand
compleity.

The classhasfunctionality to determinewhetheror not a parametempoint is
inside the supportof the basisfunction of a vertex. This is usedextensiely
whenbuilding the approximatiormatrices andgivesa signi cant speed-up.

Simpli edSurf aceSpline. Thisis theimplementatiorof the simpli ed surface
splinesurface.It hasa ControlMesh anda Simpli edSurf aceSplineBasis de-
ned by this ControlMesh. In addition,it hasa setof points, onefor eachof
the verticesin the ControlMesh. The setof pointsde nes the surfacein the
Simpli edSurf aceSplineBasis.

Theapproximatiormethodsesidein the constructorinsteadof explicitly de n-
ing the surfacewith a setof points(which is donewith the ControlPolyhedron
and ControlSphere), the approximationconstructoris givena ControlMesh-
Embedding anda choiceof approximationWe elaborateon theapproximation
methodsn the section8.4.

To evaluatethe surfaceat a parameterpoint, all the basisfunctionswith this
parametepointin its supportareevaluatedandmultiplied with the point of their
associatedertex, andthenaddedtogether Theresultof thisis the pointonthe
surface.

ControlPolyhedron. Thisis in essencgusta plain polyhedralmesh.However,

sincecontrol meshesllows n-gons,andthey arenot necessarilyplanar some
tricks mustbe employed. Thetrick hereis to re ne the meshoncewith theface
splitting schemgsimilar to the surfacespline),andusea bilinear interpolation
over eachquad. Theresultingsurfaceis at wherethe control meshfacetsare
at, andin additionis well-de ned wherethefacetsarenot at. A desiredside-
effect of this is thatit is possibleto parameteris¢he surfacewith the control
meshparametepoints.

ControlSphere. This classwas implementedto testthe methodson smooth
corvex objects. This classis almostthe sameasa ControlPolyhedron, but all
evaluatedbointsarenormalisedandthus,thesurfaceis “shrink-wrapped'to the
unit sphergseesection8.1).

Helper classes

Linearsolver. Thisisin factnota class,but just someC-functionsto build a
sparsematrix representatiorand solve theselinear systems. Two solvers are
available, the Gauss-Seidemethod, useful for asymmetricmatrices,and the
conjugategradientmethod,usefulfor symmetricandpositive de nite matrices.
Thesearestraight-forvardimplementationsf thepseudo-codgivenin (Cheng
& Kincaid 1996).

Statistics. Thisis asimpleclassto calculatethe mean yvariance minimumand
maximumof a seriesof numbers.

SSSReader. Classreadingthe SSS- le format,a simple ASCIlI-basedle for-
matfor simpli ed surfacesplines.
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SSSWriter. Theclassfor writing SSS- les.

The approximation schemes

All of the four approximationmethodsare built asa linear problemrepresenteésa
matrix equation.In the interpolationschemethe A matrix is built, while in the least
squares-basesthemesA " A is built directly. The systemsare solved separatelyfor
X,Y andZ. Most entriesof the matricesarezeros,andadvantageof this is taken by
examiningthe supportof eachbasisfunction.

Most of the computatiortime is spentbuilding the matrices.The evaluationof the
simpli ed surfacesplinebasisis ratherexpensve sinceall layersareimplemented:x-
plicitly, andnotin acompositgashion.Thisresultsin theoverheadf severalfunction
callsperevaluation.

Thereare two major stratgjies for evaluationof the basisfunctions(seesection
7.1). The easiests to run the full schemefor eachvertex, settingthe value of the
currentvertex to one,andtherestto zero. In thisway, theresultingsurfaceis thebasis
function for that particularvertex. The otherapproachs to nd expressiondor the
basisfunctionsanalyticly, andthenusethesefunctions. This implementatiorusesthe
latterapproach.

8.6 Results

As a practicaltestfor the simpli ed surfacespline,we appliedthe four approximation
methodson severalmodels.Imagesof theresultscanbefoundin gures 8.2t08.13.1n
theupperleft corner thereis animageof theapproximatiorsubject.In theupperright
cornerthe errorsof the differentmethodsare depicted. The black columnrepresents
the meanvalueof the errorsandthe grey block is the maximumerrorfor the method
(seesection8.3). In the middle andbottomrows the outputof the four approximation
methodsaredepicted.The surfaceis colouredaccordingto their local error. White is
zeroerror, andblackis maximumerror.

Dataon the approximationexperimentscanbe foundin tables8.2 to 8.5. In this
tablesk; is the meanerrorof modeli, E} is the maximumerror, E‘Ei L is theratio
betweenthe error of the re ned and unre ned versionof a model. The numberof
iterationsusedis in column “#it”, and the condition numberof the matrix usedin
the linear systemsbasedon the 2norm andin tity normis in columnC? and C*
respectily.

From the experiments,we seethat the lazy approximationconsistentlygives an
approximationsmallerthan the original. Becauseof the corvex hull property this
comesas no surprise,andis particularly visible in the sphere2approximation. The
lazy approximationhasthe largestmaximumerror for all modelsexceptthe bunrny
model,wherethefairedapproximatiorhasaslightly largererror. Themeanerrorof the
lazy approximationgresmallfor cubemodels but largefor spheremodels.Thelocal
corvex hull propertycanbeusedto interpretthis: Whenalocal regionis at, thelocal
corvex hull of thatregionis thin andthe approximatiorresidesnsidethis volume. In
curvedareasthelocal corvex hull grows fatter andthe deviationincreasesHowever,
thelazy approximatiorgivessmoothandwell-shapedontrolmeshes.

Exceptfor the sphereZase the vertex interpolationhaslarger averageerrorthan
the other methods. Another drawback of the vertex interpolationis the oscillations,
andthus, non-smoothandbadly shapedcontrol meshes.This is particularly obvious
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in the bunny model. In addition,at sharpcorners the approximatiorhassomemajor
artefactsthatarenot presenin the original: Insteadof smoothingout cornerdlik e the
lazy approximationthe vertex interpolationcreatesanarti cial wobble.

The leastsquaesapproximationremedieghe artefactsof vertex interpolationto
someextent. Oscillationsarestill presentput on asmallerscale.However, thecontrol
meshis not particularlywell formed. Theaverageerror, aswell asthemaximumerror,
is in generakmallercomparedvith the othermethods.

When measuringaverageand maximumerror, the faired approximationhasthe
worstapproximatiorperformanceon average.However, it doesnot make the models
too small (which lazy approximationdid on the sphere2model), andthe oscillations
are moderate.In fact, the control meshof this schemes smootherthanthe control
meshedrom thelazy approximation.

All of the approximationsvere of rathergood condition. The systemssolved by
the conjugategradientmethodbehaedvery well, anda goodsolutionwasfound after
few iterations.

As a conclusion the leastsquaresnethodhadthe bestapproximationproperties,
but atthe costof anoscillatingsurface. Thefair approximatiorhadmoderateapproxi-
mationpropertiedor all casesput sufferedlittle of the problemsof the otherschemes
(oscillationsandmakingthe modeltoo small). Thus,aleastsquaresnethodwith some
fairing criteriais probablya suitableapproximationscheméor the simpli ed surface
spline.

Introducingblendratio estimationand betterparameterisatiosould on the other
handgive completelydifferentresults.Moreover, asa critiqueto the experimentis the
factthatthe modelswerespeciallycraftedto exposeweaknessem theapproximation
methods.Thus,real-life situationscould give otherresults.
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Figure8.2: Original: “cube0”,N, = 8, N¢ = 12,N. = 24andN¢ = 6
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Figure8.3: Original: “cubel”,N, = 26, N¢ = 48, N, = 96andN; = 24



108 CHAPTERS. APPROXIMATION EXPERIMENT

0.12

0.1

0.08

0.06

0.04

0.02

lazy vertex interp. least squares fair

Original Error plot

Leastsquares Faired

Figure8.4: Original: “cube2”,N, = 98, N = 192 N, = 384andN; = 96
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Figure8.6: Original: “cube4”,N, = 1538 N, = 3072 N, = 6144andN¢ = 1536
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Figure8.8: Original: “spherel”N, = 26, N = 48, N. = 96andN = 24
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Figure8.9: Original: “sphere2”N, = 98, N, = 192 N, = 384andN; = 96
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Figure8.10: Original: “sphere3”,N, = 386, N, = 768 N. = 1536andN; = 384
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Figure8.11: Original: “sphere4” N, = 386, N = 768 N. = 1536andN; = 384
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Figure8.12: Original: “jittercube”, N, = 26, N¢ = 48, N; = 96andN; = 24
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Figure8.13: Original: “bunny”, Ny, = 473 Ng = 1194 N. = 2388andN; = 723
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1
model E, S El Sl c?|ct
cube0 2138 10 ' | — 5774 10| — | — | — ] —
cubel 5666 10 2 | 3:773 | 22887 10 * | 2000 | — | — | —
cube2 1457 10 2 | 3:890 | 1:443 10 * | 2000 | — | — | —
cube3 3693 10 ° | 3:944 | 7:217 10 2 | 2000 | — | — | —
cube4 9:301 10 # | 3:971 | 3:608 10 2 | 2000 | — | — | —
sphere0 | 3827 10' | — |4226 10| — | —| —| —
spherel | 1:270 10 ' | 3:013 | 1:445 10 * | 22925 | — | — | —
sphere2 | 3:497 10 2 | 3:632 | 5200 10 2 | 22779 | — | — | —
sphere3 | 9:223 10 ° | 3791 | 1:484 10 2 | 3503 | — | — | —
sphere4 | 2:389 10 ° | 3:861 | 7:003 10 ® | 21120 | — | — | —
jitercube | 8:001 10 2 | — |6622 10| — | —| — | —
bunry 5775 10 4| — |426410%| — | —| — | —

Table8.2: Resultsfrom lazy approximation

model E, -t El =t | #it c? ct

cube0 3273 10 ' | — [ 5000 10 * | — | 100 | 4:000 | 4:000
cubel 1:194 10 * | 2742 | 2:065 10 ' | 2:421 | 100 | 4:026 | 4:000
cube2 3414 10 ? | 3497 | 1:028 10 * | 2:009 | 100 | 4:007 | 4:000
cube3 9:398 10 ° | 3:633 | 5:141 10 2 | 2:000 | 100 | 4:002 | 4:000
cube4 2:439 10 ° | 3:853 | 2:570 10 2 | 2:000 | 100 | 4:000 | 4:000
sphere0 | 8861 10 2 | — | 1:341 10 ' | — | 100 | 4:000 | 4:000
spherel | 3:894 10 2 | 2:276 | 7:959 10 % | 1:685 | 100 | 4:026 | 4:000
sphere2 | 6:956 10 ° | 5:598 | 1:622 10 2 | 4:907 | 100 | 4:007 | 4:000
sphere3 | 1:983 10 ° | 3:508 | 9:494 10 % | 1:708 | 100 | 4:002 | 4:000
sphere4 | 5:765 10 * | 3:439 | 5:415 10 ® | 1:753 | 100 | 4:000 | 4:000
jittercube | 1:452 10 * | — | 4362 10 ' | — | 100 | 4:026 | 4:000
bunry 1:064 10 ° — | 4027 108 — 100 | 3:087 | 3:840

Table8.3: Resultsfrom vertex interpolation

1

model E, S E! S lwit | c? ct

cube0 1:611 10 ! — [ 3260 101 — 3 | 5:200 10 | 5:200 10
cubel 6:235 10 2 | 2584 | 1:160 10 * | 22809 | 4 | 6:128 10 | 6:625 10
cube2 1:981 10 2 | 3:148 | 5:863 10 2 | 1:979 | 12 | 6:336 10 | 6:481 10
cube3 5:964 10 ° | 3:321 | 2:949 10 2 | 1:988 | 37 | 6:385 10 | 6:469 10
cube4 1:643 10 % | 3:631 | 1:475 10 2 | 1:999 | 60 | 6:397 10 | 6:469 10
sphere0 | 6:103 10 2 | — | 8369 10 2| — 4 | 5200 10 | 5:200 10
spherel | 3:451 10 2 | 1:768 | 6:973 10 2 | 1:200 | 9 | 6:128 10 | 6:625 10
sphere2 | 5:983 10 ° | 5:769 | 1:808 10 2 | 3:856 | 15 | 6:336 10 | 6:481 10
sphere3 | 1:521 10 ° | 3:933 | 9:734 10 % | 1:858 | 39 | 6:385 10 | 6:469 10
sphere4 | 4:263 10 * | 3:569 | 4:987 10 ® | 1:952 | 59 | 6:397 10 | 6:469 10
jittercube | 8221 102 | — | 2789 10! | — | 14| 6128 10 | 6:625 10
bunry 5183 10 4| — | 2874 10°%| — | 42| 2661 10| 7:224 10

Table8.4: Resultsfrom leastsquarespproximation
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model E; - Ef = | #t| Cc* | C!

cube0 1173 10 T | — [ 3997 10 T | — 2 | 21185 | 2:846
cubel 1:035 10 ' | 1:133 | 1:571 10 * | 2:544 | 2 | 2:341 | 3:438
cube2 3423 10 2 | 3:023 | 7:956 10 2 | 1:975 | 7 | 2:312 | 3:477
cube3 9:484 10 * | 3:610 | 3:979 10 2 | 1:999 | 11 | 2:312 | 2:312
cube4 2:499 10 3 | 3:796 | 1:990 10 2 | 2:000 | 12 | 2:314 | 3:503
sphere0 | 2886 10 * | — | 3338 10! | — 2 | 2:185 | 2:846
spherel | 4:350 10 2 | 6:634 | 7:509 10 2 | 4:446 | 2 | 2:341 | 3:438
sphere2 | 1:445 10 2 | 3:010 | 2:459 10 2 | 3:053 | 7 | 2:312 | 3:477
sphere3 | 2:027 10 ® | 7:130 | 1:245 10 2 | 1:975 | 10 | 2:312 | 2:312
sphere4 | 5:497 10 * | 3:688 | 6:412 10 ° | 1:942 | 11 | 2:314 | 3:503
jittercube | 1:418 10 * | — | 5749 10 ' | — 9 | 2:341 | 3:438
bunry 8919 10 * | — | 5166 10 % | — 9 | 1:779 | 3:590

Table8.5: Resultsfrom fairedapproximation
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Chapter 9

Conclusionsand further work

The aim of this thesisis to explore the approximationpropertiesof the surfacespline
schemesWe will in this chaptertry to statesomeconclusionsaswell assuggesting
topicsfor furtherresearch.

To exploretheapproximatiompropertieof the surfacesplineschemesye have de-
velopedthe simpli ed versionof the C!-surfacespline,the simpli ed surfacespline.
This schemehasexplicit formulasfor both surfaceevaluation,aswell asbasisfunc-
tions, in additionto a known dimensionof the space.Thusit shouldbe quite a good
basisfor approximatiorpurposes.

However, theresultswerenot particularlyimpressie. Therecanbeseveralreasons
for this. First of all, the conditioningof the basisis notknown. The upperboundin the
conditioninequalityis one (sincethe schemds composedf convex combinations),
but thelower boundis unknown. Obtainingthis lower boundcanrevealwhetheror not
thisbasisis stable.However, this canbetestechumerically andthe conditionnumbers
from the approximatiorexperimentsndicatestability.

Furtheranapproximatiorof amodelwherelargeandsmallfacesntermixedwould
beinterestingandcouldrevealmoreof thestability propertieof thebasis.In addition,
it would beinterestingto run the testswith betterparameterisationaswell asa more
sensibleutilisation of the blendratios. It is probablyeasyto createsomeheuristicsto
determinesuitableblendratios. Anotherinterestingapproximatiorprojectwould beto
checkif the conditionnumberof theapproximatiorproblemis someavhatlinkedto the
degreeof vertices.

Extendingthe schemeto the full C*-surfacesplineschemewill probablynotim-
prove the condition,sinceanincreasediumberof operationsareperformedaswell as
the planarisation-projectiongvhich couldhave aneffect on the dimensionof the basis
aswell) that transmogrifythe meshinto a planarcut polyhedron. But, on the other
hand,theit is possiblethatthe full schemewill dealwith irregularcornersin a better
way.

Theimportanceof parameterisationannotheemphasisetbo much.It is common
knowledgethat oscillationsoften occurwhereexcessparameteispaceis present.In
addition, the speedof the parameterisatiors of high importance;suddenchangesn
parametespeedcangive strangeresults.Hence,an disproportionbetweengeometric
sizeof thesurfaceandthesizeof thecorrespondingarametespacéds thereforandeed
aperil. The parameterisationsedin the approximatiorexperimentsvereparticularly
simple,andthusa betterparametrisatiomouldimprove theresults.

In addition,the power of the blendratioswerenot utilised either Theblendratios
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have the ability to shapethe parametespaceandthusmake sharpcornersandcreases
more“natural” for the surfacespline.

With this said, we have found a usefulmethodof dealingwith polygonalmeshes
(andindeedsurfacesplines) the meshnotation.In our opinion, the formulasarenice,
andhopefullyequallyunderstandabldt is our hopethatthe framenork aswell asthe
resultsof this thesiscansene asaninspirationfor further explorationof the approxi-
mationpropertief the surfacesplineschemes.

Finding someboundon the distancebetweena C!-surfacespline surfaceand a
simpli ed surfacesplinesurfaceof the samecoefcients would beinteresting.If this
is small,thesimpli ed surfacesplinebasiswould bea suitableapproximatiorbasisfor
obtainingcoefcients to be usedwith thefull scheme.

Thesurfacesplinesshareafundamentaproblemwith subdvisionsurfacesandthis
is how to nd the control mesh(basemesh). Currentdecimationalgorithmsarewell
suitedfor coarsepolygonalrepresentationsPolygonalsareinheritly at, but surface
splinesare curved, andthus, most standarddecimationstratejies are not necessarily
optimal for nding a control mesh. Decimationwith a more suitablecriteria based
on someintrinsic propertiesof the surfacesplinelike “ atness” or curvaturecould be
interesting.
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