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Abstract

This thesisstudiesthe problemof using surfacesplinesas an approximationbasis.
The simpli�ed surfacespline basis,a slight simpli�cation of the C1-surfacespline
constructionof Jörg Peters,is presented.Thesimpli�ed surfacedoesnot guaranteea
C1 surface,but hasexplicit formulas,explicit basisfunctionsandknown dimension.
In addition, it residescloseto the C1-surfacespline. The simpli�ed surfacespline
basisis employedin interpolation,leastsquaresapproximationandfairedleastsquares
approximation. In addition, the meshnotation,a notationfor writing algorithmson
polyhedralmeshesin aconciseandmathematicalway, is presented.
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Foreword

Thisthesisis partof my CandidatusScientiarumstudiesattheDepartmentof Informat-
ics,Facultyof MathematicsandNaturalSciences,Universityof Oslo. Thesegraduate
studiesarecomposedof onesemesterof coursesandtwo semestersof scienti�c re-
search.This thesisis theresultof my scienti�c research.

Initially, the scopeof my scienti�c researchwas to do an approximationusing
surfacesplines. This includedtrianglesurfacegeneration,control meshgeneration,
parameterisationof the�ne trianglemeshoverthecontrolmesh,blendratioestimation,
and�nally approximation.I quickly realizedthat in orderto overcomethis ordeal,I
hadto treatall aspectsof this processrathersuper�cially. Thus,I decidedto pick just
oneaspectof this processinstead,andstudythis in somedetail.

It wasnot particularlydif�cult to choosewhich of thesesubjectsto pick. Trian-
gle surfacegenerationis a well-populatedscene,andI doubtI cangive a signi�cant
contribution to this topic. Controlmeshgeneration,on theotherhand,is a moreopen
question. This involves�nding a basemeshfor, amongother uses,approximation.
Blend ratio estimationandsurfacesplineapproximationmethodsareboth very open
questions.With inspirationfrom the approximationtheoryof B-splinespresentedin
“Spline Methods” (Mørken & Lyche2002),a compendiumfor a graduatecoursein
splinemethods,I decidedto try doing somethingsimilar with surfacesplines.Thus,
my topicbecomesapproximationwith surfacesplines.

My intentionwith this thesisis to give a respectableaccountof the schemeand
formsof evaluation,�nding expressionsfor thebasisfunctions,�nding thedimension
of thisbasis,and�nding outif in factthisbasisalwayswasof full rank.Thereadermay
beamusedby my ambition.However, my intentionwasneverto createasurfacespline
theorycomparableto splinetheory. Thesplinetheorywasonly asourceof inspiration.

I �nd it a yielding practiceto do thingssimple �rst, andwhenthe simple thing
works, expandit to the full thing. Moreover, this was the strategy employed on the
surfacespline.Thesimplething is thesimpli�ed surfacespline.However, thestudyof
approximationwith thesimpli�ed surfacesplinebasisgrew into a topic largeenough
to becoveredalonein this thesis.

Thus,extendingmy work to the“full” surfacesplineschememustbeanordealleft
to futuregenerationsof inquisitiveminds— if anyonecaresto bother.

I usethe opportunityhereto thanksomeof the peoplethat have helpedme with
this thesis,rangingfrom generalinspirationto thetradeof mathematicalwriting.

I wishto thankProfessorKnutMørken,mysupervisor, for givingmethefreedomto
mouldthisthesisinto preciselywhatI wanted,aswell asnumerousvaluablecomments,
discussionstips,andconstructivecriticism.

I alsowish to thankMartin Reimers,a Ph.D. fellow hereat the department,for
friendshipaswell ascountlessdiscussions,commentsandcriticism— nonenecessar-
ily limited to surfacesplines.
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I also wish to thank the employeesat Sim Surgery A/S, especiallyJanSigurd

RøtnesandGeirWestgaard.Røtnesinitially posedtheproblemof my thesis,andWest-
gaardhasgivenmea lot of usefulinformationon thesurfacesplineschemes,aswell
asdiscussions,commentsandconstructivecriticism.

Finally, I wish to thankmy fellow studentsat “Parken” studyroom for the good
socialenvironment.
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Chapter 1

Intr oduction and background

This is athesisaboutsurfacesplines.Wepresentthesimpli�ed surfacespline, asimpli-
�cation of the“C1 surfacesplines”-schemeby Jörg Peters(Peters1995a). Thethesis
canbedividedinto four subjects:

1. Themeshnotation,a clean,conciseandmathematicalmethodof de�ning sub-
setsof connectivity. This notationis not restrictedto analysisof surfacespline
schemes.

2. A thoroughinvestigationof thesimpli�ed surfacesplinescheme.Much of the
structureof this investigationcan be appliedto other surfacespline schemes.
In addition,a few approximationexperimentsareperformedwith thesimpli�ed
surfacesplinebasis.

3. An overview of a few surfacesplineschemes.

4. A thoroughdiscussionof practicaladvantagesfor usingsurfacesplineschemes.
Muchof this discussionis applicablefor any schemebasedonconvex combina-
tions.

Thecontribution of this thesiswith originality areitems(1) and(2). Items(3) and(4)
aremoreof anoverview of existing literatureandknowledge.

1.1 About surfacesplinesand meshes

We give a quick overview of surfacesplineschemesin general,andthenpresentthe
motivationof thesimpli�ed scheme.

1.1.1 Surfacesplinesin general

Surfacesplinesmayberegardedasa macrospline,similar to theClough-Tocherand
Powell-Sabinmacrosplines. The surfacesplinetries to have the same“conceptual”
framework as B-splines,wherethe connectivity and the blend ratios play the same
role asknot vectorsdo for B-splines.Givena controlmesh,this meshis re�ned and
weightscalledblendratiosareusedto tunethe locationof the re�ned vertices. The
re�ned meshandverticesarethenusedto constructa connectedpatchwork of tensor
productB-splinepatches.Thesepatchesabut with thedesiredsmoothness.

1



2 CHAPTER1. INTRODUCTIONAND BACKGROUND

Thesurfacesplineschemegeneratesa surfacefrom controlmeshesof ratherarbi-
trary topologies.Thesurfacedoessatisfystandardsmoothnesscriteria.Thenumberof
patchesoutputis usuallykept to a minimum,anda closedform of thesurfaceexists.
Theparameterisationis simpleandbasedon standardpatches.Thusthesurfaceis not
dif�cult to evaluate,render, differentiate,andintegrate.

With thissaid,thesurfacesplinedoesnotpossessthesubdivisionpropertyessential
for wavelets.Further, theconstructionis not particularlysimpleandelegant— many
of the schemesare in fact ratherhard to implement. In addition, the schemesare
non-trivial to generalisefor arbitrary degreeand smoothness,and thereexists little
approximationtheoryfor theseschemes.

1.1.2 The simpli�ed surfacespline

Thereasonof this simpli�cation is to makea simpleprototypefor experimentingwith
methodsof �nding basisfunctionsandproperties.

Whensucha methodis found, it canbeappliedto the full scheme.Investigating
the schemein full is not in the scopeof this thesis. However, we will examinethe
simpli�ed surfacesplinein detail: variousformsof construction,thebasisfunctions,
andhow to obtainthem,aswell assomepropertiesof thescheme.

Thefocusof thethesisis approximationpropertiesof thesimpli�ed surfacespline.
To shedlight on this, we presentfour kindsof approximationschemes,andput these
to practicewith someexperiments.

1.1.3 About meshnotation

Surfacesplinesarede�ned over arbitrarytopologymeshes.We have foundno useful
notationfor dealingwith arbitrarymeshesthatbothis suitablefor mathematicalanaly-
sisaswell asdescribinga potentialinterfacebetweenalgorithmsandtheconnectivity
kernel1. We call this notationmeshnotation. Meshnotationis the resultof applying
therelationaldatabaseparadigmongeometricalobjects.Usingrelationaldatabasesfor
geometricmodellingperseis nothingnew, relationaldatabasesaresometimesusedin
GIS-systems.

However, we have neverencounteredtheuseof this paradigmto de�ne a notation
to extractcertainsubsetsof theconnectivity. Connectivity informationin theguiseof
relationalalgebra,combinedwith mathematicalsetoperations,yieldssomeinteresting
results.We will dealwith this in chapter2.

1.2 Organisationof thesis

We giveasmalloverview of thechapters:

1. Intr oduction and background givesa roughoverview of theproblemandthe
contentsof this thesis,aswell asa literaturereview. We give an overview of
convex combinationsandsomepropertiesof theseoperations.Convex combina-
tionsareusedto provesomepropertiesof thesimpli�ed surfacespline.Therest
of the chapteris an quick overview, to setthe a context, of Béziersplinesand
B-splines.

1By connectivity kernelwemeanwhateverdatastructurecontainingtheconnectivity of theobjectaswell
asinterfacefunction
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2. Meshesde�nestheconceptsof meshesandmeshqueries.Meshqueriesareused
extensively in thefollowing chapters.

3. The surface spline curve servesasan introductionto surfacesplineschemes.
In addition,theboundarycurveof thesimpli�ed surfacesplineis suchacurve.

4. Surfacesplineschemesgivesanoverview of threeexistingsurfacesplineschemes.

5. The simpli�ed surfacesplinegivesanaccountof thesimpli�ed surfacespline.

6. The simpli�ed surface spline basisgivesa detailedaccountof how the basis
functionswerefound,anda few propertiesarededuced.

7. Practical considerationsgivesa discussionaboutpracticalemploymentof sur-
facesplines,with substantialweightonmethodsof evaluationandrendering.

8. Approximation experimentisanexperimentto testthesimpli�ed surfacespline
basisdeducedin chapter6.

9. Conclusionstries to summarisethis thesis. In addition,a roadmapfor further
researchonapproximationwith surfacesplinesis given.

1.3 Literatur e review

A relatively small amountof literatureon the topic of surfacesplinesexists. A few
booksmentionthescheme,in thefourtheditionof (Farin1996)asmallpresentationof
surfacesplinesis given,anda few articlesemploy theseschemes.

The Primarysourceof informationon surfacesplinesis found in the articlesof
Jörg Peters.The earliestarticle from Peterson surfacesplinesis (Peters1994),and
this schemeis discussedin section4.2.1. This schemeis improvedin (Peters1995a),
which is discussedin section4.1. This is theschemethatthesimpli�ed surfacespline
is basedupon. In additionto a presentationof theconstruction,proofsfor continuity
andtheconvex hull propertyaregivenin thepaper.

In (Gonzalez& Peters1999)theC1 surfacesplineis extendedto incorporatelocal
re�nementandtopologychanges.However, there�nementproceduredoesnotgivethe
exactsamesurface.Finally, in (Peters1996)a G2 surfacesplineconstructionis given.

On applicationof surfacesplines,(Eck & Hoppe1996)givesan accountof em-
ploying surfacesplineswhenreconstructingB-splinesfrom pointclouds.

Thearticle(Gonzalez-Ochoa,McCammon& Peters1998)givesanaccountof how,
by usingthegreattheoremof Gauss,to computevariousphysicalpropertiesof objects
de�ned by piecewisepolynomials.

Very little is written on the topic of planarcut polyhedra.Planarcut polyhedrais
mentionedin someof Peters’papers,especiallyin (Peters1998)whereanalgorithmto
convertplanarcutpolyhedrato trimmedNURBSpatchesis given.

In (Farin 1996),a thoroughaccounton continuity of compositesplinepatchesis
given. Anotheraccount,probablymoreaimedat surfacesplines,aregiven in (Peters
2001). This paperrevealssomeof the motivation behindthe stepsof surfacespline
constructions.

The meshnotationis basedon G-maps.The articles(Halbwachs& Hjelle 1999)
and(Halbwachs,Courriouz,Renaud& Repusseau1996)bothgive a gooddescription
of theconceptof G-maps,aswell asrelevantreferences.



4 CHAPTER1. INTRODUCTIONAND BACKGROUND

1.4 Background material

In this sectionwe will look at Convex combinations,BéziersplinesandB-splinesand
surfacesplines. Convex combinationsare usedextensively in this text, and Bézier
patchesareusedin thesurfacesplineconstruction.

1.4.1 Convexcombinations

We assumethat all pointsmentionedarepointsin a linear space.Thus,this will not
bestatedexplicitly, but neverthelessit is animportantrequirement.We begin with the
formalde�nition of a convex set.

De�nition 1.4.1. A setS is convex if

� p0 + (1 � � )p1 2 S; 8p0; p1 2 S; and � 2 [0; 1] (1.1)

A convex setis a setwhereany line segmentbetweentwo elementsof thesetis con-
tainedin thesetaswell. We alsode�ne theconvex hull.

De�nition 1.4.2. Theconvexhull of thesetof pointsP, CH(P), is thesmallestconvex
setscontainingall of thepointsof P.

The linear interpolationof de�nition 1.4.1is in fact a convex combination.We give
this concepta formalde�nition.

De�nition 1.4.3. A convexcombinationof thepointsc1; : : : ; cn is a construction

c =
nX

i =1

� i ci ; (1.2)

where theweights� i satisfythetwo requirements

1. � i � 0 i = 1; : : : ; n

2.
P n

i =1 � i = 1.

If we can write an expressionas a convex combination,the result hassomeuseful
properties,in particular, theconvex hull property.

Property 1.4.4. A convex combinationalwaysresidesinside the convex hull of the
pointsusedin theconvex combination.

This follows from the de�nitions 1.4.1 and 1.4.2. Convex combinationsof convex
combinationsarein turnconvex combinationsthemselves.This is usefulwhenproving
thata constructionis a convex combination.

Property 1.4.5. Givena setof pointsP, let Q be a setof pointsde�ned as convex
combinationsof the points in P. Let the set R be a set of pointsde�ned as convex
combinationsof thepointsin Q. Then,thepointsin R are convex combinationsof the
pointsin P.

Proof. Let aconvex combinationof aconvex combinationbe

c =
n �X

i =1

� i

0

@
n �X

j =1

� ij cj

1

A (1.3)
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Sincebothcombinationsareconvex, all weightsarepositive. Any multiplicationof two
of theseweights,� i � � j will bepositive aswell; hencerequirement(1) of de�nition
1.4.3is satis�ed. Further,

n �X

i =1

� i

0

@
n �X

j =1

� j

1

A =
n �X

i =1

� i � 1 = 1; (1.4)

which ful�ls requirement(2) of de�nition 1.4.3.

Insteadof writing convex combinationsasasum,wecanwrite it asamatrixproduct
betweenarow vectorof weightsandacolumnvectorof theobjectsto becombined.If
we stackseveralof theseconvex combinationson top of eachother, we geta convex
combinationmatrix.

De�nition 1.4.6. A convexcombinationin matrix form is theconstruction

P = AC
2

6
4

p1
...

pm

3

7
5 =

2

6
4

� 11 : : : � 1n
...

...
...

� m 1 : : : � mn

3

7
5

2

6
4

c1
...

cn

3

7
5

(1.5)

where theelementsof theweightmatrix A satisfy

1. � ij � 0; 1 � i � m; 1 � j � n; and

2.
P n

j =1 � ij = 1; 1 � i � m.

Eachrow of A consistsof theweightsof oneconvex combination.We will proveone
situationwherethe weight matrix is non-singular. In orderto do so, we mustde�ne
diagonallydominantmatrices.

De�nition 1.4.7. If theentriesaij of a matrix A possessthefollowingproperty,

jaii j >
nX

j =1 ;j 6= i

jaij j 1 � i � n; (1.6)

thenA is a diagonallydominantmatrix.

Diagonallydominantmatricespossesstwo usefulproperties:

Property 1.4.8. If thematrixA is diagonallydominant,thefollowing is true:

1. Thematrix A is non-singularandhasanLU-factorisation.

2. ThesystemA x = b canbesolvedbyGaussianeliminationwithoutpivoting.

Proofs for both propertiescan be found in (Cheney & Kincaid 1996, pp.188-190).
We will now show when the weight matrix of a convex combinationis diagonally
dominant,andthus,possessesproperties1.4.8.

Property 1.4.9. Theweightmatrix of a convex combinationin matrix form is diago-
nally dominantif

1. m = n, and
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2. � ii > 1=2, for 1 � i � n,

that is, it is squareandthediagonalentriesare larger than1=2.

Proof. Eachrow sumto oneandeachentry in thematrix is non-negative. Thus,for
eachrow, if thediagonalelementis larger than1=2, thenthesumof theotherentries
of the row will be smallerthan1=2, andthereforethe matrix is diagonallydominant
accordingto de�nition 1.4.7.

We think it is goodpracticeto de�ne termsbeforeusingthem. Thus,we boldly
ignorethepotentialperil of beingregardedaspedantic,andstartwith convex combi-
nationsandBernsteinpolynomials.

1.4.2 Béziersplines

Béziersplinesarecloselyrelatedto B-splines,in fact it is possibleto transformany
B-splineto a Béziersplineby knot insertion,andthusit is alwayspossibleto write a
Béziersplineasa B-spline,it is just a matterof choosinga representation.TheBézier
curvesandsurfacesrepresentafundamentalbuilding blockfor surfacesplineschemes.

Bernsteinpolynomials

Beforede�ning Béziercurvesandsurfaces,we de�ne theBernsteinpolynomials.

De�nition 1.4.10. TheBernsteinpolynomialsof degreed arede�nedas

B d
i (u) =

�
d
i

�
ui (1 � u)d� i ; u 2 [0; 1] (1.7)

where i = 0; : : : ; d.

TheBernsteinpolynomialsexhibit someusefulproperties.

Property 1.4.11. TheBernsteinpolynomialsare

1. a partition of unity,

2. all non-negativeon theinterval [0; 1], and

3. a basisfor polynomials.

Proofsarefound in (Farin 1996). From (1) and(2) we seethat the setof Bernstein
polynomialsfor agivendegreecanbeusedasweightsfor aconvex combination.

Bézier curves

TheBernsteinpolynomialsform thebasisfor theBéziercurve:

De�nition 1.4.12. TheBéziercurvesegmentof degreed is de�nedas

f (u) =
dX

i =0

B d
i (u)ci ; ci 2 Rn (1.8)

whereB d
j (u) aretheBernsteinpolynomialsandc0; : : : ; cd are thed+ 1 control points

of thecurve.
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Wewill giveanexampleof two Béziercurves,thelinearinterpolationandthequadratic
Bézierblend.Thesetwo curveswill beusedlaterin thetext.

Example 1.4.1. Thelinear interpolationis a Béziercurveof degree1,

f (u) =
1X

i =0

B 1
i (u)ci

= B 1
0 (u)c0 + B 1

1 (u)c1

= (1 � u)c0 + uc1:

(1.9)

Thequadratic Bézierblendis a Béziercurveof degree2,

f (u) =
2X

i =0

B 1
i (u)ci

= B 2
0 (u)c0 + B 2

1 (u)c1 + B 2
2 (u)c2

= (1 � u)2c0 + 2(1 � u)uc1 + u2c2:

(1.10)

Tensorproduct Bézier surfaces

Thetensorproductof two BéziercurvebasisescreatesabivariatetensorproductBézier
basis.For details,see(Farin1996)or (Gallier2000).

De�nition 1.4.13. A Béziertensorproductsurfaces(u; v) is de�nedas

s(u; v) =
duX

i =0

dvX

j =0

ci;j B du
i (u)B dv

j (v); ci;j 2 Rn ; (1.11)

whereB du
i (u) andB dv

j (v) areBernsteinpolynomialsandci;j areelementsof a du � dv

grid of control points.

We giveanexampleof two tensorproductsurfaces(bothwill beusedin thesimpli�ed
surfacesplineconstruction).

Example 1.4.2. Thebilinear interpolationis a tensorproductof two linear interpola-
tions,thusthedegreesare both1 in theu andv directions.

s(u; v) =
1X

i =0

1X

j =0

ci;j B 1
i (u)B 1

j (v)

= (1 � u)(1 � v)c0 + (1 � u)vc1 + u(1 � v)c2 + uvc3:

(1.12)

Thebiquadratic blendis a tensorproductof two quadratic Bézierblends.In this case
thedegreesare 2 in boththeu andv directions.

s(u; v) =
2X

i =0

2X

j =0

ci;j B 2
i (u)B 2

j (v)

= (1 � u)2(1 � v)2c0;0 + 2(1 � u)2(1 � v)vc0;1 + (1 � u)2v2c0;2+

2(1 � u)u(1 � v)2c1;0 + 4(1 � u)u(1 � v)vc1;1 + 2(1 � u)uv2c1;2+

u2(1 � v)2c2;0 + 2u2(1 � v)vc2;1 + u2v2c2;2:
(1.13)

Figure1.1givesan ideaof howthecontrol pointsrelateto theparameterspace.
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Figure1.1: Lay-out of the control pointsfor the bi-linear interpolation(left) andthe
bi-quadraticBézierinterpolation(right).

Propertiesof Bézier curvesand surfaces

Béziercurvesandsurfaceshavenumeroususefulproperties,mostof whichstemfrom
thefactthattheseshapesareconvex combinationsof thecontrolpoints.Wewill present
someof themhere,thoughwithout motivationandproofs— thereaderis encouraged
to consulttextslike(Farin1996),(Gallier2000)and(Foley, vanDam,Feiner& Hughes
1996).

Property 1.4.14. Béziercurvesandsurfacesexhibit thefollowing properties:

1. Thederivativeof a Béziercurveor surfaceis anotherBéziercurveor surfaceof
lowerdegree, where thecoef�cients aredifferencesof theoriginal coef�cients.

2. TheBéziercurveor surfaceresideinsidetheconvex hull of thecontrol points.

3. Béziercurvesor surfacesof degree1 or higherexhibit linear precision(repro-
ducesa line or plane).

4. Béziercurvesinterpolateits control pointsat the end,and the Béziersurfaces
interpolatethefour cornercontrol points.

1.4.3 CompositeBéziercurvesand surfaces

Polynomialsarein�nitely smooth;hencethecontinuitypropertiesof schemesproduc-
ing piecewise polynomialsare only interestingat the joints. We will not treat this
subjectwith greatrigour sinceit is not in the major scopeof this thesis. The reader
is referredto (Farin1996)and(Peters2001)for discussionsof continuityandgeomet-
ric continuity, where(Peters2001)is very focusedon requirementsfor surfacespline
schemes.We de�ne theconceptsof continuityata joint veryloosely:

De�nition 1.4.15. A compositepolynomialhasthefollowing continuitypropertiesat
a joint if thefollowing propertiesmatch for all thepiecesmeetingat thejoint:

1. C0 or G0 if thepositionsmatch.
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2. C1 if all of thederivativesmatch.

3. G1 if thetangentplanesmatch.

In general,Cn -continuityis dependenton theparametrisations:Thespeedanparame-
ter spacemustmatchacrossthejoint. Gn -continuityrequiresonly suchareparametri-
sationto exists. Thus,thereis adifferencebetweenC0 andG0. For asurfaceto beC0,
theparameterspacesmustmatch.

Contraryto intuition, G1 canbe stricterthanC1. G1 requiresthe tangentplanes
to exists, and thus, the derivativesof the parametrisationcan not drop to zero. We
call sucha parameterisationa regular parameterisation. Cn -continuitydoesnot have
sucha restriction. However, an irregular parameterisationwherethe “speed”of the
parameterisationdropsto zerocanbedesirable;beingameanto achievesharpcorners,
asis thecasewith surfacesplines.

Béziercurvesandsurfacesarepolynomials,andin orderto makeinterestingshapes
with them,they mustbe“glued” together. This “glue” is smoothnessconstraints.The
derivativesof theBéziersplinesarevery simple,so thesesmoothnessconstraintscan
oftenbereducedto co-linearityof coef�cients etc. However, it is dif�cult to createa
singlevectorspacefor thecompositecurve. Surfacesplines,andB-splinesin particu-
lar, solve this problem.

1.4.4 B-splines

A B-splinecurve is composedof threeelements:A degree, a knotvectoranda setof
coef�cients. Thedegreeis thedegreeof thepolynomialpieces,andprovidesanupper
boundfor thesmoothnessat theknots. Theknot vectoris a vectorof non-decreasing
valuesandde�nes theparameterspaceof theB-spline. Therelative spacingbetween
theknotsgovernsthetightnessof thecurve. If thespacingis small,thecurvebecomes
sharperandcloserto thecontrolpoint, andif two knotscoincide,thecurve losesone
degreeof continuityat thatparametervalue.Thus,theknot vectorprovidesa meanto
controlthelocal shapeof thecurve.

Thedegreeandtheknotvectortogetherform asplinespace.Thecoef�cients de�ne
a splineof this splinespace.The greatadvantageof B-splinesis that smoothnessof
segmentjoints areautomaticallytakencareof, andthusno peripheralconstraintsare
needed.

Similar to Béziersurfaces,we cancreatea bivariateB-splinesurfaceasthetensor
productof two univariateB-splinecurves.With thisconstruction,wehavethe�e xibil-
ity of two knot vectors. In addition,it is requiredthat thecontrol pointsis organised
in a grid (andthusis not of arbitrarytopology).To modela shapeof a morearbitrary
topology, wemustslicethesurfaceinto pieces,andby performingthisslicing,theuni-
�ed behaviour gainedby usingB-splinesratherthanBéziersplinesis lostsinceweyet
againhavesomeperipheralsmoothnessconstraints.

Therehave beenattemptsto generalisethe tensorproductB-splineconstruction
over arbitrary topologies(arbitrary is probablya bit of an over-statement,sinceall
schemesdo have somerestrictionson theparameterdomain.However, they aremore
arbitrarythanthe parameterdomainof B-splines).This is not new, two paperswere
publishedin 1978on this topic, (Catmull & Clark 1978)and (Doo & Sabin1978).
Subdivisionsurfacesandsurfacesplinesareoffspringsof the strategiespresentedin
thesearticles.
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1.5 Summary

This initial partof this chaptergave a very brief overview of whatsurfacesplinesare,
aswell asa literaturereview.

Thelatterpartof thischaptergavesomebackgroundinformation.Thewell known
convex combinationsareusedto provemiscellaneouspropertiesof thesimpli�ed sur-
facespline scheme. The treatmentof Bézier splinesand B-splinesare super�cial.
Thesetopicsareincludedto giveasettingfor thesurfacesplineschemesin this text.



Chapter 2

Meshes

Thischapterde�nesthemeshandmeshqueries.A meshis simplyput theconnectivity
of anobjectde�ned by polygons.Theinterestingpartis themeshqueries,theresultof
applyinga relationaldatabaseparadigmto meshconnectivity, andwhichenablesusto
specifypartsof themeshin aconciseway.

Weborrow sometermsandconceptsfrom G-maps.InformationonG-mapscanbe
foundin (Halbwachs& Hjelle 1999)and(Halbwachset al. 1996).

2.1 Somenoteson sets

The meshde�nition is basedon sets. A set is a collectionof elements. An element
couldbeany entity, beit a vertex, anedgeor anotherset.Thesizeof a setA, denoted
# A, is thenumberof elementsthesetcontains.Thus,if A = f a; b;cg, then# A = 3.

An offsetinvariant ordered set is just asan orderedset,however with a different
equivalencerelationattachedsuchthatonly therelativeorderingof elementsis consid-
ered.

De�nition 2.1.1. Anoffsetinvariant orderedsetis anorderedset.Twooffsetinvariant
ordered setsare consideredequalif onecan bemadeidentical to theotherby cyclic
shiftingof theset’selements.

Thus,only the containedelementsandtheir relative order is of importance.If A =
f a; b;c;dg andB = f b;c;d;ag areoffset invariantorderedsets,they’re considered
equalsinceB canbemadeidenticalto A by applyingonecyclic shift to the right on
the set. However, the setC = f a; c;b;dg is equalto neither, sincethe relative order
betweentheelementsis disturbed.

We usepairsto de�ne edges.

De�nition 2.1.2. A pair is a setof two distinctelements.

Circuitsareusedto de�ne faces.

De�nition 2.1.3. A circuit is a shift invariantorderedsetof pairswhere:

1. Each pair is usedat mostonce.

2. Adjacentpairscontainonecommonelement.

3. Theelementsof thepairsareusedexactlytwiceby thepairsof thecircuit.

11
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Thefact thata circuit is shift invariantandtherequirement(2) of de�nition 2.1.3im-
pliesthatthe�rst andthelastpairof acircuit containsthesameelement.Thelengthof
acircuit is thenumberof pairsfrom whichthecircuit is de�ned. Thisnumberhappens
to bethenumberof distinctelementsusedby thepairsof thecircuit aswell.

2.2 The meshde�nition

Usually, a vertex hasa geometricalposition,andwe de�ne facesby connectingthe
vertices.In thiscontext, thevertex servestwo purposes.Firstof all, it is a“connectivity
thingy” from which we cande�ne faces.In addition,eachvertex hasasmentioneda
position.

However, in the meshparadigmwe separatethesetwo roles. A meshis the con-
nectivityof a shape.Thereis no geometricinformationin themesh.However, we can
embed(muchin the sameway asembeddingsof G-maps)the meshinto a spaceby
associatinggeometrywith meshelements(e.g. thevertices). If this embeddedmesh
is to de�ne a surface,we mustalsoassociatea scheme. Theschemedescribeshow to
de�ne asurfacefrom thegeometryandtheconnectivity.

Thereis anadvantageof this. With surfacesplines,welet themeshde�ne asurface
splinespace,andthegeometryattachedto theverticesde�ne a speci�c surfacein this
space.This is complementaryto knotvectorsandcoef�cients of B-splines.

We de�ne thevertex, theedgeandtheface.

De�nition 2.2.1. A vertex is a fundamentalelement,andhasno properties.An edge
is a pair of twovertices.A faceis a circuit of edges.

Thus,edgesaretheelementsof faces,andverticesaretheelementsof edges.We use
thenotationalconventionof letting vi denotevertex i , ej edgej , andf k facek. Then
wearereadyto de�ne themesh.

De�nition 2.2.2. A meshis thecollectionof thethreesets

M = (V; E; F) ; (2.1)

whereV is thesetof vertices,E is thesetof edgesandF is thesetof facesde�ning the
mesh.Theelementsof thethreesetsmustcollectivelysatisfy:

1. Everyvertex in V mustbeusedat leasttwicebyedgesin E.

2. Theedgesin E mustbeusedat leastonceandat mosttwiceby facesin F.

3. If an edge is usedby two faces,the facesmustvisit the verticesof the edge in
opposingorder.

4. Theverticesin V mustbeusedbyexactlyzero or two boundaryedges.

Requirement(1) of de�nition 2.2.2makessurethatno verticesareleft unused.This
simpli�es thingswhenbuilding approximationmatrices.Further, requirement(2) as-
suresthatedgesareusedat leastonce,andnot usedby threeor morefaces.Threeor
morefacessharingacommonedgecannotde�ne atwo-manifoldsurface.Requirement
(3) assuresa consistentorderingof the faces.Thus,a Möbius strip cannotbe repre-
sentedasa mesh.Requirement(4) assuresa simpleboundary. Facesarealwaysof at
leastlengththreedueto thecircuit de�nition (the reasonwhy is left asa little puzzle
for thereader).
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e2={2,4}
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e3={3,4}

e7={4,8}

e1={1,2}

e5={1,5}
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f3={{1,3},{3,4},{2,4},{1,2}}f2={{1,5},{1,3},{3,7},{5,7}}

f4={{5,6},{6,8},{7,8},{5,7}} f5={{2,4},{4,8},{6,8},{2,6}}

f6={{3,7,{7,8},{4,8},{3,4}}

Figure2.1: Examplemesh.Thenumbersdenotevertex numbers.

Example 2.2.1. We will nowde�ne themeshof theunit cube(referto �gur e2.1). The
unit cubeis composedof eightverticeswhich wesimplyenumeratefrom1 through8,

V = f v1; v2; v3; v4; v5; v6; v7; v8g: (2.2)

Theunit cubehastwelveedges,each connectinga pair of vertices:

E = f e1; e2; e3; e4; e5; e6; e7; e8; e9; e10; e11; e12g

=
�

f v1; v2g; f v2; v4g; f v3; v4g; f v1; v3g; f v1; v5g; f v2; v6g;

f v4; v8g; f v3; v7g; f v5; v6g; f v6; v8g; f v7; v8g; f v5; v7g
	

:

(2.3)

Andthereare six faces:

F = f f 1; f 2; f 3; f 4; f 5; f 6g

=
�

f e1; e6; e9; e5g; f e5; e4; e8; e12g; f e4; e3; e2; e1g

f e9; e10; e11; e12g; f e2; e7; e10; e6g; f e8; e11; e7; e3g
	

=
n�

f v1; v2g; f v2; v6g; f v5; v6g; f v1; v5g
	

�
f v1; v5g; f v1; v3g; f v3; v7g; f v5; v7g

	

�
f v1; v3g; f v3; v4g; f v2; v4g; f v1; v2g

	

�
f v5; v6g; f v6; v8g; f v7; v8g; f v5; v7g

	

�
f v2; v4g; f v4; v8g; f v6; v8g; f v2; v6g

	

�
f v3; v7g; f v7; v8g; f v4; v8g; f v3; v4g

	 o

(2.4)
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Notethat thesetof edgesis in fact a setof setsof vertices,andthesetof facesis a set
of setsof setsof vertices.Fromthesethreesetswede�ne themesh:

M = (V; E; F) : (2.5)

A meshcancontainmostkindsof polygons.However, if themeshonly containstrian-
gles,themeshis calleda triangular mesh, andif themeshonly containsquadrilaterals
themeshis calleda quadmesh.

2.2.1 The verticesof a face

It is often useful to representa faceasa setof verticesinsteadof a circuit (which is
a setof edges).We usethe “hat” to denotewhenwe usethe faceasa setof vertices
insteadof asetof edges.

De�nition 2.2.3. Theverticesof a faceare

f̂ =
[

ei 2 f

ei : (2.6)

Thusf̂ is theunionof all theedgesof f , andsincetheedgesaresetsof vertices,the
resultis a largesinglesetcontainingtheverticesof theface.

Example2.2.2. Usingthemeshde�nedin example2.2.1wehave

f̂ 1 = f v2; v6; v5; v1g

f̂ 2 = f v1; v3; v7; v5g

f̂ 3 = f v1; v3; v4; v2g

f̂ 4 = f v6; v8; v7; v5g

f̂ 5 = f v4; v8; v6; v2g

f̂ 6 = f v3; v7; v8; v4g

(2.7)

2.2.2 Positionsin the mesh

We usesometermsto specifya positionin themesh.Figure2.2 givesan illustration
of someof them. Thesetermsspeci�espositionsin theconnectivity(mesh)anddoes
notspecifya geometricalposition.The�rst two of them,verticesandedges, arerather
obvious. Thesetwo arethe sameconceptsknown from graphtheory. In addition,a
meshhasfaces.

Thenwe have somemoreuncommonterms.Thecorners is wheretwo facesof an
edgeconnect.

De�nition 2.2.4. A corner is a vertex-facepair (vi ; f k ) where vi 2 f̂ k . A corner
representsa positionbetweentwo edgesin the facedescription.Thesetwo edgesare
namedein or the incomingedge, which is theedge in f k that connectsto vi , and the
outgoingedgeeout which connectsfrom vi in thecircuit.

A facethat is ann-gonhasn corners.Eachcornerresidesin thepositionwheretwo
edgesmeet(atavertex) in this face.Sincethecircuit de�nition enforcesavertex to be
visitedeitherby noneor by two edges,thecornerde�nition causesno ambiguities.A
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Figure2.2: Positionsin amesh.Thenodes(upperleft), theedges(upperright) andthe
faces(middleleft) formsamesh(middleright). In thismeshwe�nd corners,theblack
triangles,(lower left) anddarts,thepointedarrows(lower right).
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corner“has” onevertex (thevertex wherethecornerresides)aswell astwo edges,the
incomingedgeandtheoutgoingedge.Which edgeis incomingandwhich is outgoing
dependson theorientationof thefaces.

At eachendof eachedgewehaveanedge-end.

De�nition 2.2.5. A edge-endis a vertex-edge pair (vi ; ej ) where vi 2 eh . Theedge-
endsare locatedon theendof edges.

Obviously, eachedgehastwo edge-ends.Eachedgealsohaveanumberof half-edges.
Thehalf-edgesarealongthesidesof theedges.

De�nition 2.2.6. A half-edgeis a edge-facepair (ej ; f k ) where ej 2 f k . Thehalf-
edgesare locatedalonganedgewherea faceabuts.

In this way, if m facesabut an edge,the edgehasm half-edges.Sinceonly oneor
two facesmay abut an edge,consequentlyan edgeonly hasone or two half-edges
dependingon whetheror not the edgeis a boundaryedge.Boundaryedgeshasonly
onehalf-edge,while non-boundaryedgeshastwo.

A conceptborrowedfrom G-mapsarethedarts.Eachhalf-edgehastwo darts. In
contrastto thedartsof theG-maps,ourdartsdonothaveany involutionsde�ned. Our
dartsis a simplevertex-edge-facetriple.

De�nition 2.2.7. A dart is a vertex-edge-facetriple (vi ; ej ; f k ) where vi 2 ej and
ej 2 f k . Dartsare locatedon theendof half-edges.

Fromthede�nition of dartswe seethatthedartis notanarbitrarytriple. This require-
mentputa lot of topologicalinformationof themeshinto thedarts.

We canlook at thesepositionsascursorsin theconnectivity at different“resolu-
tions”. We let vi 2 V, ej 2 E, f k 2 F, andM = (V; E; F). We thenhave some
deducedsets(they arenotexplicitly de�ned). ThesetC is thesetof all possiblecorner
speci�cationsin M , thesetD asthesetof all possibledarts,thesetHE asthesetof all
possiblehalf-edgesandEE asthesetof all possibleedge-ends.

Example 2.2.3. Themeshde�ned in example2.2.1has24 corners,andwede�ne the
setof cornersC:

C =
�

f v2; f 1g; f v6; f 1g; f v5; f 1g; f v1; f 1g; f v1; f 2g; f v3; f 2g;

f v7; f 2g; f v5; f 2g; f v1; f 3g; f v3; f 3g; f v4; f 3g; f v2; f 3g;

f v6; f 4g; f v8; f 4g; f v7; f 4g; f v5; f 4g; f v4; f 5g; f v8; f 5g;

f v6; f 5g; f v2; f 5g; f v3; f 6g; f v7; f 6g; f v8; f 6g; f v4; f 6g
	

(2.8)

2.2.3 The number of meshelements

Someobservationscanbemadeaboutthedifferentkind of meshelements.However,
we must�rst de�ne someclassi�cationsof themeshelements.We classifyeachedge
to bea boundaryor a non-boundaryedge.

De�nition 2.2.8. Anedge is boundaryif onlyonefaceabutstheedge. Otherwise, two
facesabut theedgeandtheedge is non-boundary.

We let thetwo setsBE andIE bethesetsof boundaryedgesandnon-boundaryedges
respectively.
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A vertex canhavebothaedgedegreeor facedegree. Theedgedegreeis thenumber
of edgesconnectedto thevertex, andthe facedegreeis thenumberof facesabutting
thevertex. If thevertex is interior (all connectingedgesarenon-boundaryedges),the
edgeandfacedegreeis thesame.

Thento the observations. If themeshis purely triangular, thenumberof corners
# C = 3# F. Likewise, if the meshis purely quadrilateral,then# C = 4# F. If the
meshis mixedwith differentkindsof polygons,thenumberof cornersmustby found
by summation.Eachtrianglecontributeswith threecorners,eachquadrilateralwith
four, etc. In additionwe have someinvariantsof thesizesof thesetsof corners,edges
anddarts.

Property 2.2.9. FromthemeshM thesetof corners C andthesetof dartsD maybe
deduced.We partition thesetof edgesin two, into thesetof boundaryedgesBE and
thesetof internal (non-boundary)edgesIE. Thefollowing is true:

1. # C = # BE + 2# IE

2. # D = 2# C = 2# BE + 4# IE

Proof. Eachinternaledgeis surroundedby four corners,andeachboundaryedgeis
surroundedincompletelyby two corners.A cornerabutstwo edges,andthis gives(1).
Eachcornercontainstwo uniquedarts(onealongtheincomingedgeandonealongthe
outgoingedge),andthis gives(2).

Sometimes,in sub-andsuperscriptsof sums,thenumberof verticesin a meshare
denotedNv , the numberof edgesaredenotedNe, the numberof facesN f , andthe
numberof cornersNc, etc. The reasonfor this is purely aestheticallyreasons.It is
alsoworth noticing thateventhoughbothcircuitsandshift invariantorderedsetsare
in factsets,we do not usethesetfont whendealingwith edgesandfaces.Thereader
maythink thatthis inconsistency canbea causeof confusion,however, in our humble
opinion, theoppositeis the case.Therefore,vertices,edgesandfacesaredenotedin
thesamefont.

2.3 Meshqueries

This sectionspresentsthe resultsfrom applying the paradigmof relationalalgebra
(databases)on connectivity of geometricalmodels.This is indeedanunorthodoxap-
proach.However, wewill seethatthis approachlet usreapusefulconcepts.

In computationalgeometryweoftenneedto dooperations“for eachabuttingface”,
“for eachfacede�nedby four verticeswhereonevertex is boundary”andsoon. These
verbosedescriptionsare(sometimes)intuitive,however, they lack theconcisenessand
compactnessof amathematicalnotation.Ambiguitiesis especiallyaproblemwhenim-
plementingalgorithms.Meshqueriesis supposedto bea notationto write algorithms
of computationalgeometryin acompactandconciseform.

2.3.1 Relational concepts

The ideais very basedon relationalalgebra(usedin databasedesign).Relationalal-
gebrain a databasesettingis not the sameas a mathematicalbinary relation. For
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comprehensiveinformationonrelationalalgebrathereaderis referredto oneof thenu-
merousbooksdealingwith thistopic,for example(Elmasri& Navathe1994).However
wewill giveaextremelybrief overview of theconceptusedin this section.

A relationcanbeviewedasatable.Eachcolumnof this tablerepresentaproperty,
andis calledan attribute. Theclassof datathatcanappearin a columnis calledthe
domainof thatattribute. Eachrow representsa collectionof relateddatavaluesandis
calleda tuple.Thetuplerelatesspeci�c occurrencesof theattributestogether.

At leastoneattributeof anrelationshouldbea primary key. If anattribute is the
primarykey, it is anuniqueidenti�er for tuplesof the relation. An attributecanbea
foreignkey aswell. This restrictsthedomainof theattributesin sucha way thatonly
tupleswith a valuein theattribute �eld thatalreadyexists in a referencedattribute in
anotherrelationareallowed.

TheCREATE TABLEoperationin SQL is usedfor relationcreation:

CREATE TABLE <name of relation>
( <attribute, domain>, ...

PRIMARY KEY(<attribute>),
FOREIGN KEY(<attribute>)

REFERENCES<other relation>(<attribute>)

We will usethreefundamentaloperationson therelations.Theresultof theseopera-
tionsarea new relation:

1. The select, denoted� <condition>(R), extractstuples(rows) from the relationR.
Theresultis all tuplessatisfyingthecondition,andthis is a subsetof thepopu-
lationof R.

2. Theproject, denoted� <attributes>(R), extractsattributes(columns)of therelation
R. All tuplesremain,but with fewerattributes.

3. TheCartesianproduct, denotedR1 � R2, of thetwo relationsR1 andR2 results
a compositerelationwith all the attributesfrom both relationsandall possible
combinationsof thetuplesfrom thetwo relations.

TheSELECToperationin SQL is a compositionof thesethreeoperations.Thesyntax
is:

SELECT <attributes>
FROM <relations>
WHERE <conditions>

Conceptually, theCartesianproductof all therelationscombinedaremade.All tuples
not satisfying<condition>arediscarded,aswell asattributesnot in <attributes>. In
relationalalgebrathis expressionis:

� <condition>(� <attributes>(R1 � R2 � � � � � Rm )) : (2.9)

with all possiblecombinationsof thetuplesfrom thetwo relations.thusif relation
A hasnA tuples,andrelationB hasnB tuples,the CartesianproducthasnA � nB

tuples.JoinoperationsareCartesianproductswith a selectionapplied(thus,someof
thetuplecombinationsarediscarded).
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2.3.2 The structure

Theideais to representameshasarelationaldatabase,andthenwecanuseselectand
project to extract differentsubsetsof the mesh. In this way, we de�ne exact a great
varietyof usefulsubsets.In fact,themeshusedfor meshqueriesdoesnot beasstrict
asde�nition 2.2.2.In thisway, meshqueriescouldbeusedto de�ne therestrictionsof
this de�nition. However, thiswould resultin achicken-and-egg-issue(a meshmustbe
de�ned for thequeriesto bede�ned).

If the applicationis divided in a geometrykernel(which dealswith handlingthe
geometry)andanalgorithmswhich usethis library. Themeshqueryis a suitablecan-
didatefor de�ning aconciseandclearinterfacebetweenthekernelandthealgorithms.
G-mapsis anothersuchinterface.NeitherG-mapsnormeshqueriesimposeaparticular
designfor thekernelimplementation,only a interfacethekernelmustsatisfy.

The domains

Wede�ne threedomains,thevertices,theedgesandthefaces.Thesedomainsareused
to identify avertex, edgeor face.Weusethreerelations(noticethattheserelationsdoes
not relateanything sincethey have only onesingleattributeeach).Thecorresponding
SQL-statementscanbe:

CREATE TABLE Vertices
(vertex, int NOT NULL,

PRIMARY KEY(vertex));

CREATE TABLE Edges
(edge, int NOT NULL,

PRIMARY KEY(edge));

CREATE TABLE Faces
(faces, int NOT NULL,

PRIMARY KEY(face));

Thesethreerelationsde�ne only threelists, thelist of vertices,thelist of edgesandthe
list of faces:

Vertices
vertex

v1
...

Edges
edge
e1
...

Faces
face
f 1
...

We will notdwell onhow to populatetheserelations.

Relating elementsof the domains

We usetwo relationsto relateelementsin thedomainsde�ned in theprevioussection.
Onerelation,VertexEdge,relatesverticesandedges,andtheother, EdgeFace,relates
edgesandfaces.

TheVertexEdgerelationhastwo attributes:vertex andedge.Thesetwo attributes
areforeignkeys of thesingleattributesof theVerticesandtheEdgesrelationsrespec-
tively. Eachtuple in this relation is a “vertex is in edge” (or conversely, “edgehas
vertex”) statement.
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TheEdgeFacerelationhastwo attributes:edgeandface.Thesetwo attributesare
foreign keys of the the singleattribute in the EdgesandFacesrelationsrespectively.
Eachtuple in this relation is an “edge is in face” (or conversely, “f acehasedge”)
statement.SQL-statementsfor thetwo relationscanbe:

CREATE TABLE VertexEdge
(vertex, int NOT NULL,

edge, int NOT NULL,
PRIMARY KEY(vertex,edge),
FOREIGN KEY(vertex) REFERENCESVertices(vertex),
FOREIGN KEY(edge) REFERENCESEdges(edge));

CREATE TABLE EdgeFace
(edge, int NOT NULL,

face, int NOT NULL,
PRIMARY KEY(edge,face),
FOREIGN KEY(edge) REFERENCESEdges(edge),
FOREIGN KEY(face) REFERENCESFaces(face));

Whichcreatesthefollowing structure:

VertexEdge
vertex edge

vi ej
...

...

EdgeFace
edge face
ej f k
...

...

Herewe seethatvi is oneof the two edgesof ej , andej is oneof theedgesde�ning
f k . Whencombiningthe two relationswe know that vi is a vertex of f k . Thesetwo
relationscontainall theconnectivity informationneeded.

The virtual dart relation

Is indicatedin the previous section,we cancombinethe two relations. In this way
we de�ne thedarts.Thedartsarea virtual relation. Thepopulationof this relationis
deducedfrom otherrelations.

We �nd the dartsasthe Cartesianproductof the VertexEdgeandEdgeFacerela-
tions,followedby anselectandprojectoperation:

CREATE VIEW Darts
AS SELECT VertexEdge.vertex,

VertexEdge.edge,
EdgeFace.face

FROM VertexEdge, EdgeFace
WHERE VertexEdge.edge = EdgeFace.edge

A virtual relation(called“view” in SQL) canbeusedasa regular relationin queries.
TheSQL-statementsproducesthefollowing structure:

Darts = � a(� (VertexEdge� EdgeFace)c)
vertex edge face

vi ej f k
...

...
...
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Figure2.3: Dart queries.Enumerationrefersto list givenonpage22. A blackcircle is
a selectedvertex, ablackedgeis aselectededgeanda darkfaceis aselectedface.

wherea aretheattributesfrom theSELECTstatementandc is theconditionfrom the
WHEREstatement.Thetriple (vi ; ej ; f k ) is a dartin themesh.Thevirtual dartrelation
is thecoreof themeshqueries.

2.3.3 Dart selectionand projection

A meshqueryis theresultfrom adartselectionandadartprojectiononthedartvirtual
relation.

Dart selection

We startwith theselectionpart,whichwecall dart queries. Thedartqueryde�nesthe
conditionfor theselection,andthequerypicksout thematchingdarts.

De�nition 2.3.1. A dart query (vi ; ej ; f k ) is a triple of a vertex, an edge anda face
wherenone, someor all of thesethreeelementscanbereplacedbya wildcarddenoted
“ � ”. The dart query matchesall darts which is composedof vi , ej and f k or all
vertices,edgesor facesin thecaseof a wildcard.
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In SQLthedartquery(vi ; ej ; f k ) becomes

SELECT *
FROM Darts
WHERE vertex = v_i

AND edge = e_j
AND face = f_k;

If someelementsof thequeryarewildcards,thecorrespondingWHEREstatementsare
removed.Thus,thedartquery(vi ; � ; � ) becomes

SELECT *
FROM Darts
WHERE vertex = v_i;

Thereis in facteightclassesof thesequeries(referto �gure 2.3):

1. (� ; � ; � ) selectsall dartsof a mesh.

2. (vi ; � ; � ) selectsall dartsaroundvertex vi (it is the0-orbit of aG-map).

3. (� ; ej ; � ) selectsall dartsaroundedgeej (it is the1-orbit of a G-map).

4. (vi ; ej ; � ) � (vi ; � ; � ) \ (� ; ej ; � ) selectsall dartsaroundedgeej at thesideof
vi .

5. (� ; � ; f k ) selectsall dartsof facef k (it is the2-orbit of a G-map).

6. (vi ; � ; f k ) � (vi ; � ; � ) \ (� ; � ; f k ) selectsall dartsof facef k at vi .

7. (� ; ej ; f k ) � (� ; ej ; � ) \ (� ; � ; f k ) selectsall dartsof facef k alongej .

8. (vi ; ej ; f k ) � (vi ; � ; � ) \ (� ; ej ; � ) \ (� ; � ; f k ) selectsa singledartor none.

Thequeries1,2,3and5 alwaysmatchsomething.Theotherqueriesarecalledcompos-
ite (sincethey canbewrittenasanintersection)doesnotnecessarilymatchsomething.
For example,thequery(vi ; ej ; � ) doesnot matchanything unlessvi is oneof thetwo
edgesof ej . Thus,thesetestscanbeusedto checkconnectivity relations(if a vertex
belongsto a face,anedgeconnectsavertex etc.).

Projection

A projectionpicksout certainattributes,andremovesduplicatetuplesin theresult. In
this case,thetuplesarea vertex index, anedgeindex anda faceindex.

De�nition 2.3.2. A dart projection is de�ned by a subsetof the set f v; e;f g. The
projectionextractssome(or all) of thethreeattributesof a dart andremovesduplicate
tuples.

Thereexist sevenprojectionsof darts(in factthereareeight,but thevoid projectionis
completelyuseless):

1. f vg picksvertices.

2. f eg picksedges
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3. f v; eg picksvertex-edgecombinations(known asedge-ends).

4. f f g picksfaces.

5. f v; f g picksvertex-facecombinations(known ascorners).

6. f e;f g picksedge-facecombinations(known ashalf-edges)

7. f v; e;f g picksvertex-edge-facecombinations(known asdarts).

Eachof theseprojectionshasa name(like corneror half-edge).We usetheseterms
whenindexing themesh(“for eachcornerin themesh”,“for eachhalf-edge”,“for each
vertex”).

Combining projection and selection

We combinea dart selectionwith a successive dart projectionon the dart relationto
createa meshquery.

De�nition 2.3.3. We querythemeshM with thefollowing notation

M [projection; selection]; (2.10)

where selection is a dart selection(de�ned in de�nition 2.3.1)selectinga subsetof
darts and projection is a dart projection (de�ned in de�nition 2.3.2) to extract the
desiredkindof uniquetuples.

The result is a setof tuplessatisfyingthe requirementof the selection,with the at-
tributesspeci�ed by the projection. In SQL the meshquery is the following select
statement:

SELECT DISTINCT <projection>
FROMDarts

WHERE<selection>;

Mesh query example

We concludethis chapterwith someexamplesof meshqueries.

Example 2.3.1. We usethemeshde�nedin example2.2.1.Thesetsof vertices(equa-
tion 2.2),edges(equation2.3)andfaces(equation2.4)canbefoundby thefollowing
meshqueries:

V = M [v; � ; � ; � ];

E = M [e; � ; � ; � ] and

F = M [f ; � ; � ; � ]:

(2.11)

Further, wemay�nd thesetof all thecornersC (equation2.8):

C = M [v; f ; � ; � ; � ]: (2.12)

Thefacesabuttingv1:
f f 1; f 2; f 3g = M [f ; v1; � ; � ]: (2.13)
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Figure2.4: Consecutiveorderingof cornersaroundavertex (left) andof a face(right).
Theedgein of onecornermustbeequalto theedgeoutof thenext corner.

Theverticesof edgee1:
f v1; v2g = M [v; � ; e1; � ]: (2.14)

We cande�ne integrity constraints.Thecondition

0 < # M [f ; � ; ej ; � ] � 2; 8ej 2 E (2.15)

requiresall edgesto beused,andby two facesat most.Further,

0 � # M [e; vi ; � ; � ] � # M [f ; vi ; � ; � ] � 1; 8vi 2 V (2.16)

requiresa simpleboundary.

2.4 Meshmodi�cation and re�nement

A re�nementprocedureis alwaysemployedin subdivisionsurfacesor surfacesplines.
Thetwo basicoperationsareknown undervariousnames,but we refer to themasthe
facesplit andthevertex split. Beforediving into thedetailsof thedifferentschemes,
we de�ne a property, which we call consecutiveorderingof corners (see�gure 2.4).
Thisde�nition is just convenientwhendescribingthesplittingprocedures.

De�nition 2.4.1. A consecutivesetof cornersis anoffsetinvariantorderedsetwhere
theedgeoutof onecorneris equalto theincomingedgeof thenext corner.

In addition,we assumethat all meshesare closedin this section. Thus,we do not
presentany rulesfor dealingwith boundaryelements.

2.4.1 Dual mesh

A meshhasadualwherefacesandverticesoccupy complimentarylocations— analo-
gousto dualsof polyhedra.A point canbede�ned by theintersectionof someplanes,
anda planecanbede�ned by somepoints. In this sense,thepoint andtheplanehave
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Vertex splitFace split

Figure2.5: The two major splitting approaches.Facesplit (lower left): Eachn-gon
is split into n quadrilaterals.Vertex split (lower right): Eachvertex of n-degreeis
removedandreplacedwith ann-gon.

a relationshipof duality. Theoperationsof de�ning thesetwo kindsof objectsarere-
gardedascomplementarydualoperations.Thedualof a polyhedronis de�ned by the
exchangeof thesetwo dualelements.

De�nition 2.4.2. Verticesand facesare dual elements.Let a vertex be de�ned by
abuttingfaces,anda facede�nedbyverticesalongtheperimeter. Thesetwooperations
aredualoperations.Thedualof a meshis a meshbuilt with thedualelementsanddual
operationsof this mesh.

In thisway, theverticesof onemeshcorrespondsto thefacesof it’sdualandviceversa.
We can�nd thedualB of a meshA by de�ning a facefor eachvertex andde�ning a
vertex for eachface:For eachfacein A, wede�ne avertex in B . For eachvertex in A,
we extract the fan of abutting cornersin consecutive order, andusetheverticesin B
correspondingto thefaceof thecornersto de�ne anew facein B . Eachpairof adjacent
cornersin this orderingde�nesanedgebetweentheverticesof their respective faces.

We seefrom thede�nition that the cornerof a meshrepresentsa kind of “pivot”
betweenthe duals. Thenumberof corners remainsconstant. The dual meshof the
dualmeshis themeshitself. Weusethedualmeshof thequadmeshto de�ne theinner
meshfor thesimpli�ed surfacespline.

2.4.2 Facesplit (polyhedral split)

Most subdivision schemescan be split into two operations: a splitting step and a
smoothingstep. The splitting stepre�nes the mesh,that is, it producesa new mesh
with moreandsmallerfaces.Ideally, thesplittingstepshouldnotchangethegeometry
of theshape.This is thecaseif theembeddedmeshis a polyhedron(which hasplanar
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faces).Thesmoothingstepgeneratesa new setof points,whereeachpoint is anaver-
ageof someof thepointsproducedby thesplittingstep.We ignorethesmoothingstep
for now, andfocusonthesplittingstep.For moreinformationonbothsteps,(Stollnitz,
DeRose& Salesin1996)is a goodsource.

We begin with a subdivisionschemeknown asboththe“f acesplit” andthe“poly-
hedralsplit”. This schemesplitseachfaceinto severalnew faces.We call theoriginal
meshM i andthere�ned meshM i +1 .

Vertex and point generation First, we de�ne the verticesof M i +1 andtheir posi-
tions.

1. For eachvertex in M i , createa vertex in M i +1 with thesamelocation.

2. For eachedgein M i , createa vertex in M i +1 with theaverageof theendpoints
of theedgeaslocation.

3. For eachfacein M i , createanew vertex in M i +1 with theaverageof thevertices
of thefaceaslocation.

The numberof verticesin the new meshis equalto the sumof vertices,edges,and
facesof theold mesh.

De�ning the new edges The edgesarede�ned implicitly by the facedescriptions,
but for completeness,we de�ne themhere.

1. For eachedgein M i , createtwo edgesin M i +1 . Theseconnectto theverticesin
M i +1 correspondingto theendpointsof theedgeaswell astheedgemidpoint.

2. For eachedgein M i , createanedgein M i +1 for eachabutting face.This edge
connectstheedgemidpointto thefacemidpoint.

Thenumberof edgesis equalof thetotalsumof cornersin theold meshplustwo times
thenumberof edgesin theold mesh.If themeshis closed,aswe assume,thenumber
of cornersare2 � # E, andthusthetotalnumberof new edgesare4 � # E.

De�ning the new faces For eachcornerin M i , createa quadrilateralin M i +1 with
theedges:

1. Theedgefrom thevertex of thecornerto themidpointof theoutgoingedge.

2. Theedgefrom themidpointof theoutgoingedgeto thefacemidpoint.

3. Theedgefrom thefacemidpointto themidpointof theincomingedge.

4. Theedgefrom theincomingedgeto thevertex of thecorner.

The numberof facesin the new meshis equalto the total sumof cornersin the old
mesh. The subdivision schemeis visualisedin �gure 2.5. Meshesgeneratedby the
facesplit schemepossesssomeusefulproperties:

1. All facesarequadrilaterals.

2. Theverticesfrom M i keeptheir degree.
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3. Thedegreeof amidpointof ann-gonin M i , hasadegreeof n. Thus,midpoints
of quadrilateralsareof degree4.

4. Thedegreeof edgemidpointsare4.

Thus,afteroneapplicationof thisschemethequadsof there�ned meshmayhavemore
thanonevertex of degreenotequalto 4.

If all verticesin theoriginal meshwith a degreeotherthan4 areonly surrounded
by quadrilaterals,or theconverse,everynon-quadrilateralfacein themesharede�ned
only by verticeswith degree4, a quad in the re�ned meshhaveat mostonevertex
with degreenot equalto 4. However, if theseprerequisitesarenot ful�lled, two suc-
cessiveapplicationsof thesplittingprocedurealwaysgenerateare�ned meshwith this
property.

2.4.3 Vertex split (mid-edgesubdivision)

The facesplit splits faces,and the vertex split splits, as the nameimplies, vertices.
Thevertex split (alsoknown asmid-edgesubdivision) is very simple,andthescheme
proceedsasfollows:

Vertex and point generation For eachedgein M i , createa vertex in M i +1 and
positionthis vertex at themidpointof theedge.We call this point themidpointof the
edge.

De�ning the new edges For eachvertex in M i , �nd thesetof cornersabutting the
vertex. Createanedgein M i +1 for eachof thesecorners,connectingthemidpointof
theincomingedgeto themidpointof theoutgoingedge.

De�ning the newfaces Eachfaceandeachvertex in M i generatesa facein M i +1 .

1. For eachvertex, extract the cornersabutting that vertex andorganisethemas
a consecutive set of corners. Then de�ne a faceby the edgesconnectingthe
midpointsof theincomingandoutgoingedgeeachcorner.

2. For eachfacein theunre�ned mesh,extract thecornersandorganisethemand
build a faceasdonein thepreviousstep.

Thenumberof verticesin thenew meshis thusequalto thenumberof edgesin theold
mesh,thenumberof edgesin thenew meshis equalto thenumberof cornersin theold
mesh,andthenumberof facesin thenew meshis thesumof thefacesin theold mesh
plus the numberof verticesin the old mesh. The re�ned meshhassomeinteresting
properties:

1. All verticesof the re�ned meshhave a degreeof 4 (two facesandtwo vertices
abut anedge).

2. An n-gonin theunre�nedmeshbecomesann-gonin there�ned mesh.

3. A vertex of degreen becomesann-gonin there�ned mesh.
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2.4.4 The Doo-Sabinsplit

TheDoo-Sabinsplit is abit moreelaboratethanthetwo previoussubdivisionschemes.
It splitsbothverticesandedges,while keepingfaces.Thealgorithmproceedsasfol-
lows:

Vertex generation For eachcornerin M i , createa vertex in M i +1 . The position
of this vertex is de�ned by a linear interpolationbetweenthepositionof thecorner’s
vertex (in M i ) andthemidpointof theface(averageof theface’sverticesin M i ). The
numberof verticesin M i +1 equalsthenumberof cornersin M i . Theparameterof this
linear interpolationde�nes the sharpness(analogousto blend ratios) when building
Doo-Sabinsubdivisionsurfaces.

De�ning the newedges Eachedgein M i is abuttedby four corners.Weconnectthe
midpoints(verticesin M i +1 ) with four edgesandtheresultis a quadrilateralcentred
on theedgein M i . Thenumberof edgesin M i +1 is four timesthenumberof edgesin
M i .

De�ning the new faces Eachvertex, eachedge,andeachfacede�ne a facein the
new mesh. The midpoint of the abutting cornersde�ne a new face,thus,a vertex in
M i of valencen de�nesann-gonin M i +1 . Eachedgewill form aquadrilateral,while
eachfacewill keeptheir numberof vertices.Thenumberof facesin M i +1 equalsthe
sumof thenumberof vertices,thenumberof edges,andthenumberof facesin M i .

Thereis a connectionbetweenthepolyhedralsplit andtheDoo-Sabinsplit. Both
schemesproducesthe samenumberof edges,and the Doo-Sabinsplit producesthe
samenumberof verticesasthenumberof thepolyhedralsplit producesfaces,andvice
versa.This is indeedahint thattheresultsfrom thepolyhedralsplit andtheDoo-Sabin
split aredualsof eachother.

For a moreextensiveexpositionof splittingprocedures,aswell assubdivisionsur-
faces,somesuggestedbooksare(Farin1996),(Gallier2000)and(Stollnitzetal.1996).

2.4.5 Planar cut polyhedra

Planarcut polyhedra(PCP)is a centralcomponentof surfacesplineschemes.Often,
theterm“polyhedron”is usedquitelooselyaboutanythingbuilt from polygonalfaces.
However, for sucha shapeto bea polyhedron,it is requiredthatevery faceis planar.
This is of coursenot anissuewhendealingwith triangles,sincethey areplanarwhen
not degenerate.To emphasisethis planarity, we call sucha shapea planar polyhedron
whenthis is of importance.

Wegetaplanarcutpolyhedronfrom aplanarpolyhedronby choppingoff theshape
ateachvertex with aplane.Theamountof theshapecutawayis calledthedepthof the
cut. Theplanarcutpolyhedroncanbeviewedasageneralisationof thetensorproduct
controlstructure,whereeachplanarcut representsa subdivisionstep.

If anembeddedmeshis equivalentregardingconnectivity (andnot geometry)to a
planarcutpolyhedron,wecansometimesmakethisshapeinto aplanarcutpolyhedron
by utilising somelocal projections.This is alwayspossibleif themeshis local degree
bounded. This requiresthat at most one non-planarfaceabuts a vertex. If two or
moreoffendingfacesabut, thenwe geta dependency in theprojections,whicharenot
necessarilysolvable(oneprojectiondestroys theplanarityof theother).
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De�nition 2.4.3. A polyhedron is local degreeboundedif all non-quadrilateral faces
of a polyhedronis onlyde�nedfromverticeswhereonly four facesabut, or conversely,
all verticessurroundedby more or lessthan four facesis only surroundedby quadri-
lateral faces.

If a polyhedronis not local degreebounded,it canbemadelocal degreeboundedby
re�nement.

2.5 Summary

In this chapterwe have de�ned themesh.Meshesarea formal way to de�ne connec-
tivity of geometricobjects.Verticesarethefundamentalatomof meshes,anedgeis a
setof two verticesandfacesaresetsof edges.Wealsode�ned sometermsof positions
in theconnectivity.

Thenwe gave the backgroundandde�nition of the meshqueries. The qualities
of meshquerieswill be obvious in chapters5 and6, in which meshqueriesareused
extensively.

We concludedthe chapterwith an overview of meshduals and somesplitting
schemes.Bothof thesetopicsareessentialin theconstructionof surfacesplines.
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Chapter 3

The surfacesplinecurve

Whathappensif weapplythesurfacesplineparadigmto curves?Surfacesplinecurves
aresmooth,modelledby the control polygon,can interpolatedatapointswith some
modi�cations,andhavea simpleconstruction.A studyof thesimplecaseof thecurve
is a gentleintroductionto thesurfacesplineparadigm,andin addition,this curve de-
�nes theboundarycurvesof asimpli�ed surfacesplinesurface.

3.1 The scheme

Surfacesplineshaveapeculiarparameterisation,andthesameis truefor surfacespline
curves. Thecurvesareparameterisedby two numbers:an integer index, anda scalar
runningfrom zeroto one.Theindex speci�esin which sub-interval we arein, andthe
scalarspeci�es thepositionin this sub-interval. For visualisationof theconstruction
we arrangethecontrolpointsalongtherealaxis.

De�nition 3.1.1. A surfacesplinecurveis de�nedbya vectorof m control points,

c =
�
c1; c2; : : : ; cm

�
; ci 2 Rn ; (3.1)

anda vectorof 2m � 2 blendratios,

b =
�
b+

1 ; b�
2 ; b+

2 ; : : : ; b�
m � 1; b+

m � 1; b�
m

�
; bi 2 [0; 1]; (3.2)

organisedin thefollowingmanner:

inter val 1 inter val 2 inter val 3
� � � �
c1 c2 c3 c4

b+
1 !  b�

2 b+
2 !  b�

3 b+
3 !  b�

4

Each interior ci hastwo blendratios associatedwith it, b�
i and b+

i , and c1 and cm

hasoneblendratio each. Thecontrol pointarrayde�nesm � 1 intervals,oneinterval
betweeneach successivepair of control points: Interval i is betweenc i andci +1 . Each
interval de�nestwo sub-intervals,oneoddandoneeven. Theoddsub-intervalis the
left half of the interval, and the evensub-intervalis the right half. Blendratios and
sub-intervalshavea one-to-onecorrespondence, andusethesameindices.

31
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3.1.1 Re�nement

For every interval i we introducea midpoint,m i de�ned by

m i = 1=2(ci + ci +1 ): (3.3)

Thesemidpointssplit every interval into thetwo sub-intervals.

�

�

�

�

?
?

?

inter val 1 inter val 2 inter val 3

� � � �
c1 c2 c3 c4

sub1 sub2 sub3 sub4 sub5 sub6
? ? ?

m 1 m 2 m 3

We have so far donenothing extraordinary. The midpointsare the averagesof the
controlpointsat theextremitiesof the intervals,andthegeometryof thecurve is not
changed.

3.1.2 Sub-interval midpoints

Weintroduceyetanotherlevel of midpoints,the2m � 2 sub-interval midpoints.These
are just logical midpoints,not necessarilygeometrical. For eachsub-interval i we
de�ne thesub-interval midpointqi as

q+
i = b+

i ci + (1 � b+
i )m i

q�
i = b�

i ci + (1 � b�
i )m i � 1

(3.4)
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Eachinnercontrolpoint andinterval midpoint is surroundedby two sub-interval mid-
points.We geta constellationlooking like

�
�

?
�

�
�

?
�

�
�

?
�

�

inter val 1 inter val 2 inter val 3

� � � �
c1 c2 c3 c4

sub1 sub2 sub3 sub4 sub5 sub6
? ? ?

m 1 m 2 m 3q+
1 q�

2 q+
2 q�

3 q+
3 q�

4

� � � � � �

If all blendratiosareequalto 1
2 , the q’s arethe geometricaveragesof their two re-

spective neighbours.If blendratiosaresmall, the sub-interval midpointsarelocated
closerto thecontrolpoints,andconversely,whenblendratiosarelarge,thesub-interval
midpointsarelocatedcloserto the interval midpoints.Regardlessof blendratios,the
sub-interval midpointsarejustconvex combinationsof aninterval midpointandacon-
trol point, henceit lies on the line betweenthesetwo points. The geometryis not
changedin this stepeither.

3.1.3 Béziercoef�cients

Thenwe changethe geometry;we generatenew positionsfor the control pointsand
the interval midpoints. The collectionof new control points,new interval midpoints
and the sub-interval midpoints form the Bézier coef�cients of the curve. The new
control pointsaredenoted̂ci andthe new interval midpointsm̂ i , andarede�ned by
theaverages

ĉ1 = c1

ĉi = (q�
i + q+

i )=2 i = 2; : : : ; m � 1

ĉm = cm

m̂ i = (q+
i + q�

i +1 )=2 i = 1; : : : ; m � 1

(3.5)
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If weconnecteachsubsequentcoef�cient with a line, we get

�
�

?
� � �

?
� � �

?
�

�

inter val 1 inter val 2 inter val 3

� � � �

ĉ1 ĉ2 ĉ3 ĉ4

sub1 sub2 sub3 sub4 sub5 sub6
? ? ?

m̂ 1 m̂ 2 m̂ 3q+
1 q�

2 q+
2 q�

3 q+
3 q�

4

� � � � � �

This stepis important. If the last control point of onesegmentequalsthe �rst con-
trol point of anothersegment,the two segmentsjoin continously(C0). In addition,if
the next-to-lastand last control point of the �rst segmentarecoplanarwith the �rst
andsecondcontrol point of thesecondsegment,they joint tangentcontinously(G1).
Evenfurther, if thedistancesbetweenthenext-to-lastandlastcontrolpointsof the�rst
segmentequalsthedistancebetweenthe �rst andsecondcontrol point of the second
segment,thederivativesof thetwo segmentsmatch,andthusthesegmentsjoin C1.

And theequation3.5makesthecurvesatisfytheserequirements.Thegeometryis
changedin thisstep;wegetasmoothedversionof theoriginalcontrolcurve,thoughit
interpolatesthecontrolcurveat the�rst andat thelastcontrolpoints.

3.1.4 De�ning the Béziercurve segments

Eachsub-interval de�nes a quadraticBéziercurve segment,denotedsi (u). Eachof
thesecurvesegmentsarede�ned by threepoints.

si (u) =

(
B 2

0 (u)cj + B 2
1 (u)q+

i + B 2
2 (u)m j ; j = 1 + (i � 1)=2 if i is odd

B 2
0 (u)m j + B 2

1 (u)q+
i + B 2

2 (u)cj +1 ; j = i=2 if i is even,
(3.6)

whereB 2
0;1;2 aretheBernsteinpolynomialsde�ned in de�nition 1.4.10.Thisproduces

thecurve
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IV III II I

ĉ1

B 2
0 (u) b+

1

c1

1
2s1(u) B 2

1 (u) q+
1

1
2

m̂ 1

B 2
0 (u)

B 2
2 (u)

m 1

1� b+
1

1� b�
2

s2(u) B 2
1 (u) q�

2

1
2

1
2

ĉ2

B 2
0 (u)

B 2
2 (u) b�

2

b+
2

c2

1
2

1
2s3(u) B 2

1 (u) q+
2

1
2

1
2

m̂ 2

B 2
0 (u)

B 2
2 (u)

m 2

1� b+
2

1� b�
3

s4(u) B 2
1 (u) q�

3

1
2

1
2

ĉ3

B 2
0 (u)

B 2
2 (u) b�

3

b+
3

c3

1
2

1
2s5(u) B 2

1 (u) q+
3

1
2

1
2

m̂ 3

B 2
0 (u)

B 2
2 (u)

m 3

1� b+
3

1� b�
4

s6(u) B 2
1 (u) q�

4

1
2

ĉ4

B 2
2 (u) b�

4

c4

1
2

Figure3.1: Layoutof surfacesplinecurveconstruction
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c1 = ĉ1
�

c2
�

c3
�

c4 = ĉ4
�

m 1 = m̂ 1 ?

m 2 = m̂ 2?

m 3 = m̂ 3
?

q+
1

�

q�
2

�

q+
2

�

q�
3

�
q+

3

�

q�
4

�

ĉ2
�̂

ĉ3

�̂

Figure3.2: Thesurfacesplinecurveof example3.1.1.

�
�

?
� � �

?
� � �

?
�

�

inter val 1 inter val 2 inter val 3

� � � �

ĉ1 ĉ2 ĉ3 ĉ4

sub1 sub2 sub3 sub4 sub5 sub6
? ? ?

m̂ 1 m̂ 2 m̂ 3q+
1 q�

2 q+
2 q�

3 q+
3 q�

4

� � � � � �

3.1.5 Summary of construction

A systematicoverview of the completeschemeis given in �gure 3.1. The scheme
consistsof four distinctstages(from right to left). At stageI, theinterval midpointsare
created.At stageII thesubinterval midpointsarecreated,utilising theblendratios.At
stageIII smoothingis performedto assuretheC1 continuityrequirementof composite
Béziercurves,andat stageIV conventionalquadraticBézierevaluationis done. The
dashedlinesrepresent“keepinga value” to beusedlaterin thescheme.
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Example 3.1.1. Find thesurfacesplinecurvede�nedby thefour pointsin theplane,

c =
�
c1 c2 c3 c4

�
=

��
0
0

� �
1
2

� �
2
1

� �
3
3

��
; (3.7)

andtheblendratios

b =
�
b+

1 b�
2 b+

2 b�
3 b+

3 b�
4

�

=
�

1
2

1
2

1
2

1
2

1
2

1
2

�
:

(3.8)

First,we�nd theintervalmidpoints

m =
�
m 1 m 2 m 3

�

=
�

1
2 (c1 + c2) 1

2 (c2 + c3) 1
2 (c3 + c4)

�

=

""
1
2

1

# "
11

2

11
2

# "
21

2

2

##

:

(3.9)

Wethen�nd thesub-intervalmidpoints,andsinceall blendratiosareequalto onehalf,
thesebecomesimpleaverages,

q =
�
q+

1 q�
2 q+

2 q�
3 q+

3 q�
4

�

=

2

6
6
6
6
6
6
6
6
4

b+
1 c1 + (1 � b+

1 )m 1

(1 � b�
2 )m 1 + b�

2 c2

b+
2 c2 + (1 � b+

1 )m 2

(1 � b�
3 )m 2 + b�

3 c3

b+
3 c3 + (1 � b+

1 )m 3

(1 � b�
4 )m 3 + b�

4 c4

3

7
7
7
7
7
7
7
7
5

T

=

2

6
6
6
6
6
6
6
6
4

1
2 (c1 + m 1)
1
2 (m 1 + c2)
1
2 (c2 + m 2)
1
2 (m 2 + c3)
1
2 (c3 + m 3)
1
2 (m 3 + c4)

3

7
7
7
7
7
7
7
7
5

T

=

" "
1
4
1
2

# "
3
4

11
2

# "
11

4

13
4

# "
13

4

11
4

# "
21

4

11
2

# "
23

4

21
2

##

:

(3.10)

andfromthis thesmoothedcontrol points,

ĉ =
�
ĉ1 ĉ2 ĉ3 ĉ4

�

=
�
c1

1
2 (q�

2 + q+
2 ) 1

2 (q�
3 + q+

3 ) c4
�

=

""
0

0

# "
1

15
8

# "
2

13
8

# "
3

3

##

;

(3.11)
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c1�

c2
�

c3
�

c4
�

surfacesplinecurve

cubicBéziercurve

Figure3.3: Comparisonbetweena four-point surfacesplinecurve anda cubicBézier
curve.

andthesmoothedintervalmidpoints,

m̂ =
�
m̂ 1 m̂ 2 m̂ 3

�

=
�

1
2 (q+

1 + q�
2 ) 1

2 (q+
2 + q�

3 ) 1
2 (q+

3 + q�
4 )

�

=
1
2

" "
1
2

1

# "
11

2

11
2

# "
21

2

2

##

;

(3.12)

andthis de�nessixquadratic Béziersegments,

s1(u) = B 2
0 (u)ĉ1 + B 2

1 (u)q+
1 + B 2

2 (u)m̂ 1

s2(u) = B 2
0 (u)m̂ 1 + B 2

1 (u)q+
2 + B 2

2 (u)ĉ2

s3(u) = B 2
0 (u)ĉ2 + B 2

1 (u)q+
3 + B 2

2 (u)m̂ 2

s4(u) = B 2
0 (u)m̂ 2 + B 2

1 (u)q+
4 + B 2

2 (u)ĉ3

s5(u) = B 2
0 (u)ĉ3 + B 2

1 (u)q+
5 + B 2

2 (u)m̂ 3

s6(u) = B 2
0 (u)m̂ 3 + B 2

1 (u)q+
6 + B 2

2 (u)ĉ4

(3.13)

Thecollectionof thesecurvesegmentsis thesurfacesplinecurve.

The curve is rathersmoothandbearsresemblanceto a traditionalspline. Figure3.3
comparesthesurfacesplinecurve to a cubicBéziercurve with thesamecoef�cients.
Thesurfacesplinecurve is closerto thecontrolpolygon.
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3.2 Explicit formulas

For sucha simpleschemeasthe surfacesplinecurve schemeit is easyto deducean
explicit formulafor thecurve.

Proposition3.2.1. TheBéziercoef�cients of thesurfacesplinecurvecanbefoundby
theexpressions

ĉ1 = c1

ĉm = cm

ĉi =
1
4

(1 � b�
i )ci � 1 +

1
2

�
1 +

1
2

(b+
i + b�

i )
�
ci +

1
4

(1 � b+
i )ci +1

m̂ i =
1
2

�
1 +

1
2

(b+
i � b�

i +1 )
�
ci +

1
2

�
2 +

1
2

(b�
i +1 � b+

i )
�
ci +1

q+
i =

1
2

(1 + b+
i )ci +

1
2

(1 � b+
i )ci +1

q�
i =

1
2

(1 + b�
i )ci +

1
2

(1 � b�
i )ci � 1:

(3.14)

TheBéziercoef�cients areconvex combinationsof thecontrol pointsif theblendratios
are valuesin [0; 1].

Proof. The formulascaneasilybe deducedfrom the construction(see�gure 3.1). If
the blendratiosarekept within [0; 1], we seethat noneof the weightsin the expres-
sionsbecomenegative. Expandingthe expressions,we seethat the weightsin each
expressionsumto one.

3.3 Exists a subdivision formula?

The existenceof a simplesubdivision formula considerablyincreasesthe valueof a
curve or surfacealgorithm. The “LeSS” (Gonzalez& Peters1999)construction(see
section4.2.2)doesnot give nestedspaces.However, it is worthwhile to seewhether
this is possible.

3.3.1 Béziersegmentsubdivision

Our startingpoint will be there�nementformulasfor Béziersegments.Fromthe lit-
erature(e.g. (Farin 1996)and(Gallier 2000))we know thatwe canrewrite onesingle
Béziercurveastwo new ones.

Wesplit thequadraticBéziersegmentde�nedby theBéziercontrolpointsf x 1; x 2; x 3g
into two equalhalves,thetwo segmentsde�nedby theBéziercontrolpointsf x̂ 1;1; x̂ 1;2; x̂ 1;3g
andf x̂ 2;1; x̂ 2;2; x̂ 2;3g

x̂ 1;1 = x 1

x̂ 1;2 =
1
2

x 1 +
1
2

x 2

x̂ 1;3 =
1
4

x 1 +
1
2

x 2 +
1
4

x 3;

(3.15)

and
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�

� �1

1
2

1
4

� �1

4 ? ?1 3

...
...

Figure3.4: Insertingonecontrolpoint.
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x̂ 2;1 =
1
4

x 1 +
1
2

x 2 +
1
4

x 3

x̂ 2;2 =
1
2

x 2 +
1
2

x 3

x̂ 2;3 = x 3:

(3.16)

Thiswill usethisrelationof Béziersegmentsto relatethecoarseandthere�ned surface
splinecurve.

3.3.2 Surfacesplinesubdivision

To keepthingssimple,we let theblendratiosequalonehalf, andwewrite theproblem
as a matrix equation. We let ci be the control pointsof the surfacespline curve at
subdivision level i , andci +1 bethecontrolpointsat level i + 1.

The matrix A �nds the Bézier coef�cients from the surface spline curve con-
trol points. Thus,A representsthesteps“re�nement”, “sub-interval midpoints”,and
“Bézier coef�cients” combined.We let A i be the matrix that transformsthe control
pointsat level i to theBéziercoef�cients at level i , andA i +1 bethesimilar matrix at
level i + 1.

ThematrixR i re�nes theBéziercontrolpointsat level i to Béziercontrolpointsat
level i + 1 (thisexpressionis visualisedin �gure 3.4). This givesus

A i +1 ci +1 = R i A i ci ; (3.17)

whichwould give

ci +1 = (A i +1 )� 1R i A i

| {z }
subdivision rule

ci ; (3.18)

the subdivision rule we are looking for. However, A is not square,hencethis rule
doesnot necessarilyexists. We will not try to �nd (A i +1 )� 1R i A i , only seeif this
expressionin factexists.

3.3.3 Futile attempt no. 1: inserting onepoint

Initially, let’s try to insertonesinglecontrolpoint into thecoarsecurve. Givena curve
with n control points,existsa curvewith n + 1 control pointshavingtheexactsame
geometry?That is, doesthecurve with n controlpointslive in thespaceof thecurve
with n + 1 controlpoints?

Then,let us startwith the simplestscenario.Let the coarsecurve consistof two
control points. We want to re�ne this curve by insertinga new controlpoint into the
singleinterval of thiscurve. Usingtherelation

A i +1 x i +1 = R A i ci ; (3.19)
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weget

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

1 0 0
3
4

1
4 0

1
2

1
2 0

1
4

3
4 0

1
8

3
4

1
8

0 3
4

1
4

0 1
2

1
2

0 1
4

3
4

0 0 1

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

2

6
4

ci +1
1

ci +1
2

ci +1
3

3

7
5 =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

1 0 0 0 0
1
2

1
2 0 0 0

1
4

1
2

1
4 0 0

0 1
2

1
2 0 0

0 0 1 0 0

0 0 1
2

1
2 0

0 0 1
4

1
2

1
4

0 0 0 1
2

1
2

0 0 0 0 1

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

2

6
6
6
6
6
6
4

1 0
3
4

1
4

1
2

1
2

1
4

3
4

0 1

3

7
7
7
7
7
7
5

�
ci

1
ci

2

�
: (3.20)

We multiply togetherthematriceson theright-handside

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

1 0 0
3
4

1
4 0

1
2

1
2 0

1
4

3
4 0

1
8

3
4

1
8

0 3
4

1
4

0 1
2

1
2

0 1
4

3
4

0 0 1

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

2

4
ci +1

1
ci +1

2
ci +1

3

3

5 =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

ci
1

7
8 ci

1 + 1
8 ci

2
3
4 ci

1 + 1
4 ci

2
5
8 ci

1 + 3
8 ci

2
1
2 ci

1 + 1
2 ci

2
3
8 ci

1 + 5
8 ci

2
1
4 ci

1 + 3
4 ci

2
1
8 ci

1 + 7
8 ci

2

ci
2

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

(3.21)

andperformGaussianelimination,

2

6
6
6
6
6
6
6
6
6
6
6
6
4

1 0 0
0 1 0
0 0 0
0 0 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0

3

7
7
7
7
7
7
7
7
7
7
7
7
5

2

4
ci +1

1
ci +1

2
ci +1

3

3

5 =

2

6
6
6
6
6
6
6
6
6
6
6
6
4

ci
1

1
2 ci

1 + 1
2 ci

2
0
0
ci

2
0
0
0
0

3

7
7
7
7
7
7
7
7
7
7
7
7
5

(3.22)

which revealsthat indeedthis expressionhasa solution! The solutionis ci +1
1 = ci

1,
ci +1

2 = 1
2 ci

1 + 1
2 ci

2 andci +1
3 = ci

2. This doesnot really comeasa surprisebecauseof
theconvex hull property. A two point surfacesplinecurve is just a line segment.

We increasethenumberof intervals in thecoarsemeshto two, andinserta point
into oneof theseintervals. After right-handsidemultiplicationandGaussianelimina-
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tion, we get 2
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The last four equationsrequiresci
1 andci

2 to beequal,andthusthis systemdoesnot
havea solutionfor arbitrarycontrolpointsat level i .

We concludethat,while keepingblendratiosequalto 1=2, we cannotinserta new
controlpoint andgettheexactsamegeometry.

3.3.4 Futile attempt no. 2: uniform re�nement

Insertinga point in oneof the intervals failed,so insteadwe try to inserta point into
every interval. Givena surfacesplinecurvewith n control points,canwe�nd a curve
with 2n � 1 control pointswith theexactsamegeometry?Theinitial scenario,re�ning
a curve with two control points,is exactly thesameasin theprevioussection— the
curvehasonly oneinterval to bere�ned. And this problemdid in facthaveasolution.

Then,let ustry to re�ne a curvewith threecontrolpoints,thatis, a curvewith two
intervals.We insertanew controlpoint in themiddleof eachinterval. After right-hand
sidemultiplicationandGaussianeliminationwe get
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which requires2ci
2 to equalci

1 � + ci
3, andthuswedonothaveasolutionfor arbitrary

controlpointsat level i .
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We concludethereforethat,whenblendratiosareequalto 1=2, we cannotinsert
a new control point in betweeneachadjacentpair of control pointsandget theexact
samegeometry. However, allowing blendratios to changecould possiblygive us a
subdivisionformula.

Our conclusionis thereforethat the surfacesplinecurve doesnot have a general
subdivision formula, and this implies that that the simpli�ed surfacespline scheme
doesnothavea subdivisionformulaeither.

3.4 Summary

The surfacespline curve is the result of applying the surfacespline paradigmon a
curve. We de�ned thestepsof thecurveandinvestigatedthestepsof theconstruction.
In addition,we tried to �nd a re�nement rule for surfacesplinecurves,however this
gaveno results.

Thischapterservestwo purposes;primarily it is anintuitive introductionto surface
splineschemes,sincethecaseof thecurvearesimplerthanthecaseof thesurface,and
requiressubstantiallylessbook-keeping.Secondly, it is usedto de�ne the boundary
curveof thesimpli�ed surfacesplinecurve.



Chapter 4

Surfacesplineschemes

Surfacesplineschemesaremethodsfor obtainingapatchwork of traditionaltriangular
or rectangularB-splinepatches,with smoothnessconstraintsful�lled over the joints,
from a controlmeshof arbitrarytopology. Thesurfacesplineis the resultingsurface
de�ned by this patchwork. Thesurfacesplineschemetriesto:

1. Createa surfaceoveranarbitraryparameterdomain,wherethesurfacesatis�es
smoothnessconstraints.

2. Representthesepatchesas a patchwork of conventionalpatches,so that the
schemecanbeeasilyintegratedinto existing frameworksandpipelines.

3. Achieveminimal polynomialdegreefor eachpatch.

4. Havea local construction,sothatno largelinearsystemhasto besolved.

Blend ratiosare usedto control the tightnessof the surface(see�gure 4.1 on page
46). The blendratiosplay the samerole for surfacesplinesasknot intervals do for
B-splines.

If thecontrolmeshof thesurfaceis aplanarpolyhedron(seesection2.4.5),wecan
usuallymake a planarcut polyhedronfrom it, andfrom this we canalwaysde�ne a
C1 surfaceof Bézierpatches(Peters1995b). Thus,thesurfacesplinemust,unlessthe
control polyhedronis a suitablepolyhedron,performa re�nement (to isolateoffend-
ing vertices)andperforma local planarisation.Thenwe cande�ne the surfaceasa
compositesetof patches.

4.1 The C1-surfacespline

The C1-surfacespline scheme(Peters1995a) is a generalisationof the biquadratic
tensorproductB-spline.Theinputmeshtopologygivesthelayoutof the“knot vectors”
andtheblendratiosdescribetheknot spacing.This de�nes a vectorspace,wherethe
pointsassociatedwith theverticesof thecontrolmesharecoef�cients relative to some
basis,andthusspeci�esa particularsplineinsidethis space.The resultingsurfaceis
describedasa collectionof Bézierpatchesthat areeitherrectangular, triangularor a
mix. If themeshis composedof triangularor amix of rectangularor triangularpatches,
thesurfaceis alwaysG1. Theinputof this schemeconsistsof threeingredients:

45
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Figure4.1: Differentblendratios. The simpli�ed surfacesplineschemewasusedto
generatetheseimages. In upperleft the blendratiosareall equalto 0. Upperright,
blendratiosare0:25, lower left, 0:5, andlower right, 0:75.
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Figure4.2: Thetreemeshesof theC1-surfacesplinescheme.Left: Thecontrolmesh,
Middle: Thequadmesh,andright: Theinnermesh.

1. A controlmesh.This meshmustsatisfythe local degreeboundednessproperty
(seede�nition 2.4.3onpage29).

2. Oneblendratio associatedwith eachdartof thecontrolmesh.Theblendratios
haveavaluein therange[0; 1]. Theblendratiosdescribeapropertyanalogousto
knot spacing.Smallerblendratiosgive a sharpersurface,andif all blendratios
associatedwith a vertex is zero, we get the sameeffect as collapsinga knot
interval; a degreeof smoothnessis lost (andin this casewe get interpolationof
thatparticularvertex).

3. Onepoint in R3 associatedwith eachvertex of the control mesh. The points
mustsatisfytheprojectiveconvexity property. Theprojectiveconvexity property
statesthatfor eachfacethereexistsa projectionof thefacesuchthatthefaceis
theconvex hull of it’svertices.Thisassuresthatholesandbaysof themeshfaces
arenotcoveredby thesurface.However, thismeansthatsomerestrictionsapply
to thecoef�cients. This makesit awkwardto �nd a generalbasis.However, the
simpli�ed surfacesplineschemedoesnot this restriction.

4.1.1 The scheme

We givea quick overview of theC1-surfacesplinescheme.For moreelaborateexpla-
nationsandformulas,see(Peters1995a).

Threemeshesareusedin the construction(see�gure 4.2). The �rst meshis the
control mesh,thesecondis thequadmeshandthe third is the innermesh.Thequad
meshis the resultof a polyhedralsplit of thecontrolmesh,andthe innermeshis the
dualof thequadmesh.

The schemeis composedof six steps:Meshre�nement, edgecutting, quadratic
meshing,quadraticpatching,degreerising,andtwist adjustment.

Mesh re�nement

Theinitial stepof this schemere�nes thecontrolmesh.Thereareat leasttwo reasons
for thisstep:to separateoffendingregionssuchthattheplanarcutpolyhedronproperty
is achieved,andto convert themeshto anall-quadmesh.This re�nementprocedure
is the polyhedralsplit, describedin section2.4.2. The quadmeshconsistsonly of
quadrilaterals(see�gure 4.3and�gure 4.2left andmiddle).
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Figure 4.3: Mesh re�nement of the control mesh(left) resulting in the quadmesh
(right).

There�ned meshM i +1 is calledthequadmesh. Eachfacein thequadmeshis a
quadrilateral,andthey areknownasquads.Eachquadis surroundedby four edges,and
theseedgesarecalledquadedges.Two of theedgesaretheresultfrom asplit face,and
two of theedgesaretheresultfrom asplit edge.Thereis aone-to-onecorrespondence
betweencornersin M i andfacesin M i +1 .

An irregularvertex is a vertex wheremoreor lessthanfour facesabut. Eachquad
of the quadmeshabuts at mostoneirregular vertex. Eachquadis de�ned from one
vertex whichcorrespondsto avertex in thecontrolmesh,onevertex whichcorresponds
to a facemidpoint,andtwo verticescorrespondingto edgemidpoints.

A vertex in thequadmeshiseitheravertex from thecontrolmesh,anedgemidpoint
or a facemidpoint.Theedgemidpointsalwayshavefour abuttingquads(degreefour).
If a facemidpointhasa degreelargerthanfour (theresultof a faceof morethanfour
vertices),then all of the surroundingverticesare either edgemidpoints,or vertices
from the control meshwhich hasa degreeof four or lower (dueto the local degree
boundedness).

Edgecutting

Thisstepperformstheplanarcut. Eachquadhastwo exclusiveblendratiosassociated
with thetwo edgesof thequadcorrespondingto edgesin thecontrolmesh(Remember
the one-to-onecorrespondencebetweencornersof the control meshandthe quads).
For eachquadin thequadmeshwe createa temporaryquadmidpoint(see�gure 4.4).

Thequadmidpointis abilinearinterpolationof thefour verticesof thequad,where
theblendratiosareusedasparameters.If theblendratiosarezero,thequadmidpoint
endsup at thepositionof theonevertex of thequadwhich correspondsto a vertex of
thecontrol mesh.If bothblendratiosareone,thenthequadmidpointendsup at the
facemidpointof themesh.

Then,for eachvertex in thequadmeshwith a degreelargerthanfour, all thequad
midpointsof theabuttingquadsareprojectedinto acommonplane.Theprojectedquad
midpointsandquadmidpointsnot touchedby a projectionarekept,andtherestof the
constructionusesthesequadmidpoints.

Fromthequadmidpointswede�ne theinnermesh(see�gure 4.2right). Theinner
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Figure4.4: Edgecutting:Thequadmidpointsarebilinearinterpolationsof thevertices
of thequad.

meshis thedualof thequadmesh,andweusethequadmidpointsasgeometryfor this
innermesh.Theinnermeshis a planarcutpolyhedraof thecontrolmesh.

Quadratic meshing

Thequadraticcoef�cients comein three�a vours:Quadmidpoints,quadmeshvertices
andquadedgevertices(see�gure 4.5).

First we calculatethequadmeshvertices.Thepositionof eachvertex in thequad
meshis setto theaverageof themidpointsof abuttingquads.

Thenwe calculatethequadedgemidpoint. A quadedgemidpoint is the average
of the midpointsof the two abutting quads.The quadedgemidpointsof quadedges
abutting a quadmeshvertex alwayslie in a commonplane.If threequadsabut, this is
obviously true. If four quadsabut, this is alsotrue(proof: poseit asa matrix problem,
andthismatrixhasrank3). If morethanfour quadsabut, thequadmidpointshavebeen
projectedinto a commonplaneandthusaveragesarein thesameplane.

Eachedgein the quadmeshhasthreecoef�cients associated(two quadvertex
coef�cients andonequadedgemidpoint),andthesecoef�cients canbeinterpretedas
thecoef�cients for a quadraticBéziercurve segment.Thecurve segmentsconnecting
a quadmeshvertex have �rst orderendderivativesin a commonplane(thequadedge
midpointsof edgesabutting a vertex residesin thesameplaneandthecurveshave the
sameendpoint).

Quadratic patching

Eachquadhasninecoef�cients associated:Onequadmidpoint, four quadedgemid-
points,andfour quadmeshvertices.Oneof theseis from the split face,two is from
split edges,andoneis from a controlmeshvertex.

We canpatcheachof thesequadswith eitheronequadraticBézierpatch(usingthe
coef�cients directly asBéziercoef�cients) or alternatively asfour triangularpatches
wherethe coef�cients areweightedaveragesof the nine coef�cients. The result is a
surfacethatis C1 in mostareas.
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Figure4.5: Quadraticmeshing. The verticesof the quadmeshare relocatedto the
averageof thequadmidpointsof theabuttingquads.

Degreeraising

Theterm“irregularvertex” is dependenton context. In context of C1 surfacesplines,
thefollowing classi�eswhethera vertex is regularor irregular.

De�nition 4.1.1. A regular vertex is a vertex whereexactlyfour patchesabut. A vertex
which is not regular is irregular.

Thesurfaceis notsmoothin theneighbourhoodof irregularvertices.Thetwist (mixed
derivatives)doesnot necessarilymatch.We can�x this, but we needsomeadditional
degreesof freedom. To get thesedegreesof freedomwe raisethe degreeof patches
abutting irregularverticesfrom quadraticto bicubic. This actiondoesnot changethe
surface.

Twist adjustment

Then,we employ the new degreesof freedomto get the desiredsmoothnessaround
irregularverticesaswell. We only tweakthecoef�cients residingin theinterior of the
patch,andthustheboundarycurve of eachpatchis kept. Theprocedureis dependent
onourchoiceof four sidedor threesidedpatchesin thestep“quadraticpatching”.

4.2 Two other surfacespline schemes

We giveanoverview of two othersurfacesplineschemes.

4.2.1 Surfaces. . .bicubics

Thearticle (Peters1994)is thepredecessorof (Peters1995a). To quotePeters:“For
general modellingI recommendC1-surfacesplines.Surfaces. . .bicubicsis older, uses
more patches,usesmore complicatedformulas,and doesnot prove the convex hull
property. It is however the �r st of this typeof construction.” The algorithmis rather
similar to thatof C1 surfacesplines,howevera bit morelaborious:
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Figure4.6: Theschemeof surfaces. . .bicubics.Upper left: Theinitial controlmesh.
Upper right: The re�ned meshafter one re�nement. Lower left: The re�ned mesh
re�ned yet anothertime. Lowerright: Thepatchstructure.Eachvertex of there�ned
meshis in themiddleof onesplinepatch.Thesolid line rendersthe“hole” whichis not
�tted with quadrilateralpatches,thethreepatchesinsidethis holeis of cubicdegree.
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1. Theinput meshis re�ned twice with theDoo-Sabinre�ning andaveragingpro-
cedurein order to separateirregular vertices(which becomenon-quadrilateral
meshcellsafterthe�rst re�nement).Thisremovestheneedfor thelocal degree
boundednessproperty. However, it resultsin morepatches.

2. Every vertex in the doublere�ned meshwhereall neighboursareregular (and
thusis a3 � 3 regularsub-mesh)is patchedwith a biquadraticB-spline.

The knotsof the knot vectorsareevenly spaced,andthe knot vectorshave no
multiple knots. As a resultof this, the patchonly covers the areaaroundthe
vertex andhalfway to theneighbours(see�gure 4.6). This knot vectormakesit
possiblefor theB-splineto usetheneighbouringverticesascoef�cients, andthe
patcheswill abut nicelyandsmooth.

Alternatively, thepatchesmayberewritten in Bézierform, but this increasesthe
numberof coef�cients.

3. An irregular vertex in the control meshwill representa triangleafter the Doo-
Sabinsplits (see�gure 4.6). The patchescorrespondingto the verticesof this
triangleis not yet patched,andthusaroundeachirregularvertex in thecontrol
mesh,we have a hole in themeshin theshapeof a convex n-gonbuilt from n
rectangularpatches,wheren is thedegreeof theirregularnode.

Dueto two stepsof theDoo-Sabinre�nement,noneof theseholestoucheseach
other, andthuscanbehandledseparately.

Eachvertex correspondingto a patchin thehole(thereis n of them)is patched
with abicubicpatch.Thepatchboundariesof thesemeshesthatabutstheregular
patchesaredegreeraisedquadratics,andthuswegetsmoothtransitionsbetween
theregularandirregularpatches.

The increaseddegreeof thesepatchesgives the requireddegreesof freedom
requiredto makea smoothtransitionbetweentheirregularpatches.

This schemeperformsonemore re�nement stepthanC1 surfacesplines. The gain
from this is that theinput meshcanhave a morearbitrarytopology, but at theexpense
of increasednumberof patches.

4.2.2 Localised-hierarchy surfacesplines

LeSS(Gonzalez& Peters1999),anacronym for Localised-HierarchySurfaceSplines,
is anextensionof (Peters1995a). In essence,thesurfaceis thesame,but methodsare
presentedto removeasmallpartof themeshandreplaceit with anothermeshfragment.
The in�uence of this operationis local. An interestingeffect of this schemeis that
we can not only make re�nement, but actual topologicalchangesto the meshwith
local in�uence. We canmake bridgesbetweentwo partsof the meshes,or introduce
topologicalholes.

However, it is importantto notethatthisnew surfaceis notexactlyequalto theold
surface, only verysimilar. Thus,we cannotgetnestedspacesof surfacesplineswith
this construction.
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4.3 Summary

This chapterbeginswith themotivationof surfacesplinescheme.Themain ideais to
createa schemebehaving like the regular tensorproductB-spline,but applicablefor
arbitrary topologies. In addition,by de�ning the surfaceasa setof standardBézier
patches,theschemecaneasilybeincorporatedinto existinggeometryframeworks.

Threesurfacesplineschemesaredescribed,with extra emphasison oneparticular
scheme,the C1-surfacespline. This schemeis the “full” surfacespline schemeof
which thesimpli�ed surfacesplineis derivedfrom.

A regularvertex is a vertex surroundedby four faces.An irregularvertex is vertex
wherethis is not thecase.The ideais to re�ne thecontrolmeshto separateirregular
vertices.Thenweassociateamidpointto eachquadin there�ned mesh.Wecancreate
adualof there�ned meshby usingthequadmidpointsasvertices.Thisdualis aplanar
cut polyhedronafterthelocalprojection.

Aroundirregularverticesthefollowingstepsarenecessaryto produceaC1 surface:
The local planarprojectionassurescoplanarityof Bézier control points of relevant
coef�cients from abutting patches.The raisingof degreefrom quadraticto cubic on
the patchesincreasesthe numberof degreesof freedomwhich areusedby the twist
correction,whichperturbstheinnercontrolpointsto creatematchingcross-derivatives.
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Chapter 5

The simpli�ed surfacespline

Thesimpli�ed surfacesplineis asimpli�cation of C1-surfacesplines(seesection4.1).
Theconstructionis almostthesame,howeverwith thefollowing differences:

� No planarprojectionis performed.

� Only rectangularbiquadraticBézier patchesare used,thus, only one kind of
patches.

� No twist-correctionis performed.

The simpli�ed surfacespline is not necessarilysmoothin small neighbourhoodsof
irregularvertices(seede�nition 4.1.1).We tradefull C1-continuitywith “almostC1-
continuity” for thebene�t of a simplerscheme.

5.1 Overview

The schemeconsistsof � ve layers,andeachlayer hasan arrayof points. A point in
onelayeris a convex combinationof pointsin theprecedinglayer. Thelayersare:

1. Layerp is �lled by thecontrolmeshvertices,whichareindexedby vertices.The
polyhedralsplit combinesthe verticesof the control meshto form the vertices
of thequadmesh(p ! ps). Thepointsin ps playsthesamerole asthere�ned
pointsof thesurfacesplinecurve(section3.1.1).

2. Layerps is �lled by theverticesof thequadmesh,whichareindexedbyvertices,
edgesand faces. The quadmidpoint generationcombinesthe verticesof the
quadmeshto calculatethequadmidpoints(ps ! qm ). Thequadmidpointsare
equivalentwith the sub-interval midpointsof the surfacesplinecurve (section
3.1.2).

3. Layerqm is �lled by thequadmidpoints,whichareindexedby corners.Bézier
coef�cient calculationcalculatestheBéziercoef�cients from thequadmidpoints
(qm ! bc). The Béziercoef�cients correspondsto the Béziercoef�cients of
thesurfacesplinecurve(section3.1.3).This stepis changesgeometrysuchthat
abuttingpatchesoften1 havecoplanarcontrolpointsat joints.

1For thisalwaysto happen,a planarprojectionmusttake place.
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Topologicalterm Symbol Indexing Usedin layers
Original vertices � (vi ) p,pv ,bv

Edgemidpoint F (ej ) pe,be
Facemidpoint � (f k ) pf ,bf

Quadmidpoint H (vi ; f k ) qm
Edgequartile N (vi ; ej ) beq

Inneredgequartile N (vi ; f k ) biq

Table5.1: Termsin theconstructionwith thesymbolsusedin the�gure. Notethatthe
edgequartilesandthe inner edgequartileshave the samesymbol. Indexing denotes
how thepointsareindexed.

4. Layerbc is �lled by theBéziercoef�cients. The indexing is too complex to be
statedin onesentence.TheBézierevaluationdoesa biquadraticBézierevalua-
tion of therelevantBéziercoef�cients (bc ! s). ThebiquadraticBézierevalua-
tion is equivalentto thequadraticBéziersegmentevaluationof thesurfacespline
curve(section3.1.4).

5. Layers is theevaluatedsurface.

5.1.1 Topologicalterms of the simpli�ed surfacespline

All layersareindexedby topologicalterms,andthesetermshavesymbols,usedin the
subsequent�gures, associatedwith them. As an example,thevertex term refersto a
coef�cient attachedto a vertex, andtheinner-edgequartiletermrefersto a coef�cient
attachedto themidpointof anedgein thequadmesh.Section2.2.2de�nesthedifferent
positionsin themesh.

Sincethecontrolmeshcanbemoreor lessarbitrary, we cannotutilise regularse-
quentialindices,whichareusedin theconstructionof B-splines.Thiscanbeconfusing
(if conventionalsplinesover regulartopologieshavea messof indices,surfacesplines
over arbitrarytopologiesareeven worse). For simpli�ed surfacesplines,we usesix
termsto de�ne thecoef�cients:

1. Verticesarewheretheverticesof thecontrolmeshare.Theseareindexedby the
vertices.

2. Edge midpoints are the middle of eachedgeof the control mesh. Theseare
indexedby theedges.

3. Face midpoints are the middle of eachfaceof the control mesh. Theseare
indexedby thefaces.

4. Quad midpoints arelocatedin the middle of eachquadof the re�ned control
mesh(thequadmesh).Thereis aone-to-onecorrespondencebetweeneachquad
in thequadmeshandeachcornerin thecontrolmesh,andtheseareindexedby
thecornersof thecontrolmesh.

5. Edge quartiles are in the middle of the edgesin the quadmeshwhich is the
resultof a split edge. Every edgein the control meshhastwo edgequartiles,
betweentheedgemidpointandtheir respectiveendvertex of theedge(thustheir
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Figure5.1: Surfacesplineconcepts.The individual patchesarecolouredin different
shadesof grey. Upperleft, thecontrolmesh.Upperright, thequadmesh.Lower left,
theinnermesh,andlower right, theBéziercoef�cients.

namequartiles).Theedgequartilesareindexedby anedgeanda vertex (oneof
thetwo de�ning theedge).

6. Inner edgequartiles arein themiddleof theedgesin thequadmeshwhich is
a resultof facesplitting (Eachedgein thequadmeshareeitherthe resultof a
split edgeor asplit face).Eachedgein thecontrolmeshabouta facein thesame
meshgivesraiseto anedgein thequadmeshwhich is theresultof a facesplit.
Thus,theseareindexedby anedgeanda facefrom thecontrolmesh.

Thereaderis recommendedto look at table5.1which is thekey betweentermsandthe
symbolsusedin �gures, aswell asthe�gures 5.2,5.3,5.4and5.5wherethesesymbols
areused.

5.1.2 The threemeshes

Thereexist threemeshesin thescheme(referto �gure 5.1.The�rst meshis thecontrol
mesh, which is theinput to thescheme.Thesecondmeshis are�nementof thecontrol
mesh,which is known asthequadmesh. The verticesof thecontrol meshalsoexist
in the re�ned mesh. Hence,the setof verticesin the control meshis a subsetof the
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verticesin there�ned mesh.Thethird mesh,not usedexplicitly, is the inner mesh. It
is theaim of theC1-surfacesplineschemeto make this innermeshinto a planarcut
polyhedron.

5.1.3 The intrinsic parameterisation

Thereis a one-to-onemappingbetweencornersof the control meshand the Bézier
patchesof the surface. Thus, the cornersareuseful for indexing the patches.Each
patchhastheunit squareasits localdomain.

De�nition 5.1.1. A parameterpointp onthesimpli�ed surfacesplinesurfaceisa triple

p = (c;s; t); (5.1)

where (s; t) 2 [0; 1] � [0; 1], andc refers to a cornerin thecontrol mesh.

Thepatchesdooverlapatthepatchboundaries.However, theabuttingpatchesevaluate
to thesamevalue,andthusthis is justa matterof choosingwhichpatchto evaluate.

Theparametrisationis muchin�uencedby theblendratios. Blendratiosarein the
interval [0; 1]. If theblendratiosareoutsidethis interval, theconstructionis no longer
entirely constructedfrom convex combinations.The blendratiosplay the samerole
astheknot spacingdoesfor B-splines.From�gure 4.1we seethatsmallblendratios
producethesameeffectassmallknotspacing,sharpergeometry, andlargeblendratios
give smoothergeometry. Whenblendratiosarereducedto zero,we loosea degreeof
continuity.

5.2 Layer I: The control meshvertices

Theinput to theschemeis a controlmeshwith a blendratio associatedwith eachdart
of this meshanda controlpointassociatedwith eachvertex.

Theinitial layeris composedof thecontrolpoints.Eachvertex hasa controlpoint
associated,andthus,we index thecontrolpointswith thevertices.Thecontrolpoints
mustresidein a linearplacesuchthatconvex combinationscantakeplace.Otherwise,
thereareno restrictions,andthus,thepointscanbeof arbitrarydimension.However,
pointsfrom R3 areprobablythemostusefulchoice.

5.3 Layer II: The quad meshpoints

The control mesh(�gure 5.2) is split with the polyhedralsplit scheme(seesection
2.4.2) to make the quadmesh(�gure 5.3). The original verticesarekept, the edge
midpointis theaverageof thetwo verticestheedgeconnects,andthefacemidpointis
theaverageof theverticesof theface.We call theverticesobtainedfrom this stepthe
ps-vertices,referringto thesplittingscheme,thepolyhedralsplit.

Weusethenotationjrestrictionto restricttheexpressionto aspeci�c case.Thus,psjV
is thepolyhedralsplit in thecaseof a vertex.

De�nition 5.3.1. Wede�ne theverticesof thelayerps asa combinationof verticesin
thecontrol meshlayer p. There are three�avours of these;vertices,edge midpoints
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Figure5.2: Theinitial controlmesh.In this case:Threequadrilateralsandthreetrian-
gles,�fteen edgesandtenvertices.

Figure5.3: Thequadmesh.This meshde�nes thepatchstructure;eachquadrilateral
correspondsto oneBézierpatch.
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andfacemidpoints:

psjV (vi ) = p(vi )

psjE M (ej ) =
1
2

X

v l 2 ei

p(vl )

psjF M (f k ) =
1

# ^f k

X

v l 2 ^f k

p(vl ):

(5.2)

The three functionsgive the position of the vertex correspondingto the old vertex,
positionof thevertex correspondingto theedgemidpointandthepositionof thevertex
correspondingto thefacemidpointrespectively.

Thenotationis de�ned in section2.2. Quadmeshes(the resultof a polyhedralsplit)
is treatedin section2.4. This operationis theequivalentof there�nement-stepof the
surfacesplinecurveconstruction(section3.1.1).

Oneimportantobservationcanbemade;all of thenew verticesareconvex combi-
nationsof verticesin thecontrolmesh.

Lemma 5.3.2. All verticesof thequadmesh(layer II) are convex combinationsof the
verticesof thecontrol mesh(layer I).

Proof. Theaveragesin de�nition 5.3.1areobviouslyconvex combinations.

Corollary 5.3.3. There are# V + # E + # F pointsin thequadmeshlayer.

Proof. Thepointsof theverticesarekept,andeachedgegetamidpointaswell aseach
face.

5.4 Layer III: Quad midpoints (inner meshvertices)

From the quadmeshvertices,we computethe quadmidpoints. The quadmidpoints
de�ne the inner meshvertices. The inner meshis not explicitly used,but the inner
meshis theplanarcut polyhedron2 from whichwede�ne thefaces.

A quadmidpoint is a bilinear interpolationof the four verticesof the quad. The
parametersof this interpolationarethe blendratios,andthe coef�cients arethe four
verticesof thequad.A overview of thebilinearinterpolationis givenin section1.4.2.

Eachquadcorrespondsto a cornerin thecontrolmesh.Eachcornerin thecontrol
mesh“has” two non-exclusiveedgesassociated,theedgein andtheedgeout. Thecom-
binationof faceandvertex (from thecorner)in additionto anedgegivesanexclusive
key (adart in this case),andfor eachsuchkey we havea blendratioassociated.Thus,
eachcornerhastwo exclusiveblendratiosassociated.This calculationis visualisedin
�gures 5.3and1.1.

At the boundary, the edgequartilesof the curve play an equalrole as the quad
midpointsof the surface. To achieve this, we assigna valueto the edgequartilesof
every boundaryedgein this step.This is to achieve a borderin the form of a surface
splinecurve. No edgequartilesarede�ned for interior edges.De�nition 5.4.1uses
meshqueries,de�ned in section2.3.3.

2It it not necessarilyaplanarcut polyhedronsincetheplanarprojectionis skipped
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Figure 5.4: The quadmidpoints. Connectingthesepoints togetherforms the inner
mesh.

De�nition 5.4.1. Let thesetBE bethesetof edgesin themeshM which areboundary
edges,

BE =
�

ej 2 M [e; � ; � ; � ] j# M [f ;� ;ej ;� ]=1
	

(5.3)

which is thesetof edgeswherethenumberof abuttingfacesareone. Similarly, wemay
de�ne thesetof boundaryvertices

BV =
�

vi 2 M [v; � ; � ; � ] j# M [f ;v i ;� ;� ]6=# M [e;v i ;� ;� ]
	

; (5.4)

which is thesetof verticeswhere thenumberof connectingedgesare not thesameas
thenumberof abutting faces.

Onemay read“if vi is a boundaryedge”as “if vi 2 BV” to make it more formal,
andlessreadable.The samegoesfor edges.The quadmidpointscorrespondsto the
sub-interval midpointsof thesurfacesplinecurve(section3.1.1).

De�nition 5.4.2. We de�ne theverticesof thelayer qm , thequadmidpoints,ascom-
binationsof the verticesof layer ps. Theverticesare indexedby the corners of the
control mesh.Givena corner (vi ; f k ), wehavetwo edgesassociatedwith it, ein and
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eout aswell astwo blendratios,bin andbout , andqm is de�ned

qm jQM (vi ; f k ) = (1 � bin )(1 � bout )psjV (vi ) +

bin (1 � bout )psjE M (ein ) +

(1 � bin )bout psjE M (eout ) +

bin bout psjF M (f k );

qm jE Q (vi ; ej ) =

(
(1 � b)psjV (vi ) + bpsE M (ej ) if ej is a boundaryedge
unde�ned otherwise,

(5.5)

where b is a blendratio. Thequeryd = M [v; e;f ; vi ; ej ; � ] will giveonedart, d, if ej

is a boundaryedge, andb is theblendratio associatedwith this dart.

The expressionsin equation5.5 area bilinear interpolationanda linear interpolation
respectively. If bothblend-ratiosarezero,thequadmidpoint getsthe positionof the
original vertex of thepatch. If bothblend-ratiosareone,thepatchmidpointgetsthe
positionof thefacemidpoint. Sinceall theBéziercoef�cients dependon thesepatch-
midpoints,we may utilise the blend-ratiosto control the curvatureof the resulting
surface.While we’reat it, patchmidpointsarealsoconvex combinations.

Lemma 5.4.3. All verticesin qm (: : :) are convex combinationsof theverticesof the
control mesh.

Proof. The bilinear interpolationis a convex function. Seesection1.4.2for details.
Thus, in the quadmidpoint case,the verticesare convex combinationsof ps(: : :),
which in turn is a convex combinationof theverticesof thecontrolmesh.Fromprop-
erty1.4.5weknow thatthis resultsin a convex combination.In theedgequartilecase,
the vertex is a linear interpolationof two points in ps(: : :) and the sameargument
applieshereaswell.

Corollary 5.4.4. There are# C + 2# BE pointsin thequadmidpointlayer.

Proof. Thereis a one-to-onecorrespondencebetweenthequadsin thequadmeshand
thecornersof thecontrolmesh.Eachquadhasonequadmidpoint,andthereare# C
quads.In additionweneedtheedgequartilesat theboundary. Eachedgehastwo edge
quartiles,andthusthis numberis 2# BE.

5.5 Layer IV: Béziercoef�cients

Thenext layer is the layerof Béziercoef�cients, which arecombinationsof thequad
midpoints,andtheBéziercoef�cients areusedby thebiquadraticBézierevaluation.

It is in this stepthe smoothingtakesplace. All Béziercoef�cients areaverages
of surroundingquadmidpoints(which residein the interior of patches).In this way,
thecontrol pointsarecoplanarfor abutting patchesalongboundaries.Thesimpli�ed
surfacesplineconstructionis equalto thefull C1 surfacesplineschemeexceptat the
neighbourhoodof irregular vertices,andhasthusthe samesmoothnesspropertiesas
thefull schemeat non-irregularneighbourhoods.

The Bézier coef�cients of the surfaceschemeare analogousto the Bézier coef-
�cient stepof the surfacesplinecurve construction.Béziercoef�cients comein six
�a vours:
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Figure5.5: TheBéziercoef�cients.

1. Vertex coef�cients aretheaverageof thequadmidpointsabuttingthatparticular
vertex in thecontrolmesh.Thenumberof abutting patchesequalsthenumber
of facesabutting thevertex.

2. Edgemidpoint coef�cients aretheaverageof thefour abuttingquadmidpoints.
Edgemidpoint canalsobe the averageof the two edgequartilecoef�cients of
thatedge,whichgivestheexactsameresult.

3. Facemidpoint coef�cients aretheaverageof thequadmidpointsof thatpartic-
ular face.If thefaceis ann-gon,then quadmidpointsof this faceareused.

4. Quad midpoints coef�cients arejust a copy of thequadmidpoint of the layer
below.

5. Edgequartile coef�cients aretheaverageof thetwo quadmidpointsabuttingat
thatendof theedge.

6. Inner edgequartile coef�cients aretheaverageof two succeedingpatchmid-
pointsin a facein betweentheinneredgelies.

Figure5.5 shows the layout of thesecoef�cients andde�nition 5.5.1de�nes the for-
mulas.

The coef�cients have two major casesat this step: boundaryandnon-boundary.
In the caseof a non-boundarycoef�cient, the coef�cient is the averageof the quad
midpoints.However, in theboundarycase,thecoef�cient is theaverageof someedge
quartilesfrom thesamelayer. Consult�gure 5.6 to getan ideaof which coef�cients
areboundaryandwhicharenot.
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Figure5.6: Theboundarycoef�cients arein blackwhile thenon-boundarycoef�cients
arein grey. Noticethatno inneredgequartilesor facemidpointslie on theboundary.

De�nition 5.5.1. All theBéziercoef�cients are averagesof a subsetof thequadmid-
pointsof the layer below. There are �ve typesof Béziercoef�cients: vertex (V), edge
midpoint (EM ), face midpoint (F M ), edge quartile (EQ) and inner edge quartile
(I Q). Thegeneral formulais

bc(: : :) =

(
1

# C

P
(v;f )2 C qm jQM (v; f ) if : : : is non-boundary

1
# EQ

P
(v;e)2 EQ qm jE Q (v; e) if : : : is boundary,

(5.6)

where : : : is theappropriateparameters. Obviously, onlyvertices,edgemidpointsand
edge quartilescanbeboundary. In thenon-boundarycase, theBéziercoef�cients are
blendsof thequadmidpointsof thelayer below. In theboundarycase, thecoef�cients
are blendsof theedge quartilesde�ned in the layer below. In thenon-boundarycase,
thesetC is a subsetof thequadmidpointsspeci�c to thecaseandparameters,

CjV (vi ) = M [v; f ; vi ; � ; � ];

CjE M (ej ) = M [v; f ; � ; ej ; � ];

CjF M (f k ) = M [v; f ; � ; � ; f k ];

CjQM (vi ; f k ) = f (vi ; f k )g;

CjE Q (vi ; ej ) = M [v; f ; vi ; � ; � ] and

CjI Q (ej ; f k ) = M [v; f ; � ; ej ; f k ];

(5.7)

In theboundarycase, thesetEQ is a subsetof theedge quartilesde�ned in the layer
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s=0
t =1

s=1
t =1

t
di

re
ct

io
n

�
!

bcjE M (ein ) bcjI Q (ein ; f k ) bcjF M (f k )

bcjE Q (vi ; ein ) bcjQM (vi ; f k ) bcjI Q (eout ; f k )

bcjV (vi ) bcjE Q (vi ; eout ) bcjE M (ej ; eout )

s=0
t =0 s direction� ! s=1

t =0

Figure5.7: Thelayoutof thecoef�cients usedin theBézierevaluation.Froma corner
(vi ; f k ), we �nd thetwo edges,theincomingandoutgoing.Fromthis weknow which
verticesfrom thebc layerto use.

below,

EQjV (vi ) =
[

8e2 BE:v i 2 e

(vi ; e);

EQjE M (ej ) = M [v; e; � ; ej ; � ]

EQjE Q (vi ; ej ) = f (vi ; ej )g

(5.8)

Lemma 5.5.2. The Béziercoef�cients are convex combinationof the control mesh
vertices.

Proof. All thefunctionsaresimpleaverages,whichareconvex combinations,of either
(a) thequadmidpointsof thelayerbelow, or (b) theedgequartilesof thelayerbelow.
We utilise lemmas5.3.2,1.4.5,and5.5.2,andthisconcludestheproof.

Corollary 5.5.3. There are # V + 3# E + # F + 2# C pointsin theBéziercoef�cient
layer.

Proof. Eachvertex hasa point, eachedgehasthreepoints (one midpoint and two
quartiles),eachfacehasthe samenumberof inner-edgequartilesascornersandone
midpoint. In additionhaseachpatcha patchmidpoint.

Corollary 5.5.4. If thecontrol meshis closed,all Béziercoef�cients canbecalculated
fromthequadmidpoints.

Proof. If thecontrolmeshis closed,it hasno boundaryedges,andedgequartilesare
notusedin thisstep.

5.6 Layer V: Bézierevaluation

Eachpatchis de�ned from ninecoef�cients. All of thesecoef�cients, exceptthequad
midpoints,aresharedbetweenneighbouringpatches,whichassuresC0 continuity. To
get a consistentorientationof the surface,we let s andt run alongthe outgoingand
theincomingedgerespectively. If thecontrolmeshis consistentlyoriented,thesurface
will beconsistentlyorientedaswell.
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De�nition 5.6.1. A patch is associatedwith each corner of the control mesh. The
cornerc is de�nedbya vertex-facepair. In addition,a cornerhastwoedgesassociated
with it, theincomingedgeein andeout .

s(c;s; t) = (1 � s)2(1 � t)2 bcjV (v) +

2(1 � s)2(1 � t)t bcjE Q (v; eout ) +

(1 � s)2t2 bcjE M (eout ) +

2(1 � s)s(1 � t)2 bcjE Q (v; ein ) +

4(1 � s)s(1 � t)t bcjQM (v; f ) +

2(1 � s)st2 bcjI Q (eout ; f ) +

s2(1 � t)2 bcjE M (ein ) +

2s2(1 � t)t bcj I Q (ein ; f ) +

s2t2 bcjF M (f );

(5.9)

where (c,s,t) is a parameterpoint (de�nition 5.1.3),v,f ,ein and eout are the vertex,
face, incomingedgeandoutgoingedgeof cornerc = (vi ; f k ) respectively.

The nine coef�cients areblendedwith a biquadraticblend(seeexample1.4.2). The
biquadraticblendblendscoef�cients laid out in a three-by-threegrid (see�gure 5.7).

Property 5.6.2. Theexpressionsgivenin de�nition 5.6.1are convex combinationsof
theverticesof thecontrol mesh.

Proof. The biquadraticBézierblend is a convex combinationof its coef�cients (see
section1.4.2). In theusualspirit, we utilise properties5.3.2,1.4.5,and5.5.2,andthis
concludestheproof.

With this, we have proved that any point on the simpli�ed surfacesplinesurface
is computedasconvex combinationsof thecontrolmeshvertices.This givesa useful
property, theconvex hull property.

Property 5.6.3. Thecompletesimpli�ed surfacesplinesurfaceresidesinsidethecon-
vex hull of thecontrol meshvertices.

Proof. We know from property5.6.2thatany point on thesurfacecanbeexpressedas
a convex combinationof thecontrolmeshvertices,andthusby property1.4.4we get
property5.6.3.



Chapter 6

The simpli�ed surfacespline
basis

The stepsof chapter5 are intuitive and ratherstraight-forward. However, this way
of representingthe surfaceis not the bestwhen dealingwith qualitative aspectsof
approximation.We areinterestedin howmuch a speci�c controlvertex is contributing
to thesurfaceatagivenparameterpoint. Sinceall operationsareconvex combinations
of thelayerbelow wecanview theschemeasaseriesof matricesappliedto thecontrol
points.Eachstepde�nesa matrix. In addition,we introduceanadditionalmatrix, the
selectmatrix. Theselectmatrix picksout thecorrectBéziercoef�cients to beusedin
theBézierevaluation.We de�ne thefollowing matrices:

1. ThematrixSps performsthepolyhedralsplit. Thismatrixhas# V columns,and
# V + # E + # F rows.

2. Thematrix Sqm calculatesthequadmidpointmatricesandcopiestheboundary
edgequartiles.Thismatrixhas# V + # E+ # F columnsand# C+ 2# BE rows.

3. ThematrixSbc calculatestheBéziercoef�cients. Thismatrix has# C + 2# BE
columnsand# V + 3# E + # F + 2# C rows.

4. Thematrix Ssel (c) is dependenton which patchto beevaluated.It extractsthe
correctsetof Béziercoef�cients to beusedin theBézierevaluation.Thismatrix
has# V + 3# E + # F + 2# C columnsand9 rows. This matrix containsnine
1’s andtherestof theentriesarezero.Which entriesarenon-zerois dependent
onc.

5. Thematrix Sbz(s; t) performstheBézierevaluation.Theentriesin this matrix
is the nine basisfunctionsfor the biquadraticBézierpatch. The matrix has9
columnsand1 row.

Combiningthis,we getthematrix product

s(c;s; t) = Sbz(s; t) � Ssel (c) � Sbc � Sqm � Sps �
| {z }

basis

p

=
N vX

b=1

B (vb; c;s; t)p(vb);

(6.1)

67
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andthematricescombinedgive thebasisfunctions.A basisfunctionis a functionthat
givestheamountof contributionavertex hasataparticularparametervalue.It is in fact
rathereasyto deducetheentriesfor thesematrices.However, thesematricesbecome
ratherlarge,evenfor smallmodels.

We will not usethis matrix formulation directly when deducingthe basisfunc-
tions. Instead,we will write thematrix productsexplicitly assums,andformulatethe
following hypothesis:

Hypothesis6.0.1. Thesimpli�ed surfacesplineis a linear scheme(all stepsare linear
combinationsof valuesof thepreviousstep),thuswecanwrite thesurfaceasa sum,

s(c;s; t) =
N vX

b=1

B (vb; c;s; t)p(vb); (6.2)

where B (vb; c;s; t) is thebasisfunctionassociatedwith vi evaluatedat theparameter
point (c;u; v).

Eachvertex of the control meshhasits own basisfunction. Insteadof writing “the
vertex of which thebasisfunctioncorrespondsto”, we will consistentlyusevb asthis
vertex. Whenwehaveseveralbasisvertices(asin thesumof hypothesis6.0.1),weuse
basthesummationvariable.

6.1 Overview

Conceptually, we aresamplingthescheme.A basisfunctionis theresponsegivenby
theschemewhenemittinga unit pulseatvb. Theunit pulseis de�ned as

� ib =

(
1 i = b
0 i 6= b

: (6.3)

We usetheunit pulseto rewrite thecontrolmeshverticesasa samplingof thecontrol
meshvertices,

p(vi ) =
N vX

b=1

� ib p(vb); (6.4)

Thiscumbersomeidentitywill beuseful.We�rst unwraptheschemeof section5, then
introduceour identitygivenin equation6.4,and�nally re-wraptheschemewith some
algebraicjuggling. Theresultis anexpressionon theform givenin hypothesis6.0.1.

Fromde�nitions 5.6.1,5.5.1,5.4.2and5.3.1we seethat theschemecanbecom-
posedof convex combinationsof a “layer below”. Theschemeis composedof layers
of computation;�rst, thepolyhedralsplit is performed,andis thelayerabovethecon-
trol meshvertices.Thenthe quadmidpointsarecalculatedfrom the polyhedralsplit
vertices,andform thelayerabovethisagain,andsoon(weskipmostof theparameters
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for simplicity here).

s(c;s; t) =
X

wbzbc(: : :)

s(c;s; t) =
X

wbz

X
wbcqm (: : :)

s(c;s; t) =
X

wbz

X
wbc

X
wqm ps(: : :)

s(c;s; t) =
X

wbz

X
wbc

X
wqm

X

i

wpsp(vi )

s(c;s; t) =
X

wbz

X
wbc

X
wqm

X

i

wps

N vX

b=1

� ij p(vb)

| {z }
from eq.6.4

(6.5)

Wewill provethatwemaymovethesumoverboutsidethenestingof thecomputation
stepby step,

s(c;s; t) =
X

wbz(u; v)
X

wbc(c)
X

wqm

ps ( ::: )
z }| {X

b

X

i

wps � ib

| {z }
B ps (vb ;::: )

p(vb)

s(c;s; t) =
X

wbz(u; v)
X

wbc(c)

qm (::: )
z }| {X

b

X
wqm Bps(vb; : : :)

| {z }
B qm (vb ;::: )

p(vb)

s(c;s; t) =
X

wbz(u; v)

bc( ::: )
z }| {X

b

X
wbc(c)Bqm (vb; : : :)

| {z }
B bc (vb ;::: )

p(vi )

s(c;s; t) =
X

b

X
wbzBbc(vb; : : :)

| {z }
B (vb ;::: )

p(vb)

s(c;s; t) =
X

b

B (vb; : : :)p(vi );

(6.6)

and we end up proving hypothesis6.0.1. The un-nestingdonein equation6.5 are
provedin theoppositedirectionin thede�nitions of theprevioussection.To overcome
extremely tediousbookkeeping,we will perform the changeof summationand re-
nestingof equation6.6stepby step,andnotall stepsatonce.

Wewill alsoseethatthesimpli�ed surfacesplinehasgoodlocalsupportproperties.
We will prove a corollary for eachstepdeterminingthe size of the supportof the
expressionsof the step,andcombinethis to �nd the supportof the schemein total.
We startwith thepolyhedralsplit.
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6.2 Layer II: Quad meshpoints

Lemma 6.2.1. Theverticesof thepolyhedral split layercanbewrittenas

ps(: : :) =
N vX

b=1

Bps (vb; : : :)p(vb); (6.7)

where : : : areeithera vertex, anedgeor a face. Thereare threecasesin this layer: the
vertex (V), theedgemidpoint(EM ) andthefacemidpoint(F M ),

Bps jV (vb; vi ) = � ib

Bps jE M (vb; ej ) =
1
2

X

v l 2 ej

� lb

Bps jF M (vb; f k ) =
1

# f̂ k

X

v l 2 ej

� lb ;

(6.8)

where f̂ k is theverticesof facef k asde�nedin de�nition 5.3.1.

Proof. Fromde�nition 5.3.1wehave

psjV (vi ) = p(vi ): (6.9)

We introduceanextrasummation,

psjV (vi ) =
N vX

b=1

� ib p(vb); (6.10)

Theequations6.9 and6.10areequivalent. Theexpressionfor verticesin the layerof
thepolyhedralsplit, in thecaseof avertex, arethen

Bps jV (vb; vi ) = � ib : (6.11)

Now, let’s look at theedgemidpointsof this layer, from de�nition 5.3.1

psjE M (ej ) =
1
2

X

v l 2 ei

p(vl )

=
1
2

X

v l 2 ei

N vX

b=1

� lb p(vl )

=
N vX

b=1

 
1
2

X

v l 2 ei

� lb

!

p(vl )

=
N vX

b=1

Bps jE M (vb; ej )p(vl ):

(6.12)

Thechangeof summationin thetwo middlerows of equation6.12is appropriate,and
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this enablesusto �nd theexpressions.Finally, thecaseof thefacemidpoints,

psjF M (f k ) =
1

# f̂ k

X

vk 2 f̂ k

p(vl )

=
N vX

b=1

1

# f̂ k

X

vk 2 f̂ k

� lb p(vb)

=
N vX

b=1

Bps jF M (vb; f k )p(vl );

(6.13)

andthis proveslemma6.2.1.

Corollary 6.2.2. ThefunctionsBps (vb; : : : ) are

Bps jV (vb; vi ) = 0 if vb 6= vi ,

Bps jE M (vb; ej ) = 0 if vb =2 ej and

Bps jF M (f k ) = 0 if vb =2 f̂ k .

(6.14)

Proof. This followseasilyfrom thede�nitions of Bps givenin lemma6.2.1.

Theexpressionsof thepolyhedralsplit layerarenon-zeroat thevertex vb, themidpoint
of edgesconnectedto vb, andat thefacemidpointsof facesabuttingvb. Otherwise,the
functionsarezero.

6.3 Layer III: Quad midpoints

Theverticesin thequadmidpoint layerareconvex combinationsof theverticesin the
polyhedralsplit layer. Therearetwo casesof aquadmidpoint:

1. it is in facethemidpointof a quad,or

2. it is themidpointof anedgequartile.

Item (2) canbe a bit confusing. The quadmidpoint layer consistsof a midpoint of
eachquadin themeshaswell as themidpointof each boundaryquartile. Remember
from chapter3 that the sub-interval midpointsplayedan equivalentrole asthe quad
midpoints.Theboundaryof a simpli�ed surfacesplinesurfaceis de�ned by a surface
splinecurve,andtheedgequartilesontheboundaryarein factthesub-edgemidpoints
of this boundarycurve.

Lemma 6.3.1. Thepointsof thequadmidpointlayercanbewrittenas

qm (: : :) =
N vX

b=1

Bqm (vb; : : :)p(vb); (6.15)

where : : : are either a corner or an edge quartile. There are two casesin this layer,
the regular quad midpoint, and the edge quartiles for usein boundary-cases.The
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expressionsare

Bqm jQM (vb; vi ; f k ) = (1 � bin )(1 � bout )

(
1 if vb = vi

0 otherwise

+ bin (1 � bout )

(
1=2 if vb 2 ein

0 otherwise

(1 � bin )bout

(
1=2 if vb 2 eout

0 otherwise

bin bout

(
1=# f if vb 2 ^f k

0 otherwise,

(6.16)

and

Bqm jE Q (vb; vi ; ej ) = (1 � b)

(
1 if vb = vi

0 otherwise

+ b

(
1=2 if vb 2 ej

0 otherwise:

(6.17)

The edges ein and eout are the incomingand outgoingedge of c = (vi ; f k ), and
bin is the blend ratio associatedwith M [v; e;f ; vi ; ein ; f k ] and similarly for bout .
We assumethat Bqm jE Q are only evaluatedwhenej is a boundaryedge, and thus,
M [v; e;f ; vi ; ej ; � ] returnsa singledart, andb is theblendratio associatedwith this
dart.

Proof. We startwith the caseof a quadmidpoint. From de�nition 5.4.2andlemma
6.2.1,

qm jQM (vi ; f k ) = (1 � bin )(1 � bout )
N vX

vb =1

Bps jV (vb; vi )p(vb) +

bin (1 � bout )
N vX

vb =1

Bps jE M (vb; ein )p(vb) +

(1 � bin )bout

N vX

vb =1

Bps jE M (vb; eout )p(vb) +

bin bout

N vX

vb=1

Bps jF M (vb; f k )p(vb):

(6.18)

We maymove thesummationof vb outsidetheexpression,andinserttheexpressions
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for Bps ,

qm jQM (vi ; f k ) =
N vX

vb =1

�
(1 � bin )(1 � bout )� bi +

bin (1 � bout )
X

vk 2 ein

� bk

2
+

(1 � bin )bout

X

vk 2 eout

� bk

2
+

bin bout

X

vk 2 f̂ k

� bk

1
# f k

�
p(vb):

(6.19)

Only onetermof thesumsmaybenonzerofor eachvb, andthus,wegetequation6.16.
We do thesamefor theedgequartiles.We assumeej to bea boundaryedge,andfrom
thesamede�nition andlemmawe get

qm jE Q (vi ; ej ) = (1 � b)
N vX

vb=1

Bps jV (vb; vi )p(vb) + b
N vX

vb=1

Bps jE M (vb; ej )p(vb)

=
N vX

vb =1

0

@(1 � b)� ib + b
X

vk 2 ej

� ik

2

1

A p(vb):

(6.20)

Hereaswell, only oneterm of the sumis nonzero,andthuswe getequation6.17of
lemma6.3.1.

Fromthenatureof thecontrolmesh,we seethat thequadmidpointsof this layercan
bein four differentsituationsin respectof vb. Either

1. Thevertex vb = vi , andthusvb 2 ein , vb 2 eout andvb 2 f̂ k . Thusall four of
thetermsin thebilinearblendarenonzero.

2. Thevertex vi 6= vb but eithervb 2 ein or vb 2 eout . Thenvb 2 f̂ k andtwo of
thetermsarenonzero.

3. Thevertex vb =2 ein or vb =2 eout , andthusvb 6= vi but vb 2 f̂ k . Thenonly the
termof thefacemidpointis nonzero.

4. If vb =2 f̂ k , all of thetermsarezero.

Situation(4) is especiallyinteresting,andwewill recordthis in acorollary. Wecall the
setof nonzeropatchmidpointsfor a particularvertex vb thequadmidpoint in�uence
of vb (see�gure 6.1). This will beusedwhendeducingthesupportof theexpressions
of otherkindsof coef�cients.

Corollary 6.3.2. ThefunctionsBqm (vb; : : :) arezero when

Bqm jQM (vb; vi ; f k ) = 0 if vb =2 f̂ k

Bqm jE Q (vb; vi ; ej ) = 0 if vb =2 ej .
(6.21)
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Figure6.1: Deductionof supportfrom thein�uence of vb andsourcesof computation
for thevariouscoef�cients. Upperleft: Thein�uence of vb on thequadmidpointsH.
The gray quadmidpointsarezeroand the black quadmidpointsarenot necessarily
nonzero.Upperright: Thesourceof computationfor original vertices(white square).
The black quadmidpointsare usedin the calculationof this coef�cient, while the
gray onesarenot used. Middle left: The sourceof computationfor edgemidpoints.
Middle right: Thesourceof computationfor facemidpoints.Lower left: Thesourceof
computationfor edgequartiles.Lowerright: Thesourceof computationfor inneredge
quartiles.
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Proof. Fromthefundamentalconceptof amesh,theincomingandoutgoingedgemust
beapartof thefacethecornerbelongsto. Also, bothof thesetwo edgesmustconnect
to the vertex of the corner. Thus,if a vertex is not part of the faceof thecorner, the
vertex cannotbe the vertex of the corneror oneof the endverticesof the incoming
andoutgoingedge. This if vb =2 f̂ k , thenall four termsarezero,and thereforethe
resultis zero.Similarly, if a vertex is not oneof thetwo endverticesof anedge,then
it obviously cannotbeoneof thetwo endverticesof thesameedge.Thus,if vb =2 ej ,
thenbothtermsarezeroin thecaseof edgequartiles.

6.4 Layer IV: Béziercoef�cients

The Béziercoef�cients areconvex combinationsof eithera setof quadmidpointsof
thelayerbelow, or a setof edgequartiles.

Lemma 6.4.1. Thepointsof theBéziercoef�cients layercanbewrittenas

bc(: : :) =
N vX

b=1

Bbc(vb; : : :)p(vb); (6.22)

where

Bbc(vb; : : :) =

(
1

# C

P
(v;f )2 C Bqm jQM (vb; v; f ) if : : : is non-boundary

1
# EQ

P
(v;e)2 EQ Bqm jE Q (vb; v; e) if : : : is boundary,

(6.23)

that is, theexpressionsare averagesof quadmidpointsin thenon-boundarycase, and
averagesof the edge quartilesin the boundarycase. Thesetsof which the averages
are takenarede�nedin de�nition 5.5.1.

Proof. Fromde�nition 5.5.1andlemma6.3.1weknow that

bc(: : :) =

(
1

# C

P
(v;f )2 C

P N v
vb =1 Bqm jQM (vb; v; f )p(vb) if : : : is non-boundary

1
# EQ

P
(v;e)2 EQ

P N v
vb=1 Bqm jE Q (vb; v; e)p(vb) if : : : is boundary

(6.24)
In bothcaseswecanswapthetwo summationsand,

bc(: : :) =

8
<

:

P N v
vb =1

�
1

# C

P
(v;f )2 C Bqm jQM (vb; v; f )

�
p(vb) non-boundary

P N v
vb =1

�
1

# EQ

P
(v;e)2 EQ Bqm jE Q (vb; v; e)

�
p(vb) boundary

(6.25)
andby de�ning theexpressionsinsidethebig parenthesesastheexpressions,we get
lemma6.4.1.

We let Q andEQ bethesetsof quadmidpointsor edgequartilesusedin thecomputa-
tion of apoint,andlet I qm andIeq bethein�uencedquadmidpointsandedgequartiles
respectively for agivenvertex. In general,we have

Bbc(vb; : : :) = 0 if

(
Q \ Iqm (vb) = ; if non-boundary

EQ \ Ieq(vb) = ; if boundary.
(6.26)

Thespeci�c casesaregivenin thefollowing corollary.
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Corollary 6.4.2. The expressionsusedin the computationof a point in the Bézier
coef�cient layer arezero for a basisvertex vb when

1.

BbcjV (vb; vi ) � 0 if

8
><

>:

vi =2 M [v; � ; � ; f k ] 8f k 2 M [f ; vb; � ; � ]

m

vb =2 M [v; � ; � ; f k ] 8f k 2 M [f ; vi ; � ; � ]:

(6.27)

Thesetwo testsareequivalent.

2. Both

BbcjE M (vb; ej ) � 0

BbcjE Q (vb; vi ; ej ) � 0

)

if ej =2 M [e;� ; � ; f k ] 8f k 2 M [f ; vb; � ; � ].

(6.28)

3. Both

BbcjF M (vb; f k ) � 0

BbcjI Q (vb; ej ; f k ) � 0

)

if

8
><

>:

f k =2 M [f ; vb; � ; � ]

m

vb =2 ^f k :

(6.29)

Thesetwo testsareequivalent.

Theproof is ratherargumentative,and�gure 6.1canbeof goodhelpwhenexamining
this proof.

Proof. We will begin with the non-boundarycase. We make someobservationsof
Iqm (vb): Thecornersin thissetform full faces,thatis, eitherall or noneof thecorners
of a faceis in theset.

This implies that if a faceis “in” the in�uence region, all of the inneredgequar-
tiles andthe facemidpoint aswell arepossiblenonzero.However, if the faceis not
inside,whichmeansthatnoneof thecornersusethis face,all of thebefore-mentioned
coef�cients areexactly equalto zero.Thus,thetestfor facemidpointsandinneredge
quartilesarethesame.

This alsoimpliesthatanedgecaneither(i) beinsidetheregion, thatis, bothabut-
ting facesarein the region, or (ii) theedgeis on theborderof the region, that is one
of theabutting facesarein the region while theotheris not or (iii) theedgeis not in
theregion at all. Thus,if theedgeis either(i) or (ii), theedgemidpoint is in�uenced
by quadmidpointsin the in�uence region. If theedgeis (iii), theedgecannotbe in-
�uencedsincebothof thetwo facesusedin all cornersaroundtheedgearenotpresent
in the in�uence region. Further, sincebothof thecornerson onesideof theedgeare
eitherbothin or bothoutof thein�uence region,thetestfor edgequartilesarethesame
asfor edgemidpoints.

Test(1a) testswhethervi is oneof theverticesof the facesabutting vb. If this is
not thecase,thenobviously noneof thesurroundingcornersof vi is in the in�uence
region.

To verify that(1a)and(1b)areequivalent,weremarkthatif vi is oneof thevertices
of facesabutting vb, thenvb mustalsobea vertex of this samefaceabutting vi . Thus,
this testis symmetric.

Test(2) testswhetherej is oneof the edgesboundingthe facesabutting vb, thus
this testchecksif theedgeej is of type(iii) or not.
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Test(3a)testswhetherf k is oneof thefacesabuttingvb. If this is not thecase,then
asimplied, boththefacemidpointandtheinneredgequartilesassociatedwith f k are
equalto zero.Test(3b) is equivalentsinceif a faceis oneof thefacesabuttingavertex,
thenthis vertex mustbein this face.

Let us turn to the boundarycase.In fact,we canmake somesharpertestsat the
boundary, but we will usethesametestfor simplicity.

For a boundaryvertex vi to be nonzero,thebasisvertex vb mustsatisfyeither(i)
vb = vi or (ii) vb mustbein oneof thetwo boundaryedgesconnectingto vi . Thus,if
any of thetestsin (1) aretrue,thenneitherof (i) or (ii) couldbetrue.

For anedgemidpoint(ej ) oranedgequartile(vi ; ej ) to benonzero,thebasisvertex
vb mustbeeitherof thetwo verticesin theedge.Thus,if ej is not in any faceabutting
vb, thenthis cannotbethecase.

6.5 Layer V: The surfacein terms of basisfunctions

Theorem6.5.1. Thesurfacecanbewrittenasa linear combinationof thebasisfunc-
tions, that is, a linear combinationof the control pointswith the basisfunctionsas
weights,

s(c;s; t) =
N bX

b=1

B (vb; c;s; t)p(vb); (6.30)

where

B (vb; c;s; t) = (1 � s)2(1 � t)2 BbcjV (vb; v) +

2(1 � s)2(1 � t)t BbcjE Q (vb; v; eout ) +

(1 � s)2t2 BbcjE M (vb; eout ) +

2(1 � s)s(1 � t)2 BbcjE Q (vb; v; ein ) +

4(1 � s)s(1 � t)t BbcjQM (vb; v; f ) +

2(1 � s)st2 BbcjI Q (vb; eout ; f ) +

s2(1 � t)2 BbcjE M (vb; ein ) +

2s2(1 � t)t BbcjI Q (vb; ein ; f ) +

s2t2 BbcjF M (vb; f );

(6.31)

andwhere v,f ,ein andeout are thevertex, face, incomingedge andoutgoingedge of
cornerc = (vi ; f k ) respectively.

Proof. Fromde�nition 5.6.1andlemma6.4.1wehave

= B (vb; c;s; t)p(vb); (6.32)
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where

s(c;s; t) = (1 � s)2(1 � t)2
N bX

b=1

BbcjV (vb; v)p(vb) +

2(1 � s)2(1 � t)t
N bX

b=1

BbcjE Q (vb; v; eout )p(vb) +

(1 � s)2t2
N bX

b=1

BbcjE M (vb; eout )p(vb) +

2(1 � s)s(1 � t)2
N bX

b=1

BbcjE Q (vb; v; ein )p(vb) +

4(1 � s)s(1 � t)t
N bX

b=1

BbcjQM (vb; v; f )p(vb) +

2(1 � s)st2
N bX

b=1

BbcjI Q (vb; eout ; f )p(vb) +

s2(1 � t)2
N bX

b=1

BbcjE M (vb; ein )p(vb) +

2s2(1 � t)t
N bX

b=1

BbcjI Q (vb; ein ; f )p(vb) +

s2t2
N bX

b=1

BbcjF M (vb; f )p(vb);

(6.33)

Thesumis commonfor all theterms,andthuscanbemovedoutsidetheexpressions.
Thisappliesto p(vb) aswell. We thenget

s(c;s; t) =
N bX

b=1

�
(1 � s)2(1 � t)2 BbcjV (vb; v) +

2(1 � s)2(1 � t)t BbcjE Q (vb; v; eout ) +

(1 � s)2t2 BbcjE M (vb; eout ) +

2(1 � s)s(1 � t)2 BbcjE Q (vb; v; ein ) +

4(1 � s)s(1 � t)t BbcjQM (vb; v; f ) +

2(1 � s)st2 BbcjI Q (vb; eout ; f ) +

s2(1 � t)2 BbcjE M (vb; ein ) +

2s2(1 � t)t BbcjI Q (vb; ein ; f ) +

s2t2 BbcjF M (vb; f )
�
p(vb):

(6.34)

The expressioninsidethe bracketsareindeedthe basisfunctionsde�ned in theorem
6.5.1,andthusthis theoremis proved.

The parametervalues(c;u; v) wherea basisfunction for a particularvertex of the
control meshis nonzerois called the supportof vb. Actually, we will not be that
speci�c, wewill justdenotethesetof patches(indexedby thecorner)whichis nonzero.
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Corollary 6.5.2. A patch c = (v; f ) is outsidethesupportof vb if

vi =2

8
<

:

[

f k 2 M [f ;vb ;� ;� ]

M [v; � ; � ; f k ]

9
=

;
(6.35)

that is, if vb is not in anyfaceabuttingvi , or equivalently

vb =2

8
<

:

[

f k 2 M [f ;v i ;� ;� ]

M [v; � ; � ; f k ]

9
=

;
(6.36)

Otherwise, thepatch mayhaveat leastonenon-zero coef�cient.

Proof. If vb is not in any faceabutting vi , thenneitheris any faceabutting oneof the
two associatededges(sincethesefacesabutsvi aswell astheedges),andvb is not in
f (sincef by de�nition abutsvi ), and�nally , vi 6= vb. With this information,weknow
from corollary6.4.2thatnoneof theblendedexpressionsarenonzero.Thesymmetry
of theconditionis provedin corollary6.4.2.

6.6 The simpli�ed surfacespline space

In theprevioussectionwe foundasetof functionswhichcanbeusedasweightswhen
performingthe surfaceevaluationasonesingle linear combination.We calledthese
functionsbasisfunctions,sincethey aresuitablecandidatesfor a simpli�ed surface
splinebasis.

6.6.1 The space

Welet B i denotethebasisfunctionof vertex vi . Weputall then = Nv basisfunctions
of themeshM into a row vector,

B (c;s; t) =
�
B (v1; c;s; t) B (v2; c;s; t) : : : B (vn ; c;s; t)

�
; (6.37)

whereB (vb; c;s; t) is de�ned in theorem6.5.1, and the control meshverticesin a
columnvector,

p =

2

6
6
6
4

p(v1)
p(v2)

...
p(vn )

3

7
7
7
5

: (6.38)

Thesimpli�ed surfacesplineis thenthevectorproductof thetwo vectors,

s(c;s; t) = B (c;s; t)p: (6.39)

De�nition 6.6.1. A simpli�ed surfacespline spaceS is de�ned by the connectivity
andtheblendratiosof a mesh,andis populatedby all simpli�ed surfacesplineswith
this mesh.Anobjectin this spaceis speci�edbya vectorof control points,onecontrol
point associatedwith each vertex in the mesh.Addition and scalar multiplication of
objectin this spaceis de�nedbyadditionof thecontrol pointvectorsof theobjects.

Theorem6.5.1statesthatany objectin S, canbewrittenon theform of equation6.39.

Lemma 6.6.2. Thesimpli�ed surfacesplinespaceS is a linear vectorspace.
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6.6.2 Linear independence

We de�ne whatwe meanby linearly independentbasisfunctions,andhow this relates
to the points in the quadmidpoint layer. If the surfaceis closed,the quadmidpoint
layerconsistsonly of quadmidpoints,otherwise,thesurfacehasaboundary, andeach
boundaryedgecontributestwo edgequartilesto this layer.

De�nition 6.6.3. A setof basisfunctionsare linearly independentif and only if the
zero vectorgivesthezero surface,

B (c;s; t)p = 0 8(c 2 M [v; f ; � ; � ; � ]; s 2 [0; 1]; t 2 [0; 1])

m (6.40)

p =
�
0 0 : : : 0

� T
:

Thezerosurfaceis asurfacethatis zerofor all possibleparameterpoints.Wecanrelate
de�nition 6.6.3to thepointsin thequadmidpointlayer.

Lemma 6.6.4. Thepatchesof a simpli�ed surfacesplinesurfacecanonly beexactly
equalto zero if andonly if all thepointsof thequadmidpointlayerare equalto zero.

Proof. The quadmidpoint layer consistsof thequadmidpointandtheedgequartiles
for the boundaryedges.The weightsusedin the Bézierblendingon eachpatchare
parametricpolynomials,andthusall coef�cients mustbe zerofor this to be thezero
surfaceandviceversa.

Thus,if all the points in the quadmidpoint layer arezero,all Béziercoef�cients
arezero,andthusthesurfaceis thezerosurface.Conversely;eachpatchhasexactly
oneexclusive quadmidpointeach. If at leastonequadmidpoint or edgequartileare
non-zero,someof theBéziercoef�cients arenon-zero,andthus,thesurfacecannotbe
thezerosurface.

We canreducetheproblemto examinefor whatconditionsall thequadmidpointsare
equalto zero. Lemma6.6.4 is the connectionbetweenthe quadmidpoint layer and
thezerosurface. We will de�ne thequadmidpointmatrix, a matrix which transform
control meshverticesinto quadmidpoints, to examinethe connectionbetweenthe
controlpointsandthequadmidpointlayer.

De�nition 6.6.5. Thequadmidpoint matrix B qm is de�nedby

B qm =

2

6
6
6
6
6
6
6
6
4

Bqm jQM (v1; c1) : : : Bqm jQM (vn ; c1)
...

...
...

Bqm jQM (v1; cm ) : : : Bqm jQM (vn ; cm )
Bqm jE Q (v1; g1) : : : Bqm jE Q (vn ; g1)

...
...

...
Bqm jE Q (v1; gl ) : : : Bqm jE Q (vn ; gl )

3

7
7
7
7
7
7
7
7
5

; (6.41)

whereci ; 1 � i � m are thecorners,vj ; 1 � j � n are thevertices,andgj ; 1 � l �
n are theboundaryedge-endsof thecontrol mesh.TheexpressionB qm jQM is de�ned
in lemma6.3.1.

Thematrix B qm is theproductof thetwo matricesSqm � Sps in equation(6.1). Each
edgehastwo edge-ends,andthusB qm has# V columnsand# C + 2# BE rows. A
vertex hasat leastonecorner, andthus,this matrixhasnever lessrows thancolumns.
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v3 v4 v7 v9
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7v{f,   }

v9{f,   }
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v3 v9v4 v7
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v9{f,   }7
v{f,   }3v{f,   }

v4{f,   }

{f,   }

{f,   }
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v7
4
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v{f,   }

Entry extraction

Row permutation

Corners of f

Vertives of f

Local quad midpoint matrix of f

Quad midpoint matrix

Figure6.2: Constructionof thelocalquadmidpointmatrix.

Lemma 6.6.6. Thesimpli�ed surfacesplinebasisfunctionsare linearly independent
if andonly if thequadmidpointmatrix B qm of de�nition 6.6.5hasfull rank.

Proof. This follows from lemma6.6.4. If it is of full rank,only the zerovectorgive
zeroquadmidpoints.If it isn’t of full rank,it hasa non-trivial null-space.

For the restof this chapterwe will usea one-way implication insteadof the two way
implicationof lemma6.6.6. In otherwords,we settlefor �nding onecriteriumimpli-
catinglinearindependentbasisfunctions,a criteriumnotnecessarilyimplied by linear
independentbasisfunctions.

Eachvertex hasat leastoneabutting corner, and thus, the numberof cornersis
largeror equalto thenumberof vertices.Eachcornercorrespondsto a row, andthus,
we canprove full rankof thequadmidpointmatrix by examiningtheB qm jQM -rows
only. For simplicity, we let B qm jQM be a sub-matrixof the quadmidpoint matrix
whereall Bqm jE Q -rowsareremoved.

6.6.3 A local criterium

We will now show thatdiagonallydominantlocal quadmidpointmatricesresult in a
non-singularquadmidpointmatrix. Eachfacehasa local quadmidpointmatrix, and
theentriesof thismatrix is a subsetof theentriesof thequadmidpointmatrix.

De�nition 6.6.7. Thelocal quadmidpointmatrix for facef k , denotedB L
qm jQM (f k ),

is a subsetof theentriesof thequadmidpointmatrix. First, removeall rowsnot cor-
respondingto corners of f k . Then,removeall columnsnot correspondingto vertices
of f k . Thenpermutetheremainingrowssuch that theentryof vertex vi in row f f ; vi g
lies on thediagonal.
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Theconstructionis depictedin �gure 6.2.

Lemma 6.6.8. Thelocal quadmidpointmatrix for facef k is a square matrix of size
# f k � # f k , andall theremovedcolumnshavezero asentriesin theremainingrows.

Proof. Thereis aone-to-onecorrespondencebetweenquadmidpointsandcorners,and
a cornercanonly belongto oneface.Thereare# f k verticesin facef k , andthusthe
samenumberof corners. Hence,# f k rows and# f k columnsare retainedand the
resultis a squarematrix of size# f k , see�gure 6.2.

Eachquadmidpointis a bilinearblendof only theverticesof theface,thusentries
of verticesnotbelongingto f k on rowsbelongingto f k arezero.

Eachrow of thequadmidpointmatrix “belongs”to onesingleface,andthus,therows
of the local quadmidpointmatricesdo not overlap. We will now prove that if all the
local quadmidpointmatricesarediagonallydominant,thenthequadmidpointmatrix
B qm jQM is of full rank,andthus,B qm is of full rankaswell.

The ideais to reversetheconstructionof de�nition 6.6.7. First, we pick N v rows
from thelocalmatricesandpadthem(theoppositeof thecolumnremoval). In thisway
wecanbuild aNv � Nv diagonallydominantmatrix. By addingtheunusedrowsfrom
thelocal matrices,andpermutingrows this squarematrix canbemadeidenticalto the
quadmidpointmatrix.

Lemma 6.6.9. If all local quadmidpointmatricesare diagonallydominant,thequad
midpointmatrix is of full rank.

Proof. For eachfacef k , we de�ne a paddedlocal quadmidpoint matrix B̂
L
qm (f k ).

Thismatrix is identicalto B L
qm (f k ) exceptcolumnsof zerosareinsertinto appropriate

placessuchthat thematrix orderingalongthecolumnsmatchB qm . This matrix is of
size# f k � Nv .

For eachvertex vi pick oneof theabutting faces,which we call f k . Pick therow

correspondingto corner(f k ; vi ) of B̂
L
qm (f k ) andlet this be row i of a matrix which

wecall D .
ThematrixD is aNv � Nv diagonallydominantmatrix. By addingtheremaining

unusedrows from thepaddedlocal quadmidpointmatrices,we canobtainB qm jQM

from D . ThematrixD is of rankNv , andis a sub-matrixof thequadmidpointmatrix
B qm jQM . HenceB qm jQM is of rankNv .

Notethattheconverseof lemma6.6.9is notnecessarilytrue.

6.6.4 The local quad midpoint matrices

Then,if the local quadmidpoint matricesarediagonaldominant,thenthequadmid-
point matrix is of full rank,andfurther, the basisfunctionsarelinearly independent.
Initially, we try blendratiosof 1=2 andseeif we getdiagonallydominantlocal quad
midpointmatrices.

We deducean expressionfor the local quadmidpoint matrix. For simplicity, we
renametheverticesof thefacef k asv1 : : : vn , wheren = # f k . We let indices“wrap”
suchthat vn +1 = v1. Further, p i is the geometricpositionassociatedwith vi . We
combinethestepsof polyhedralsplit (de�nition 5.3.1)andquadmidpointgeneration
(de�nition 5.4.2)andaftersomeget:
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qm i =
1
4

pi +
1
8

(p i + p i +1 ) +
1
8

(p i � 1 + p i ) +
1

4n

nX

j =1

pj

=
1
2

pi +
1
8

pi +1 +
1
8

pi � 1 +
1

4n

nX

j =1

pj :

(6.42)

In thecaseof a trianglewe getthreeexpressions

qm 1 =
1
24

(14p1 + 5(p2 + p3))

qm 2 =
1
24

(14p2 + 5(p3 + p1))

qm 3 =
1
24

(14p3 + 5(p1 + p2)) :

(6.43)

whichwe canposein matrix form,

2

4
qm 1
qm 2
qm 3

3

5 = B qm jQM (f k )

2

4
p1
p2
p3

3

5

2

4
qm 1
qm 2
qm 3

3

5 =
1
24

2

4
14 5 5
5 14 5
5 5 14

3

5

2

4
p1
p2
p3

3

5 :

(6.44)

The local quadmidpointmatrix is of size3 � 3, and14 is largerthan5 + 5, andthus
this matrix is diagonallydominant.If we do thesamefor aquadrilateral,we get

2

6
6
4

qm 1
qm 2
qm 3
qm 4

3

7
7
5 =

1
16

2

6
6
4

9 3 1 3
3 9 3 1
1 3 9 3
3 1 3 9

3

7
7
5

2

6
6
4

p1
p2
p3
p4

3

7
7
5 ; (6.45)

which is diagonallydominantaswell.
By investigatingequation(6.42), we canobtaina generalformulationfor theele-

mentsof thelocal quadmidpointmatrix. We let aj i denotetheelementat positionj; i
andget

aj;i =

8
><

>:

1
2 + 1

4n if i = j
1
8 + 1

4n if i = mod(j � 1; n) or i = mod(j + 1; n),
1

4n otherwise:

(6.46)

The rows areconvex combinations,andthe diagonalelementis 1
2 + 1

4n , larger than
1=2, andthuseachrow is diagonallydominant.

However, requiringall blendratiosto beequalto 1=2 is anunnecessaryrigid con-
dition, solet usconsiderwhathappensin thegeneralcase.
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Lemma 6.6.10. Thelocal quadmidpointmatrix is diagonally dominantif the blend
ratiosfor each cornerof thefacesatisfy

1
2

(1 � bin � bout ) +
bin bout

# f
> 0; (6.47)

where f is thefaceof thecorner.

Proof. We set n = # f . We combinede�nitions 5.3.1and 5.4.2,and organisethe
coef�cient in a cyclic order. The expressionfor the rows of the local quadmidpoint
matrix is

pm i = (1 � bi
in )(1 � bi

out )p i +
1
2

(1 � bi
in )bi

out (p i � 1 + p i )+

1
2

bi
in (1 � bi

out )(p i + p i +1 ) +
bi

in bi
out

n

nX

j =1

pj :
(6.48)

Theweightof p i is thediagonalentry in theexpressionof pm i . If this is largerthan
1=2, thentherow is diagonaldominant.With somealgebraicjugglingweget

pm i =
�

(1 � bi
in )(1 � bi

out ) +
1
2

(1 � bi
in )bi

out +
1
2

bi
in (1 � bi

out ) +
bi

in bi
out

n

�
pi +

�
1
2

(1 � bi
in )bi

out +
bi

in bi
out

n

�
pi � 1 +

�
1
2

bi
in (1 � bi

out ) +
bi

in bi
out

n

�
pi +1 +

bi
in bi

out

n

X

j =1 ;::: ;i � 2;i +2 ;:::;n

pj ;

(6.49)

andweposethefollowing inequality

(1 � bi
in )(1 � bi

out ) +
1
2

(1 � bi
in )bi

out +
1
2

bi
in (1 � bi

out ) +
bi

in bi
out

n
>

1
2

1 �
bi

in

2
�

bi
out

2
+

bi
in bi

out

n
�

1
2

> 0

1
2

�
1 � bi

in � bi
out

�
+

bi
in bi

out

n
> 0

(6.50)

Thus,if this requirementis ful�lled, thelocalquadmidpointmatrix is diagonallydom-
inant.

Figure6.3givesanindicationof wheretheinequalityof lemma6.6.10is satis�ed.

6.6.5 The simpli�ed surfacesplinespaceand its basis

We combinetheresultsof this sectionto de�ne whenthebasisfunctionsform a basis
for S, thespaceof simpli�ed surfacesplinesfor agivenconnectivity.
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Figure6.3: Thedomainwherethe inequalityof lemma6.6.10is satis�ed for a trian-
gle (upperleft), a quadrilateral(upperright), a octagon(lower left) anda 100-sided
polygon(lower right). Noticethatthedomainconvergestowardsu + v < 1

2 whenthe
vertex countincreases.
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Theorem 6.6.11. Thesimpli�ed surfacesplinebasisfunctionsform a basisfor S if
(but notnecessarilyonly if) all blendratiossatisfy

1
2

(1 � bin � bout ) +
bin bout

# f k
> 0: (6.51)

In this case, thedimensionof S is Nv , thenumberof control vertices.

Proof. This followsfrom combininglemmas6.6.9and6.6.10andde�nition 6.6.1.The
basisfunctionsarelinearly independentandthereforeform a basisfor thespaceS of
simpli�ed surfacesplines.

6.7 Summary

In this chapterwe have founda setof basisfunctionsfor thesimpli�ed surfacespline.
Thesefunctionswerefound by insertingan extra summationover the verticesinside
thescheme,andthenmoving thissummationstepby stepto theoutsideof thescheme.
Theresultis a sumover thebasisfunctions.We alsoinvestigatedthesupportof these
basisfunctions.

In addition,we investigatedwhenthis setof basisfunctionsformeda basis. We
de�ned linear independencebetweenbasisfunctions,andlinkedthis de�nition to the
quadmidpoints. Further, we founda local criterium for the blendratioswhich gives
linearly independentbasisfunctions,which in turn formsa basis.



Chapter 7

Practical considerations

In thischapterwe investigatesomeaspectsof puttingthesimpli�ed surfacesplineinto
practice.Many of theideaspresentedin this chapterapply to C1-surfacesplines,and
someideasapplyto any schemebasedonconvex combinations,for exampleB-splines
andsubdivisionsurfaces.

7.1 Evaluation of layer basedschemes

The discussionpresentedin this sectionappliesto most layer basedschemeswith a
�nite numberof layers.A layerbasedschemeis aschemewhereeachlayerrepresents
a setof intermediatepoints,whereeachpoint in onelayer is a convex combinationof
pointsin thelayerbelow. Theinitial layeris populatedwith thecontrolpoints,andthe
�nal layer aretheevaluatedpoint on the surface. Both surfacesplinesandB-splines
aresuchschemes.

Thereexist two majorstrategieswhenevaluatingthesimpli�ed surfacespline.The
�rst strategy, calleddirectevaluation, beginswith thecontrolpoints,appliesthelayers
of thescheme,andendsup thepositionof thesurfaceat thegivenparameterpoint.

The other strategy, called indirect evaluation, appliesthe layersin the opposite
order. We �nd theamountof in�uence eachcontrolpoint hasfor thegivenparameter
value,andthenmultiply the this amountof in�uence with thepositionof thecontrol
point. The sumof this over all thecontrol pointsis thepositionof thesurfaceat the
givenparameterpoint.

Thesetwo strategiesareanalogousto thetwo majorstrategiesusedto evaluateB-
splines. Which to useof thesetwo strategiesdependson the context. As a rule of
thumb,if we wantto evaluatethesurfaceat thesameparameterpoint for many setsof
controlvertices(for examplewhenperforminganimation),indirectevaluationis anat-
ural choice.Ontheotherhand,if evaluatingthesurfaceatnumerousparameterpoints,
and the positionsof the control verticesremains�x ed, direct evaluationis probably
appropriate.In addition,directevaluationimplieslessbook-keeping,andis thuseasier
to implement.

7.1.1 Evaluation in matrix guise

Eachlayer of the simpli�ed surfacesplineschemeconsistsof convex combinations
of the resultsof the layer below, andeachlayer only dependson the layer below. In

87
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chapter6 we statedthat the simpli�ed surfacesplineevaluationcould be posedasa
seriesof matrixmultiplications.We have

s(c;s; t) = Sbz(s; t) � Ssel (c) � Sbc � Sqm � Sps � p (7.1)

Eachmatrix is a matrixof convex combinations.

7.1.2 Dir ectand indir ect evaluation

Thereare in essencetwo waysto carry out thesematrix multiplications. Direct and
indirect evaluationcorrespondsto whetherthe matricesaremultiplied togetherfrom
theleft or from theright.

Thestrategy of directevaluationappliesthematrixSps to thecontrolpointsp. The
resultof thismultiplicationis thenmultipliedwith Sqm andsoon. Thiscorrespondsto

s(c;s; t) = Sbz(s; t) �

 

Ssel (c) �
�

Sbc �
�

Sqm �
�
Sps � p

� � � !

: (7.2)

Theparenthesesrevealtheorderof evaluation.
The strategy of indirect evaluationworks in the oppositedirection. The matrices

Sbz(s; t) andSsel (c) are�rst multiplied. Theresultof this is multiplied with Sbc and
soon. In the laststepthe intermediateresultis multiplied with p, thecontrolpoints.
Writtenasa matrixproductthis is

s(c;s; t) =

 � � �
Sbz(s; t) � Ssel (c)

�
� Sbc

�
� Sqm

�
� Sps

!

� p: (7.3)

The last intermediateresult is a row vector. This vector revealsthe contribution of
eachcontrolpoint to thesurfacepoint. In fact, theentriesof this vectorarethebasis
functionsevaluatedat a speci�c parameterpoint.

This matrix factorisationof theschemeis of moretheoreticalimportancethanof
practicaluse.Thematricesareseldomcalculatedexplicitly. However, comparingwith
thetwo strategiesgivenin chapter4 we seethatthestrategy of section5 (thescheme)
is in factdirectevaluation,while thestrategy of section6 (basisfunctions)is indirect
evaluation.

7.1.3 RetainedBézierevaluation

In thematrix product(equation7.1) we seethatonly thetwo leftmostmatricesof the
expressionaredependenton theparametervalue.Therestof thematricesareconstant
for any parameterpoint. Thusit maybea goodideato split theevaluationin two; �rst
dotheconstantpart,andthenfor eachparameterpointcarryoutthetwo multiplications
on theleft. We get

s(c;s; t) = Sbz(s; t) � Ssel (c)
| {z }

parameterdependent

� Sbc � Sqm � Sps � p
| {z }

constant

: (7.4)

This expressioncanbesplit into a parameterdependentpartanda constantpart. The
constantpartof theevaluationis performedoncefor every setof controlpoints. The
parameterdependentpartis performedoncefor everyevaluation.
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By retainingtheBézierevaluation,we canusetheconstantpart to �nd thesetof
patchesde�ning thesurface.Having thesurfacerepresentedasasetof patchesis often
usefulfor rendering,differentiation,integration,etc.

We canuseboththedirectandindirectapproachesto �nd theconstantpart. Usu-
ally, thedirectapproachis thesimplest.We canalso�nd thebasisfunctionsexpressed
asa setof Béziercoef�cients,

B bc = Sbc � Sqm � Sps : (7.5)

This is simply theconstantpartwherethemultiplicationwith p is omitted.Thematrix
B bc is of size (Nv + 3Ne + N f + 2Nc) � Nv , and is thus a pretty large matrix.
However, from the local supportpropertyof thescheme,mostof theentriesarezero,
andthusa full storageandmatrix productis not necessary. Eachtime p changes,we
can�nd all the new Béziercoef�cients by multiplying B bc andp, andwith a smart
sparserepresentationof thebasismatrix, this canbequiteeffective.

7.2 OpenGL renderingof surfaceswith local support

This sectiondealswith OpenGLat a ratherdetailedlevel, andmany termsspeci�c to
renderingareusedwithout de�nition. Bookslike (OpenGLARB, Woo,Neider, Davis
& Schreiner1999)and(Foley et al. 1996)give thoroughde�nitions anddiscussionof
theseterms.Eventhoughthis sectionis speci�c to OpenGL,thediscussionappliesto
Direct3D(MSDN n.d.) aswell.

7.2.1 Ef�cient rendering of Bézierpatches

OpenGLhassupportfor Bézierpatchesof arbitrarydegreeat corelevel. The appli-
cation developerhasthe choicebetweensendingthe coef�cients to OpenGL,or to
tessellatethepatchto trianglesin theapplication.UsingOpenGLfor patchevaluation
is straightforward. Usually, the implementationis quite good,andthe speedaccept-
able. In somecases,onecanwrite specialisedcodethatrun faster. On theotherhand,
dueto thearrival of geometryengineson off-the-shelvesconsumergraphicscard,the
Bézierevaluationhasthepotentialto be carriedout in hardware— quite superiorto
softwarecalculationin termsof speed. If OpenGLdoesthe evaluation,this will be
donein hardwarewhenthis is possible.

It is theapplication’s responsibilityto calculatethestaticpartof equation7.4 and
performtheactionsof thematrix Ssel (c), that is, shoving thecorrectcoef�cients for
eachpatchto OpenGL.The bestway to obtainthe Béziercoef�cients variesamong
differentapplications.We will givesomethoughtson this question.

If the surfaceis constant, that is, the verticesarenot changedexcept for a rigid
transformation,directevaluationis probablymostappropriate.First, calculateall the
Béziercoef�cients. Then,for eachpatch,createa display list1 for the evaluationof
eachpatch.Renderingof thevisiblepatchesthenbecomeasimplecall to therespective
displaylist. However, thenumberof displaylists is limited, andtherefore,if rendering
a high amountof patches,it canbe a soundideato clusterseveral patchesinto each
displaylist.

1Display lists are a mechanismin OpenGLto storea set of OpenGLcommandson the server. For
example,therenderingof anobjectcouldbeencapsulatedinto a displaylist, andthenthis objectwould be
renderedby simply calling this displaylist.
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Figure7.1: Theview frustum.

If themodelis dynamic, thatis, thepointsin p arechangedover time (e.g.by ani-
mation),displaylists arenotappropriate.Much effort mustthenbeput into extracting
thecoef�cients in thequickestway possible.Not all coef�cients needto becalculated
— a large amountof the modelcould be culled (culling is elaboratedon in the next
section),andcoef�cients usedexclusively by culledpatchesareneverused.Thus,we
must�nd which coef�cients arein needof re-computation,andthenpassthe visible
patchesto OpenGL.

7.2.2 Frustum culling

Culling of invisible partsof thescenearethebreadandbutterof fastrenderingcode.
OpenGLhashighly optimisedclipping code,andemploys hardwareto performthis
task if this is present. Thus, thereis no needto cull at a very detailedlevel. Out-
performingtheclippingcodeof OpenGLis probablyquiteachallenge.

However, if it canbedonewithout muchcomputation,it is a goodideato cull at
objectlevel. This keepssomepressureoff the renderingpipeline. We will presentan
algorithmto cull patcheswhich is de�nitely outsidetheview frustum.

The view frustum

Theview frustumis a convex setwith theshapeof a trapezoid.It is de�ned by either
theintersectionof half-spaces(eachde�ned by a clipping plane)or astheconvex hull
of theeight pointswherethreeof the six before-mentionedclipping planesintersect,
see�gure 7.1.

Theview frustumis de�ned in clip coordinates, andour modelis de�ned in world
coordinates. Thus,either the modelmustbe transformedto clip coordinates,or the
view frustum must be transformedto world coordinates. The latter is the natural
choice. For this to make sense,we must take a super�cial look at the vertex trans-
formationpipeline. OpenGLdoessometransformationson thepointstheapplication
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Figure7.2: Thevertex transformationpipelineof OpenGL.

passesinto it, andthesetransformationsareknown collectively asthevertex transfor-
mationpipeline,see�gure 7.2.

Thevertex transformationpipelineis composedof threematrixmultiplicationsand
a division. First, pointsexpressedin world coordinatesarepassedfrom the applica-
tion. Thesepointsare in homogenouscoordinates.The pointsareconvertedto eye
coordinatesby themodelview matrix. Themodelview matrix de�nes theorientation
of thecamerain theworld. The eye coordinatesarethentransformedto clip coordi-
natesby theprojectionmatrix. Clipping takesplacein clip coordinates,andafterthis,
theperspectivedivisionis done.This division transformsthepoint from homogenous
coordinatesto non-homogenouscoordinates.Finally, thesepointsaretransformedby
the view port transform, which scalesand translatescoordinatesto matchthe pixel
resolutionof theframebuffer.

Themodel-view matrixandtheprojectionmatrixcombinedde�ne thetransforma-
tion from world spaceto clip space,andthustheinversetransformstheview frustumto
world coordinates.However, this inversionis notnecessary;wecan�nd theview frus-
tumdirectly from theproductof themodel-view matrixandtheprojectionmatrix. The
website(Gribb 1999)givesananoverview on how to extractthehalf spacesde�ning
thefrustumdirectly.

Theview frustumde�nesin world spacethepartof theworld is visible throughthe
currentview. Thus,everythingoutsidetheview frustumis invisible.

Culling

Thekey elementto our culling strategy is the local supportpropertyof thesimpli�ed
surfacespline,aswell as the fact that the schemeis composedof convex combina-
tions.Thus,apatchresidesinsidetheconvex hull spannedby thecontrolpointswhich
have a non-zerocontribution to thatparticularpatch.Therefore,if this convex hull is
completelyoutsidetheview frustum,thepatchis not visible.

All patchesof oneface(in the control mesh)have the samesetof control points
with non-zerocontribution. Thus,wecandealwith all thepatchesof a facecombined.

We test if a vertex is insideor outsidethe view frustumby checkingits position
relative to thesix half-spacesde�ning theview frustum.Eachhalf-spaceis de�ned by
a plane,

Ax + B y + Cy + D < 0; (7.6)

whereA, B , C andD arethecoef�cients from theplaneequation.If theinequalityis
satis�ed, thevertex is insidethehalf space.This checkrequiresthreemultiplications
andthreeadditionsandacomparisonperhalf-space.
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The algorithmconsistsof two stages.We let � denotea bitwiseOR, and% bea
pre�x of numberswritten in binaryform. Further, wede�ne thesetA(f k ) to betheset
of controlverticescontributingto thepatchesof f k (Thissetcanbefoundwith theaid
of corollary6.5.2).

1. For eachvertex vi : Checkthepositionof thevertex againstthesix half-spaces,
andstorethe resultasa bit-maskof six bits, denotedbm(vi ). If the vertex is
insideahalf-space,thecorrespondingbit is set,otherwiseit is notset.

2. For eachfacef k : We de�ne thebitmaskfor thefacebm(f k ),

bm(f k ) =
M

v j 2 A( f k )

bm(vi ): (7.7)

If bm(f k ) = %111111thenrenderthe patchesof the face,otherwisecull the
patches.

Thus,bm(f k ) is theresultfromcombiningall thebitmasksof contributingverticeswith
a bitwise OR. If at leastoneof the bits arenot set,all of the patchesarecompletely
outsidea half-space.

We needthe bit-maskto storethe resultsfrom the six tests. Even thoughall the
supportingverticesarecompletelyoutsidetheview frustum,thepatchdoesnotneces-
sarily residecompletelyoutsidetheview frustum.This is why reasonfor all half space
checksaredonefor eachpatch.

7.2.3 Occlusiontests

Surfacesinside the view frustum can be occludedby other surfaces. This is usu-
ally dealt with either by using the painter’s algorithm or a depthbuffer. Evaluat-
ing and triangulatingpatchesinvisible in the imageis a wasteof preciousproces-
sor time. Two vendorspeci�c extensionsexists to deal with theseproblems: the
HP_occlusion_test andNV_occlusion_query extensions.Informationon
extensionsto theOpenGLstandardcanbefoundin (OpenGLExtensionRegistryn.d.).

Thesetwo extensionsprovidethemeansto doa“dry run” of theshape(or abound-
ing shape),to checkif any pixelsof thisshapewill bevisible in theimage.Thedry run
donotaltertheimage,but thefull rasterisationprocessis done,andtherefore,thetests
havea rasterisationcost.

Rasterisingabunchof pixels,to �nd outwhetherto rasteriseevenmorepixels,isn’t
alwaysa wisechoice— especiallyif the rasterisationis a bottleneckin therendering
pipeline.Anyway, let’s assumethatrasterisationis not thebottleneck.Then,to reduce
the numberof potentially expensive Bézier evaluationand tessellations,we needa
simpleboundingobjectto usein thedry run.

Examplesof simple occlusiondetectionshapesare the following: The �rst and
obviouscandidateis theconvex hull of thecontrolpointscontributingto thepatchesof
theface.However, the3D convex hull is notparticularlyeasyandfastto �nd.

An alternative is to usea coordinatesystemalignedboundingbox. This is not an
optimalshape,but we just needthethreepairsof minimumandmaximumvalues,and
thedry run is therasterisationof six quadrilaterals.

Insteadof usingpolygons,wemayuselines,loweringthepressureat therasterisa-
tion stage.However, testingwith linescanfail in pathologicalcases.With n vertices,
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we need
� n

2

�
linesto connectthemall. Thenumberof linesgrows quiterapidly when

n increases,but usuallyn is ratherlow.
We concludewith an important,but not necessarilyobvious note. When using

occlusiontests,it is importantto renderthescenefrom front to back(theoppositeof
painter’salgorithm).This resultsin a maximumnumberof objectsbeingculledby the
occlusiontests.

7.3 Bene�ts of usingcompositepolynomial patches

The surfaceof the surfacesplineschemesis de�ned by a setof polynomialpatches.
We will now discusstwo usefulaspectsof this.

7.3.1 Ray tracing

Raytracingconsistsof intersectingan objectwith a parameterisedline. The useof
raytracingis not limited to the imagegenerationtechniquecalledraytracing:Picking
and simple collision detection,as an example,may make useof ray tracing. In an
interactive application,picking is the taskif �nding which objectis pointedto by the
mouse.A strategy for this is to transformthepixel coordinatesof themousepointer
into theworld spaceandshoota ray from this pixel andoutwardly away from theeye
point andseewhichobjectthis ray intersects.

An exampleof simplecollision detectionis the following: Assumefor a moment
we arecreatinga carsimulation,in wheretheworld is representedassurfacesplines.
Weneedto know wherethetirestouchtheground,whatkind of surfacethis is (asphalt,
gravel, grass)to determinethe friction, andwe mustknow the normal planeof the
surfaceat eachwheel. A strategy to solve theseproblemsis to employ ray tracing.
We begin by positioningtheobjectin an approximateposition. Then,for eachpoint
of contact(for example,onepoint per wheel),we shoota ray from this point andin
the direction of the gravity pull (usually straightdownward). From this, we know
whetherthe pointsof contactareabove or have piercedthroughthe ground,andwe
thenrepositionthecar.

Thus,raytracingisacommontask.Severalstrategiesto raytracepolynomialpatches
aregiven in the book (Arvo, Cook, Glassner, Hanrahan,Heckbert& Kirk 1989), in
whichHanrahangivesanextensivesurvey of ray-surfaceintersectionalgorithms:

1. We cantessellatethesurfaceinto planartriangles.Ray-triangleintersectionsare
easilydealtwith.

2. We canconvertour patchesto implicit functions,andin our casewe thengetan
implicit functionof degreeeight.

3. We canrewrite therayasanintersectionbetweentwo planesandinsertthis into
the expressionfor the patch. We thenget a pair of implicit equations,andby
elimination,we canwrite this asa singleequation,andthis polynomialwill be
of degreefour.

Algorithm (1) is the mostcommon.However, if thenumberof raysarefew, andwe
do not needthe tessellatedsurfacefor anything else,oneof theothermethodscanbe
suitable.

Algorithms(2) and(3) canbe solvedby somenumericalsolver like Newton iter-
ation. Algorithm (3) solvesthe equationfor the parametercoordinates,andthis can
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beusefulif we needadditionalinformationaboutthesurfaceat thatpoint besidesthe
pointof intersection(e.g.derivativesandthenormalplane).

7.3.2 Mass,centre of gravity and momentof inertia tensor

Oftenit is usefulto �nd differentphysicalpropertiesof anobject.Whendealingwith
rigid bodydynamics,asanexample,we needthemass,centreof gravity andthemo-
mentof inertiatensorto posea suitabledifferentialequation.

The mass,centreof gravity andmomentof inertia tensorcanoften be calculated
quiteeasilyfor bodiesde�ned by a simpli�ed surfacespline.All of theseintegralsare
volumeintegrals,andthuswe needsomeway of specifyingthe limits of the integral
from theextentof theobject— which is rarelya trivial exercise.

Dependingon thedensityfunction,theseintegralscanbesimpli�ed from volume
integralsto surfaceintegralsby theGaussdivergencetheorem.Thearticle(Gonzalez-
Ochoaet al. 1998)givesa thoroughexpositionof this. The key elementis that the
surfacesplinesurfaceis de�ned asa collectionof standardBézierpatches,andthese
arerathersimpleto performsurfaceintegralson.



Chapter 8

Approximation experiment

In this chapterwe will put thesimpli�ed surfacesplineto practice;we will statesome
approximationmethodsusingthis basis.To our knowledge,surfacesplineshave not
beenusedextensively for approximation,andthusthis experimentshouldbe interest-
ing.

8.1 Our choiceof parameterisation

We have employed a very simpleparameterisationin this experiment. The original,
that is the objectwhich we try to approximate,is parameterisedin the samemanner
as the simpli�ed surfacespline. All of the originals have the sameconnectivity as
the surfacesplineusedto approximatethat particularoriginal. Thus, in essence,the
originalsandtheapproximationhave thesamemesh,but have a differentschemeand
differentcontrolpoints.

The originalsarepolyhedralmeshes,andthey oneof two surfaceschemes.The
�rst surfaceschemere�nes themeshoncewith polyhedralsplit, suchthatall facesin
there�ned mesharequads.Eachof thesequadsarethenpatchedwith abilinearBézier
interpolation.Theresultis a methodto de�ne a surfacefor polyhedralmeshes,which
gives�at facesif thepolyhedronis planar, andcangive a well-de�ned surfaceif the
polyhedronis notplanar. Further, sincetheoriginal is re�ned oncewith thepolyhedral
split, they can be parameterisedwith the sameparameterisationusedfor simpli�ed
surfacesplines(seesection5.1.3).

Theothersurfaceschemeis almostidenticalto the�rst surfacescheme,exceptthat
evaluatedpointsarenormalised.Theresultof this is thatall pointson thesurfaceis on
theunit sphere(apointonthesurfaceis de�nedasthepointwherealine from thepoint
returnedfrom the�rst schemeandtheorigin piercestheunit sphere).However, to “�ll”
thecompletespherewith surface,thepolyhedralmeshusedto de�ne thesurfacemust
enclosetheorigin entirely.

Therearethreetypesof parameterpointswe will useextensively, the parameter
point of a vertex, the parameterpoint of an edgemidpoint and the parameterpoint
of a facemidpoint. Whenevaluatingthe surfacesplineat suchparameterpoints,we
canchooseoneamongseveral abutting patchesto evaluate.Sincethesurfaceis C0-
continuous,we getthesameresultregardlessof whichof thesepatcheswe choose.

Further, boththebiquadraticandbilinearBézierblendsusedto de�ne thesurfaces
interpolatetheir corners,andthecornersarelocatedat thesethreetypesof parameter
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Model Nv Ne Nc N f

cube0 8 12 24 6
cube1 26 48 96 24
cube2 98 192 384 96
cube3 386 768 1536 384
cube4 1538 3072 6144 1536
sphere0 8 12 24 6
sphere1 26 48 96 24
sphere2 98 192 384 96
sphere3 386 768 1536 384
sphere4 1538 3072 6144 1536
jittercube 26 48 96 24
bunny 473 1194 2388 723

Table8.1: Miscellaneousdataon theoriginal models.ThesymbolN v denotenumber
of vertices,Ne denotenumberof edges,Nc denotenumberof corners,andN f denote
numberof faces.

points.Thus,wecanusetheBéziercoef�cients directly, andskip theBézierevaluation
altogether.

8.2 The original models

Four differentmodelswith differentcharacteristicswereemployedto testout thefour
approximationmethods.Two of the models,the cubemodeland the spheremodel,
werere�ned into four levels.Thus,twelvemodelswereemployedin total.

The blendratiosof all modelswereset to 1=2. Probablya lot of approximation
power couldbegainedby usingmoresensiblechoicesfor theblendratios. However,
we choseto keepthingssimple,andtheseblendratiosmakesthesystemat leastsolv-
able.

The �rst � ve of themodelshave their origin in thestandardcube,“cube0”. This
cubewasre�ned four timeswith thepolyhedralsplit method(seesection2.4.2)pro-
ducing“cube1”, “cube2”, “cube3” and“cube4”. A cubehassharpcorners,andthese
sharpcornerswereachallengefor thesmoothsimpli�ed surfacespline.

We also wantedto test smoothsurfaceswithout sharpcorners. We created� ve
spheresof differentlevel of resolutionby normalisingthesurface(seeclassControl-
Sphere in section8.5)of the� vecubemodels.Thus,thesphereandcubemodelshave
equalconnectivity ateachsubdivision level.

The“jittercube” is aperturbedversionof “cube2”. Thismodelwasincludedto test
how theschemeswouldhandlenoisyandextremedata.

To test the methodon “real-world” data,we usedthe “bunny”. The “bunny” is
a heavily decimatedversionof the bunny modelfrom StanfordUniversityComputer
GraphicsLaboratory. Thisdecimationresultedin quiteacoarsemodel,andwasthere-
fore a challengefor approximationwith a smoothsurface. In additionto decimation,
many of thetrianglepairsforming quadrilateralshavebeenexchangedwith quadrilat-
erals.
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8.3 Err or, approximation order and stability

The basisof our error estimateis the geometricdistancebetweenthe surfaceof the
originalandthesurfaceof theapproximationfor agivenparameterpoint. Thisdistance
is calculatedat several parameterpoints, and from thesesamplesthe meanand the
maximumvaluearecalculated.The meanandthe maximumvalueareusedas two
estimatesof theapproximationerror.

We will usethesetwo errorapproximatesto comparethedifferentapproximation
methods,andwewill investigateif wecan�nd someinformationontheapproximation
order. We assumetheerroris on theform

Eh (f ) � hn k f (n ) k; (8.1)

wheref is theoriginal,h is a measurementof thesizeof parameterdomainresolution
andn is the approximationorder. We let h be the maximumlengthof edgesin the
polyhedron. The polyhedralsplit re�nes eachquadrilateralinto four quadrilaterals,
andthushalvesthelengthof eachedge.We thereforeassumethath is halvedfor each
re�nement.

Thus,if thesurfaceis smooth,we assumethat

Eh (f )
Eh=2(f )

�
hn k f (n ) k

(h=2)n k f (n ) k
� 2n : (8.2)

Thesimpli�ed surfaceschemehastheconvex hull property, andthus,shouldhave an
approximationorderof at least2. However, thetermk f (n ) k growsratherlargefor the
cubemodels.Thecubehassharpedges,andthusthe�rst derivative is discontinuous,
andthesecondderivativeis thereforein�nite. Thus,weanticipateabehaviour of order
1 for the cubeapproximationexperimentanda behaviour of order 2 for the sphere
experiment.

To give a notion of the stability of the simpli�ed surfacespline basis,we have
computedtheconditionnumberandthenumberof iterationsof the linearsystemsto
besolvedin theapproximationexperiments.

8.4 Four approximation methods

We haveemployedfour differentapproximationmethodsin our experiment.The�rst,
“lazy approximation”is extremelysimple. Thenext “vertex interpolation”is interpo-
lationateachcontrolvertex. The“leastsquares”increasesthenumberof interpolation
constraints,while “f airedleastsquares”addsanumberof fairnessconstraints.Thetwo
lastmethodsproduceover-determinedsystems,andweusealeastsquaresconstruction
to minimisetheresidualsandthus�nd thebestsolution.

8.4.1 Lazy approximation

The nameof the lazy approximationschemewasinspiredby the lazy wavelets. The
reasonfor thisnameis thatnothingatall hasto bedone.For eachvertex, theoriginal is
evaluatedat theparameterpointof thisvertex, andtheresultis simplyusedasacontrol
point.

It is worth to notethat this is indeedthe sameschemeasthe variationdiminish-
ing approximationschemefor B-splines,however no variationdiminishingproperties



98 CHAPTER8. APPROXIMATIONEXPERIMENT

have beenproved,exceptfor theconvex hull property. But thenon-existenceof these
propertieshasn’t beenprovedeither, andthus,they mayexist.

8.4.2 Vertex interpolation

Vertex interpolationis a specialcaseof interpolation.As mentionedin section8.1,we
canusetheBéziercoef�cients at theverticesdirectly, andthereforeskip thequadratic
Bézierevaluation.Thelinearsystemto besolvedis

B V � p = F V ; (8.3)

whereB V is thematrix of basisfunctionsfor theBéziercoef�cients at vertices,p is
thecontrolpointswe’re trying to �nd, and�nally , F V is theoriginal evaluatedat the
vertices.To simplify thenotation,we let n = Nv , which is thenumberof verticesin
thecontrolmesh.If wewrite out thematrices,weget

2

6
4

BbcjV (v1; v1) : : : BbcjV (vn ; v1)
...

... : : :
BbcjV (v1; vn ) : : : BbcjV (vn ; vn )

3

7
5

2

6
4

p(v1)
...

p(vn )

3

7
5 =

2

6
4

f (v1)
...

f (vn )

3

7
5 : (8.4)

ThematrixB V is a Nv � NV matrixandboththecolumnvectorsp andF V haveNv

entries.It is essentialto know if andwhenthis systemhasasolution.

Lemma 8.4.1. Thelinear systemof equation8.4hasa solutionif B is a basis(theorem
6.6.11).

Proof. If theorem6.6.11is satis�ed, the expressionsfor quadmidpointsof corners
abutting thevertex of which thebasisfunctionsbelongsareall largerthan1=2 (seethe
proof of lemma6.6.10).TheBéziercoef�cient at thevertex aretheaverageof all the
abuttingquadmidpoints.

From this we seethat all the diagonalentriesareaveragesof valueslarger than
1=2, and thereforethis averageis larger than 1=2. Proposition5.5.2 statesthat the
Béziercoef�cients areconvex combinationsof thecontrolmeshvertices,andtherefore
thematrix B V is diagonallydominant,andaccordingto property1.4.8this matrix is
non-singular.

Thesystemis not symmetricandpositive de�nite, andour choiceof solver fell on the
Gauss-Seidelalgorithm.

8.4.3 Leastsquares

Thevertex interpolationmethodof section8.4.2usesonly thevertex positionsof the
original. Eachrow of thevertex interpolationmatrix is aninterpolationconstraintfor
avertex. To capturemoreof thesurfaceshape,wecanusea leastsquaresconstruction
to addmoreinterpolationconditions.

We addrowsof furtherinterpolationconstraints,but addingmorerows to thesys-
tem resultsin an over-determinedsystem.Sucha systemhasmoremoreconstraints
thanfreevariables.Hopingfor a solutionof suchassystemis ratherfutile. However,
wecan�nd the“best” solutionof this problemby usinganorm.

With thismotivation,we introduceournext method,theleastsquaresmethod.The
leastsquaresmethodis actually just a methodto producea speci�c minimum of an
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over-determinedsystem,not how to build this system.We will choosea rathersimple
strategy; we will try to interpolatetheoriginal at thevertices,theedgemidpointsand
thefacemidpoints.Thisresultsin Nv + Ne+ N f equationsandNv degreesof freedom.
To minimisethe error of the system,we will usethe 2-norm(see(Trefethen& Bau
1997,p. 18)).

Property 8.4.2. Givenan over-determinedsetof linear equationsAx = b, thesolu-
tion of A T Ax = A T b minimisesthe2-normresidualr = k b � A x k2. Thisproblem
hasa solutionif andonly if A hasfull rank.

Theproof is givenin any text on linearalgebra,e.g.(Trefethen& Bau1997).
To build thesystem,wede�ne two matricesandtwo vectorsin additionto B V and

F v , de�ned in section8.4.2.We let n = Nv , m = Ne,l = N f andde�ne:

B E M =

2

6
4

BbcjE M (v1; e1) : : : BbcjE M (vn ; e1)
...

...
...

BbcjE M (v1; em ) : : : BbcjE M (vn ; em )

3

7
5 F E M =

2

6
4

f E M (e1)
...

f E M (em )

3

7
5

B F M =

2

6
4

BbcjF M (v1; f 1) : : : BbcjE M (vn ; f 1)
...

... : : :
BbcjF M (v1; f l ) : : : BbcjE M (vn ; f l )

3

7
5 F F M =

2

6
4

f F M (f 1)
...

f F M (f l )

3

7
5 :

The entriesof the two matricesare the expressionsfor the edgemidpointsandface
midpointsof lemma6.4.1.

To build thecompletesystem,we stackthesematricesandvectorson top of each
other, andwegetthefollowing over-determinedlinearsystemof equations:

2

4
B V

B E M

B F M

3

5

2

6
4

p(v1)
...

p(vn )

3

7
5 =

2

4
F V

F E M

F F M

3

5 : (8.5)

In thissystem,therearen + m + l equationsandn unknowns.If theblendratiossatisfy
therequirementsof theorem6.6.11,we know from lemma8.4.1thatthematrix B V is
non-singular, andthusof full rank.Addingrowsdoesnot lower therankof thematrix,
and thus, the completestackof matriceshasfull rank. By property8.4.2we know
that we may minimise the residualof equation8.5. When applying the transposed
matrices,thesystembecomessymmetricandpositivede�nite, andthus,wemaysolve
this systemwith theconjugategradientmethod.

Whenbuilding thesesystems,thestackedmatrixcanbecomequitelarge.It is rather
easyto build theproductsA T A andA T b directly. Eachelementin theproductof two
matricesis a regular inner product. Thusthe entry âij of A T A is the inner product
of columni andcolumnj of A . Similarly, theentriesof A T b areinnerproductsof a
columnof A T andb. Thematricesof basisfunctionsarerelatively sparse;all entries
correspondingto verticesoutsidethesupportof thebasisvertex arezero. Using this
factcanspeedup theinnerproductcalculations.

8.4.4 Faired leastsquares

In the previous sectionwe stacked a lot of interpolationconditionsinto a composite
systemmatrix to createanover-determinedsystem,whichweminimisedwith theleast
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squaresmethod. Insteadof addingadditionalinterpolationconditionsto the vertex
interpolation,wewill in thismethodaddNv fairingconstraints.

A fairedsurfaceis a surfacewheresmoothnesshasbeenminimisedin someway,
resultingin a niceandsmoothsurface.We will usea rathernaive fairing constraintin
this method.We wanteachvertex to lie wheretheaveragesof theneighboursof that
vertex is. We de�ne

g(vi ; vj ) =

8
><

>:

� 1 if vi = vj

1=# M [e; vi ; � ; � ] if f vj ; vi g 2 M [e; vi ; � ; � ]

0 otherwise

(8.6)

to formulatethismathematically. Theexpressiong(vi ; vj ) is equalto � 1 if thevertices
areequal,andis oneoverthenumberof edgesconnectingvi if vi andvj areconnected.
Otherwise,thisexpressionis zero.Thesumof all g(vi ; vj ) for avertex vi sumsto zero.

With this functionwe de�ne thematrix of fairingconditions,

G = �

2

6
4

g(v1; v1) : : : g(vn ; v1)
...

...
...

g(v1; vn ) : : : g(vn ; vn )

3

7
5 : (8.7)

Theparameter� de�nes theamountof contribution thefairing conditionsgive to the
system.Setting� = 0 resultsin aninterpolationproblem.Eachof therows in G sum
to zero,andthematrix is squareandhasNv columnsandrows.

By stackingthevertex interpolationconditionsandthefairing conditions,andlet-
ting 0 denotea columnvectorof Nv zeros(thefairing conditionsequalszero),we get
thesystem

�
B V

G

�
2

6
4

p(v1)
...

p(vn )

3

7
5 =

�
F V

0

�
(8.8)

In thissystemwehave2Nv equationsandNv degreesof freedom.To solvethissystem,
we applytheleastsquaresmethodof theprevioussection.As alwayswith thesekinds
of leastsquaressystems,thelinearproblemto solveis positivede�nite andsymmetric,
andthustheconjugategradientmethodis anaturalchoicefor solvingthesystem.

8.5 Application

In this sectionwe will brie�y describethe applicationdevelopedto performthe ap-
proximationexperiments.

8.5.1 Overview

Theaimof thisprogramis to testout thefour approximationmethods.A classdiagram
is givenin �gure 8.1.

All surfacesaresubclassesof thecommonsurfaceinterfaceControlMeshEmbed-
ding. A ControlMeshEmbedding hastheability to beevaluatedin termsof control
meshparameterpointsandhastheability to renderitself. A control meshparameter
point is a cornerindex plusa point in theunit square(thesameparametrisationused
by thesimpli�ed surfacesplinesurface,seechapter5.1.3). In addition,just for plain
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convenience,a ControlMeshEmbedding canalsobeevaluatedat avertex, atanedge
midpointandata facemidpoint.

Whenrendering,therenderfunctionof ControlMeshEmbedding is calledwith a
valid OpenGLcontext. This functionis virtual, andit is thustheresponsibilityof the
subclassto implementthis. However, the ControlMeshEmbedding classprovides
somehelp: It allocatestexturesand�lls themwith distanceinformation(aswell ascal-
culatingstatisticson this information).Thus,thesubclassonly hasto bind thecorrect
texturewhenrendering.

TheSimpli�edSurf aceSpline classis implementedasasubclassof ControlMesh-
Embedding. In addition, the classhasan instanceof a Simpli�edSurf aceSpline-
Basis, thebasisin whichthesurfaceis expressed.In additionto ful�lling theControl-
MeshEmbedding interface,the simpli�ed surfacesplinehasan approximationcon-
structor. Insteadof specifyingthe surfacewith control points,onecangive the con-
structoranotherControlMeshEmbedding andan approximationscheme.Four dif-
ferentapproximationschemesareimplemented:Lazy, interpolation,leastsquaresand
fairedleastsquares.

Theapplicationis very simple. First, it readsa controlmesh(by usingtheSSS-
Reader class),andde�ne an original from this (by usingeitherControlPolyhedron
or ControlSphere) data.Then,a Simpli�edSurf aceSpline is createdfor eachof the
four schemeby by passingthe original and the appropriateschemeto the construc-
tor. Finally, therestof theprogramis a simpleGLUT-programopeninga window and
settingupanOpenGLcontext.

8.5.2 Nitty-gritty details

Wewill diveinto theheartof thematter;thedetailsof theclasses.Wedividetheclasses
in two: coreclassesandhelperclasses.Thecoreclassesrepresenttheconceptual�o w
of theprogram,while thehelperclasses,are,asthenameimplies,helperclasses.

Coreclasses

� ControlMesh. Thisclassis usedto holdtheconnectivity andblendratios(blend
ratiosareonly usedby the simpli�ed surfacesplinesurface)for surfaces,and
answermeshqueries.However, themeshqueryparadigmis notstrictly followed
(the reasonfor this is that it wasprogrammedprior to the developmentof this
notation,and the awkwardnessof this classinterfacewas one of the reasons
for developingthis notation). It is alsoratherbloated,muchinformationwhich
would beeasilydeduciblewith a moreclever datastructureis explicitly stored,
andthereforeit hasa largememoryfootprint. To summarise:It is not an ideal
implementation,but evenso,it works.

� ControlMeshEmbedding. Thisis thesuperclassfor thesurfacesparameterised
by a controlmesh.This classservesseveralpurposes.Mainly, it is an abstract
interfacefor surfacesparametrisedby controlmeshes.Theclassessub-classing
this classmustimplementa few methodsfor evaluatingitself anda methodfor
OpenGLrendering.In addition,asmentionedearlier, theclassimplementssome
functionalityto calculatedistancesbetweentwo surfacesandgeneratingtexture
mapsof this information.

� Simpli�edSurf aceSplineBasis. Thisclasshasfunctionalityto evaluatetheba-
sisfunctionsde�ned by its controlmesh.Theimplementationfollowsthemath-
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OpenGL rendering
Evaluation

SimplifiedSurfaceSpline

Approximation

ControlMeshEmbedding

virtual: OpenGL rendering
virtual: Evaluation

Basis function evaluation

SimplifiedSurfaceSplineBasis

ControlMesh

Topological Queries

Statistics

Min/max
Mean/variance

linearsolver

Conjugate gradient
Gauss-SeidelSSSReader

Parse SSS files

SSSWriter

Write SSS files

Application

ControlPolyhedron

OpenGL rendering
Evaluation

ControlSphere

OpenGL rendering
Evaluation

Input

Output

Surfaces

Base mesh

Base meshCalc statistics

Base mesh

Original

Figure8.1: ]
Classdiagramof application.Arrows denoteclassinheritance,anddottedlines with
diamonddenotesa ’has-a’relationship,wheretheclasswith diamondhasoneor more
objectsof theclasswithout thediamond.
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ematicalde�nition ratherclosely. Thus,eachevaluationresultsin a few calls
down the layers. A speed-upcould be obtainedby joining all or someof the
layers in the evaluationprocess,but this would give increasedcode-sizeand
complexity.

The classhasfunctionality to determinewhetheror not a parameterpoint is
inside the supportof the basisfunction of a vertex. This is usedextensively
whenbuilding theapproximationmatrices,andgivesasigni�cant speed-up.

� Simpli�edSurf aceSpline. This is theimplementationof thesimpli�ed surface
splinesurface.It hasaControlMesh andaSimpli�edSurf aceSplineBasis de-
�ned by this ControlMesh. In addition,it hasa setof points,onefor eachof
the verticesin the ControlMesh. The setof pointsde�nes the surfacein the
Simpli�edSurf aceSplineBasis.

Theapproximationmethodsresidein theconstructor. Insteadof explicitly de�n-
ing thesurfacewith a setof points(which is donewith theControlPolyhedron
andControlSphere), the approximationconstructoris given a ControlMesh-
Embedding andachoiceof approximation.We elaborateon theapproximation
methodsin thesection8.4.

To evaluatethe surfaceat a parameterpoint, all the basisfunctionswith this
parameterpoint in its supportareevaluatedandmultipliedwith thepointof their
associatedvertex, andthenaddedtogether. Theresultof this is thepoint on the
surface.

� ControlPolyhedron. This is in essencejust a plain polyhedralmesh.However,
sincecontrol meshesallows n-gons,andthey arenot necessarilyplanar, some
tricks mustbeemployed.Thetrick hereis to re�ne themeshoncewith theface
splitting scheme(similar to thesurfacespline),andusea bilinear interpolation
over eachquad. The resultingsurfaceis �at wherethecontrol meshfacetsare
�at, andin additionis well-de�ned wherethefacetsarenot �at. A desiredside-
effect of this is that it is possibleto parameterisethe surfacewith the control
meshparameterpoints.

� ControlSphere. This classwas implementedto test the methodson smooth
convex objects.This classis almostthesameasa ControlPolyhedron, but all
evaluatedpointsarenormalised,andthus,thesurfaceis “shrink-wrapped”to the
unit sphere(seesection8.1).

Helper classes

� Linearsolver. This is in factnot a class,but just someC-functionsto build a
sparsematrix representationand solve theselinear systems. Two solvers are
available, the Gauss-Seidelmethod,useful for asymmetricmatrices,and the
conjugategradientmethod,usefulfor symmetricandpositive de�nite matrices.
Thesearestraight-forwardimplementationsof thepseudo-codegivenin (Cheney
& Kincaid1996).

� Statistics. This is a simpleclassto calculatethemean,variance,minimumand
maximumof a seriesof numbers.

� SSSReader. ClassreadingtheSSS-�le format,a simpleASCII-based�le for-
matfor simpli�ed surfacesplines.
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� SSSWriter. Theclassfor writing SSS-�les.

The approximation schemes

All of the four approximationmethodsarebuilt asa linear problemrepresentedasa
matrix equation.In the interpolationscheme,theA matrix is built, while in the least
squares-basedschemesA T A is built directly. The systemsaresolved separatelyfor
X , Y andZ . Most entriesof thematricesarezeros,andadvantageof this is takenby
examiningthesupportof eachbasisfunction.

Most of thecomputationtime is spentbuilding thematrices.Theevaluationof the
simpli�ed surfacesplinebasisis ratherexpensivesinceall layersareimplementedex-
plicitly, andnot in acompositefashion.This resultsin theoverheadof severalfunction
callsperevaluation.

Thereare two major strategies for evaluationof the basisfunctions(seesection
7.1). The easiestis to run the full schemefor eachvertex, settingthe value of the
currentvertex to one,andtherestto zero.In thisway, theresultingsurfaceis thebasis
function for that particularvertex. The otherapproachis to �nd expressionsfor the
basisfunctionsanalyticly, andthenusethesefunctions.This implementationusesthe
latterapproach.

8.6 Results

As a practicaltestfor thesimpli�ed surfacespline,we appliedthefour approximation
methodsonseveralmodels.Imagesof theresultscanbefoundin �gures 8.2to 8.13.In
theupperleft corner, thereis animageof theapproximationsubject.In theupperright
cornertheerrorsof thedifferentmethodsaredepicted.The black columnrepresents
themeanvalueof theerrorsandthegrey block is themaximumerror for themethod
(seesection8.3). In themiddleandbottomrows theoutputof thefour approximation
methodsaredepicted.Thesurfaceis colouredaccordingto their local error. White is
zeroerror, andblackis maximumerror.

Dataon the approximationexperimentscanbe found in tables8.2 to 8.5. In this
tablesE �

i is the meanerror of model i , E 1
i is the maximumerror, E i � 1

E i
is the ratio

betweenthe error of the re�ned and unre�ned versionof a model. The numberof
iterationsusedis in column “#it”, and the condition numberof the matrix usedin
the linear systemsbasedon the 2norm and in�tity norm is in column C2 and C1

respectivly.
From the experiments,we seethat the lazy approximationconsistentlygivesan

approximationsmaller than the original. Becauseof the convex hull property, this
comesasno surprise,and is particularlyvisible in the sphere2approximation. The
lazy approximationhasthe largestmaximumerror for all modelsexcept the bunny
model,wherethefairedapproximationhasaslightly largererror. Themeanerrorof the
lazyapproximationsaresmall for cubemodels,but largefor spheremodels.Thelocal
convex hull propertycanbeusedto interpretthis: Whena local region is �at, thelocal
convex hull of thatregion is thin andtheapproximationresidesinsidethis volume. In
curvedareas,thelocal convex hull grows fatter, andthedeviation increases.However,
thelazyapproximationgivessmoothandwell-shapedcontrolmeshes.

Exceptfor thesphere2case,thevertex interpolationhaslargeraverageerror than
the othermethods.Anotherdrawbackof the vertex interpolationis the oscillations,
andthus,non-smoothandbadlyshapedcontrol meshes.This is particularlyobvious
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in thebunny model. In addition,at sharpcorners,theapproximationhassomemajor
artefactsthatarenot presentin theoriginal: Insteadof smoothingout cornerslike the
lazy approximation,thevertex interpolationcreatesanarti�cial wobble.

The leastsquaresapproximationremediesthe artefactsof vertex interpolationto
someextent.Oscillationsarestill present,but onasmallerscale.However, thecontrol
meshis notparticularlywell formed.Theaverageerror, aswell asthemaximumerror,
is in generalsmallercomparedwith theothermethods.

When measuringaverageand maximumerror, the faired approximationhasthe
worstapproximationperformanceon average.However, it doesnot make themodels
too small (which lazy approximationdid on the sphere2model),andthe oscillations
aremoderate.In fact, the control meshof this schemeis smootherthanthe control
meshesfrom thelazyapproximation.

All of the approximationswereof rathergoodcondition. The systemssolved by
theconjugategradientmethodbehavedverywell, anda goodsolutionwasfoundafter
few iterations.

As a conclusion,the leastsquaresmethodhadthebestapproximationproperties,
but at thecostof anoscillatingsurface.Thefair approximationhadmoderateapproxi-
mationpropertiesfor all cases,but sufferedlittle of theproblemsof theotherschemes
(oscillationsandmakingthemodeltoosmall).Thus,a leastsquaresmethodwith some
fairing criteria is probablya suitableapproximationschemefor thesimpli�ed surface
spline.

Introducingblendratio estimationandbetterparameterisationcould on the other
handgivecompletelydifferentresults.Moreover, asa critiqueto theexperimentis the
factthatthemodelswerespeciallycraftedto exposeweaknessesin theapproximation
methods.Thus,real-lifesituationscouldgiveotherresults.
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lazy vertex interp. least squares fair
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Figure8.2: Original: “cube0”,Nv = 8, Ne = 12, Nc = 24andN f = 6
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lazy vertex interp. least squares fair
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Figure8.3: Original: “cube1”,Nv = 26, Ne = 48, Nc = 96andN f = 24
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lazy vertex interp. least squares fair
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Figure8.4: Original: “cube2”,Nv = 98, Ne = 192, Nc = 384andN f = 96
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lazy vertex interp. least squares fair
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Figure8.5: Original: “cube3”,Nv = 386, Ne = 768, Nc = 1536andN f = 384
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lazy vertex interp. least squares fair
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Figure8.6: Original: “cube4”,Nv = 1538, Ne = 3072, Nc = 6144andN f = 1536
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lazy vertex interp. least squares fair
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Figure8.7: Original: “sphere0”,Nv = 8, Ne = 12, Nc = 24andN f = 6
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lazy vertex interp. least squares fair
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Figure8.8: Original: “sphere1”,Nv = 26, Ne = 48, Nc = 96andN f = 24
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lazy vertex interp. least squares fair
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Figure8.9: Original: “sphere2”,Nv = 98, Ne = 192, Nc = 384andN f = 96
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lazy vertex interp. least squares fair
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Figure8.10:Original: “sphere3”,Nv = 386, Ne = 768, Nc = 1536andN f = 384
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lazy vertex interp. least squares fair
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Figure8.11:Original: “sphere4”,Nv = 386, Ne = 768, Nc = 1536andN f = 384
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lazy vertex interp. least squares fair
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Figure8.12:Original: “jittercube”, Nv = 26, Ne = 48, Nc = 96andN f = 24
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lazy vertex interp. least squares fair
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Figure8.13:Original: “bunny”, Nv = 473, Ne = 1194, Nc = 2388andN f = 723
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model E �
i

E �
i � 1

E �
i

E 1
i

E 1
i � 1

E 1
i

#it C2 C1

cube0 2:138� 10� 1 — 5:774� 10� 1 — — — —
cube1 5:666� 10� 2 3:773 2:887� 10� 1 2:000 — — —
cube2 1:457� 10� 2 3:890 1:443� 10� 1 2:000 — — —
cube3 3:693� 10� 3 3:944 7:217� 10� 2 2:000 — — —
cube4 9:301� 10� 4 3:971 3:608� 10� 2 2:000 — — —

sphere0 3:827� 10� 1 — 4:226� 10� 1 — — — —
sphere1 1:270� 10� 1 3:013 1:445� 10� 1 2:925 — — —
sphere2 3:497� 10� 2 3:632 5:200� 10� 2 2:779 — — —
sphere3 9:223� 10� 3 3:791 1:484� 10� 2 3:503 — — —
sphere4 2:389� 10� 3 3:861 7:003� 10� 3 2:120 — — —

jittercube 8:001� 10� 2 — 6:622� 10� 1 — — — —
bunny 5:775� 10� 4 — 4:264� 10� 3 — — — —

Table8.2: Resultsfrom lazyapproximation

model E �
i

E �
i � 1

E �
i

E 1
i

E 1
i � 1

E 1
i

#it C2 C1

cube0 3:273� 10� 1 — 5:000� 10� 1 — 100 4:000 4:000
cube1 1:194� 10� 1 2:742 2:065� 10� 1 2:421 100 4:026 4:000
cube2 3:414� 10� 2 3:497 1:028� 10� 1 2:009 100 4:007 4:000
cube3 9:398� 10� 3 3:633 5:141� 10� 2 2:000 100 4:002 4:000
cube4 2:439� 10� 3 3:853 2:570� 10� 2 2:000 100 4:000 4:000

sphere0 8:861� 10� 2 — 1:341� 10� 1 — 100 4:000 4:000
sphere1 3:894� 10� 2 2:276 7:959� 10� 2 1:685 100 4:026 4:000
sphere2 6:956� 10� 3 5:598 1:622� 10� 2 4:907 100 4:007 4:000
sphere3 1:983� 10� 3 3:508 9:494� 10� 3 1:708 100 4:002 4:000
sphere4 5:765� 10� 4 3:439 5:415� 10� 3 1:753 100 4:000 4:000

jittercube 1:452� 10� 1 — 4:362� 10� 1 — 100 4:026 4:000
bunny 1:064� 10� 3 — 4:027� 10� 3 — 100 3:087 3:840

Table8.3: Resultsfrom vertex interpolation

model E �
i

E �
i � 1

E �
i

E 1
i

E 1
i � 1

E 1
i

#it C2 C1

cube0 1:611� 10� 1 — 3:260� 10� 1 — 3 5:200� 10 5:200� 10
cube1 6:235� 10� 2 2:584 1:160� 10� 1 2:809 4 6:128� 10 6:625� 10
cube2 1:981� 10� 2 3:148 5:863� 10� 2 1:979 12 6:336� 10 6:481� 10
cube3 5:964� 10� 3 3:321 2:949� 10� 2 1:988 37 6:385� 10 6:469� 10
cube4 1:643� 10� 3 3:631 1:475� 10� 2 1:999 60 6:397� 10 6:469� 10

sphere0 6:103� 10� 2 — 8:369� 10� 2 — 4 5:200� 10 5:200� 10
sphere1 3:451� 10� 2 1:768 6:973� 10� 2 1:200 9 6:128� 10 6:625� 10
sphere2 5:983� 10� 3 5:769 1:808� 10� 2 3:856 15 6:336� 10 6:481� 10
sphere3 1:521� 10� 3 3:933 9:734� 10� 3 1:858 39 6:385� 10 6:469� 10
sphere4 4:263� 10� 4 3:569 4:987� 10� 3 1:952 59 6:397� 10 6:469� 10

jittercube 8:221� 10� 2 — 2:789� 10� 1 — 14 6:128� 10 6:625� 10
bunny 5:183� 10� 4 — 2:874� 10� 3 — 42 2:661� 10 7:224� 10

Table8.4: Resultsfrom leastsquaresapproximation



8.6. RESULTS 119

model E �
i

E �
i � 1

E �
i

E 1
i

E 1
i � 1

E 1
i

#it C2 C1

cube0 1:173� 10� 1 — 3:997� 10� 1 — 2 2:185 2:846
cube1 1:035� 10� 1 1:133 1:571� 10� 1 2:544 2 2:341 3:438
cube2 3:423� 10� 2 3:023 7:956� 10� 2 1:975 7 2:312 3:477
cube3 9:484� 10� 3 3:610 3:979� 10� 2 1:999 11 2:312 2:312
cube4 2:499� 10� 3 3:796 1:990� 10� 2 2:000 12 2:314 3:503

sphere0 2:886� 10� 1 — 3:338� 10� 1 — 2 2:185 2:846
sphere1 4:350� 10� 2 6:634 7:509� 10� 2 4:446 2 2:341 3:438
sphere2 1:445� 10� 2 3:010 2:459� 10� 2 3:053 7 2:312 3:477
sphere3 2:027� 10� 3 7:130 1:245� 10� 2 1:975 10 2:312 2:312
sphere4 5:497� 10� 4 3:688 6:412� 10� 3 1:942 11 2:314 3:503

jittercube 1:418� 10� 1 — 5:749� 10� 1 — 9 2:341 3:438
bunny 8:919� 10� 4 — 5:166� 10� 3 — 9 1:779 3:590

Table8.5: Resultsfrom fairedapproximation
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Chapter 9

Conclusionsand further work

Theaim of this thesisis to explore theapproximationpropertiesof thesurfacespline
schemes.We will in this chaptertry to statesomeconclusionsaswell assuggesting
topicsfor furtherresearch.

To exploretheapproximationpropertiesof thesurfacesplineschemes,wehavede-
velopedthesimpli�ed versionof theC1-surfacespline,thesimpli�ed surfacespline.
This schemehasexplicit formulasfor both surfaceevaluation,aswell asbasisfunc-
tions, in additionto a known dimensionof thespace.Thusit shouldbequite a good
basisfor approximationpurposes.

However, theresultswerenotparticularlyimpressive. Therecanbeseveralreasons
for this. Firstof all, theconditioningof thebasisis notknown. Theupperboundin the
condition inequality is one(sincethe schemeis composedof convex combinations),
but thelowerboundis unknown. Obtainingthis lowerboundcanrevealwhetheror not
thisbasisis stable.However, thiscanbetestednumerically, andtheconditionnumbers
from theapproximationexperimentsindicatestability.

Further, anapproximationof amodelwherelargeandsmallfacesintermixedwould
beinteresting,andcouldrevealmoreof thestabilitypropertiesof thebasis.In addition,
it would beinterestingto run thetestswith betterparameterisationsaswell asa more
sensibleutilisationof theblendratios. It is probablyeasyto createsomeheuristicsto
determinesuitableblendratios.Anotherinterestingapproximationprojectwouldbeto
checkif theconditionnumberof theapproximationproblemis somewhatlinkedto the
degreeof vertices.

Extendingtheschemeto the full C1-surfacesplineschemewill probablynot im-
prove thecondition,sinceanincreasednumberof operationsareperformedaswell as
theplanarisation-projections(whichcouldhaveaneffecton thedimensionof thebasis
aswell) that transmogrifythe meshinto a planarcut polyhedron. But, on the other
hand,the it is possiblethat thefull schemewill dealwith irregularcornersin a better
way.

Theimportanceof parameterisationcannotbeemphasisedtoomuch.It is common
knowledgethat oscillationsoften occurwhereexcessparameterspaceis present.In
addition,the speedof the parameterisationis of high importance;suddenchangesin
parameterspeedcangive strangeresults.Hence,andisproportionbetweengeometric
sizeof thesurfaceandthesizeof thecorrespondingparameterspaceis thereforeindeed
a peril. Theparameterisationusedin theapproximationexperimentswereparticularly
simple,andthusa betterparametrisationcouldimprovetheresults.

In addition,thepowerof theblendratioswerenot utilisedeither. Theblendratios
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havetheability to shapetheparameterspace,andthusmakesharpcornersandcreases
more“natural” for thesurfacespline.

With this said,we have founda usefulmethodof dealingwith polygonalmeshes
(andindeedsurfacesplines),themeshnotation.In our opinion,theformulasarenice,
andhopefullyequallyunderstandable.It is our hopethattheframework aswell asthe
resultsof this thesiscanserve asaninspirationfor furtherexplorationof theapproxi-
mationpropertiesof thesurfacesplineschemes.

Finding someboundon the distancebetweena C1-surfacespline surfaceanda
simpli�ed surfacesplinesurfaceof thesamecoef�cients would be interesting.If this
is small,thesimpli�ed surfacesplinebasiswouldbeasuitableapproximationbasisfor
obtainingcoef�cients to beusedwith thefull scheme.

Thesurfacesplinesshareafundamentalproblemwith subdivisionsurfaces,andthis
is how to �nd thecontrol mesh(basemesh).Currentdecimationalgorithmsarewell
suitedfor coarsepolygonalrepresentations.Polygonalsareinheritly �at, but surface
splinesarecurved,andthus,moststandarddecimationstrategiesarenot necessarily
optimal for �nding a control mesh. Decimationwith a moresuitablecriteria based
on someintrinsic propertiesof thesurfacesplinelike “�atness” or curvaturecouldbe
interesting.
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g, 99
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2-norm,98,99

Animation,87
Approximation,2, 95,103,104

fairedleastsquares,97
lazy, 97
leastsquares,97
variationdiminishing,97
vertex interpolation,97,98

Arbitrary topology, 2
Attribute,seerelationalalgebra

B-spline,1, 45,56,58,87
knotvector, 1

B-splines,97
Bézier

coef�cient, 98
Béziercurve

controlpoints,6
de�nition of, 6

Béziercurvesegment,49
Bézierpatch,45
Béziersurfaces

tensorproductconstruction,7
Basis

edgemidpointfunction,99
facemidpointfunction,99
function,98
support,99
vertex basisfunction,98

Basisfunction,2, 79–81,86,101
evaluationstrategy, 104
Linearly independent,81
linearly independent,80,86
support,103,104

Bernsteinpolynomial
de�nition of, 6

Bilinear interpolation,103
Blend ratio, 1, 31–33,45, 47, 58, 60,

96
criterium,86

Boundarycurve,31
of patch,50

Boundaryedges,seemesh

Cartesianproduct,seerelationalalge-
bra

Circuit, seeset
Clough-Tocher, seemacrosplines
Code

complexity, 101
size,101

Coef�cient, 97
Computationtime,104
Conjugategradientsolver, 99,100
Connectivity, 1, 12

kernel,2
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subset,2
Constraints

fair, 99,100
Constructor, 103
Continuity, 55

at a joint, 8
ControlMesh,100,101
Controlmesh,47,48,55–58,seemesh,

control
embedding,95

Controlpoint,31–33
ControlMesh(class),101,103
ControlMeshEmbedding(class),100,101,

103
ControlPolyhedron(class),101,103
ControlSphere(class),96,101,103
Convex combination,1, 4, 33,83,98

de�nition of, 4
matrix form, 5
of aconvex combination,4

Convex hull, 4, 92
Convex set,4
Coreclass,101
Corner, seemesh

Dart,seemesh
Datastructure,101
Decimation,96
Degreeraising,47
Direct3D,89
Domain,seerelationalalgebra
Doo-Sabinsplit, 52
Doo-Sabinsubdivision,seeMesh,sub-

divisionscheme
Dualmesh,seeMesh,dual,seemesh

Edge,seemesh
Edgecutting,47
Edgemidpoint,48,56
Edgequartile,56
Edge-end,seemesh
Element,seeset
Embeddedmesh,seemesh
Evaluation

direct,87,88
in hardware,89
indirect,87,88
retained,88

Face,seemesh

re�nement,57
Facemidpoint,48,56
Facesplit,seeMesh,subdivisionscheme
Fair

constraints,99,100
Fairedleastsquares,101
Foreignkey, seerelationalalgebra
Frontto backrendering,92
Functioncall

overhead,104

G-map,11,12,16,19
Gauss-Seidelsolver, 98
Geometricalmidpoint,32
Geometryengine,89
Geometrykernel

interface,19
GIS,2

Half-edge,seemesh
Half-space,91
Helperclass,101

Incomingedge,seemesh,corner
Inneredgequartile,57
Innermesh,47,57,seeMesh,inner
Innerproduct,99
Interpolation,101

bilinear, 60
constraint,98
edgemidpoint,98
facemidpoint,98
vertex, 98

Interval
midpoint,33

Interval midpoint,32,33
Irregularvertex, 48,50

Knot spacing,47,58
Knot vector, 45

Layerbasedschemes,87
Lazyapproximation,101
Leastsquares,101

faired,101
LeSS,52
Linearsystem,98

building, 103
composite,99
conjugategradientsolver, 99,100,
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fair, 99
Gauss-Seidelsolver, 98,103
leastsquares,98,99
minimisation,98
norm,98
overdetermined,98,99
positivede�nite systems,103
rank,99
residual,99

Linearsolver (class),103
Local construction,45
Localdegreebounded,seeMesh
Localdegreeboundedness,45,48
Localplanarisation,45
Local supportproperty, 89
Local topologychange,52
Logical midpoint,32

Möbiusstrip,12
Macrosplines

Clough-Tocher, 1
Powell-Sabin,1

Matrix
composite,99
diagonalelement,83
diagonallydominant,5,81,83,98
factorisation,88
multiplication,99
non-singular, 81,98
of convex combinations,seecon-

vex combination
positivede�nite, 98–100
rank,82,99
sparse,89
square,82
stacked,5, 99,100
symmetric,98–100
transpose,104

Memoryfootprint,101
Mesh,12,19,23,79

boundary, 24
edges,seemesh,edge
simple,24

closed,24
connectivity, 20
control,1
corner, 14,16,23,25,58,83

consecutiveordering,24
de�nition of, 14
edgein, 60

edgeout,60
exampleof, 16
incomingedge,14
outgoingedge,14

dart,20
de�nition of, 16
projection,22
projectionde�nition, 22
query, 21,22
queryde�nition, 21

de�nition of, 12
dual,24,28

de�nition of, 25
edge,12,14,19,23,56,57

boundary, 16
de�nition of, 12
incoming,seemesh,corner
non-boundary, 16
outgoing,seemesh,corner

edge-end,16
de�nition of, 16

edges,12
embedded,12,25
face,12,14,19,23–25,56,57,83

de�nition of, 12
half-edge,16,23

de�nition of, 16
inner, 25
localdegreebounded,28,29
position,14
quad,14,27
quadrilateral,seemesh,quad
query, 19,21

example,23
re�nement,seeMesh,subdivision

scheme
scheme,12
simpleboundary, 12
splitting,seeMesh,subdivisionscheme
subdivisionscheme

Doo-Sabin,28
polyhedral,24–26,28
vertex, 24,27

triangle,83
triangularmesh,14
vertex, 12,14,19,23–25,27,56

de�nition of, 12
degree,27

vertices
of face,14
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Meshnotation,1, 2
Meshquery

de�nition of, 23
Meshre�nement,45,47
Mid-edgesubdivision, seeMesh,sub-

divisionscheme
Midpoint

of interval, 33
of sub-interval, 33

Minimal degree,45
Mixedderivatives,50
Model

bunny, 96

Occlusion,92
Offsetinvariantorderedset,seeset
OpenGL,89,90,100

HP_occlusion_test , 92
NV_occlusion_query , 92
context, 100,101
coordinatesystem

clip, 90,91
normaliseddevice,91
window, 91
world, 90,91

displaylist, 92
GLUT, 101
occlusiontest,92
rasterisation,92
texture,101
textures,100
transformation

modelview matrix,90,91
perspectivedivision,90,91
projectionmatrix,90,91
viewport transform,90,91

vertex transformation,90
view frustum,90

Original,95
Outgoingedge,seemesh,corner

Pair, 11,seeset
Parameterpoint,95,103

edgemidpoint,95
facemidpoint,95
vertex, 95

Parameterisation,95
Patchboundary, 58
PCP, seePolyhedron,planarcut
Pixel count,92

Planarcutpolyhedron,45,47,57
Planeequation,91
Polyhedralsplit,47,96,seeMesh,sub-

divisionscheme
Polyhedron,25,28,29,45

planar, 28
planarcut,28

Powell-Sabin,seemacrosplines
Primarykey, seerelationalalgebra
Projectoperator, seerelationalalgebra
Projectiveconvexity, 47

Quadedge,47,49
Quadmesh,47,48,55,57,seemesh
Quadmidpoint,56,98

matrix,80–83
local,81–83

Quadmidpointmatrix,81
Quadmidpoints,55,80
Quadrilateral,47,96

Rectangularpatch,45
Re�nement,96,seeMesh,subdivision

scheme
Regularparameterisation,9
Relation,seerelationalalgebra
Relationalalgebra,2

attribute,18
Cartesianproduct,18,20
domain,18,19
foreignkey, 18,19
join operator, 20
primarykey, 18
projectoperator, 18,20,22
relation,18,19

virtual, 20
selectoperator, 18,21
tuple,19

Relationaldatabase,2, 19
Rendering,100,101

constantmodel,89
dynamicmodel,89

Scheme,seemesh
Selectoperator, seerelationalalgebra
Set

circuit, 12
de�nition of, 11
lengthof, 12

element,11
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offsetinvariantordered,11
de�nition of, 11

pair, 11,12
de�nition of, 11

sizeof, 11
Simpleboundary, seemesh
Simpli�ed surfacespline,1, 2

parameterpoint,58
Simpli�edSurfaceSpline(class),101,103
Simpli�edSurfaceSplineBasis(class),101,

103
Smoothness,99
Smoothnessconstraint,45
Space

simpli�ed surfacespline,79
dimension,86

Splitting,seeMesh,subdivisionscheme
SQL,20

AND, 22
AS, 21
CREATE

TABLE, 18–20
VIEW, 21

FOREIGNKEY, 18,20
FROM, 18,21,22
PRIMARY KEY, 18–20
REFERENCES,18,20
SELECT, 18,21,22
WHERE,18,21,22

SSSReader(class),101,103
SSSWriter(class),103
StanfordUniversity, 96
Statistics

average,103
mean,103

Statistics(class),103
Sub-interval, 32,33

midpoint,33
Subdivision

property, 2
Subdivisionsurface,87
Surface

fair, 99
smoothness,99

Surfacespline,1, 2
C1, 45
simpli�ed, seeSimpli�ed surface

spline
Surfacesplinecurve,31

de�nition of, 31

Surfacesplines
C1, 1

Tensorproduct
Béziersurfaceexample,7

topological2-manifold,12
Topologicalholes,52
Triangularmesh,seemesh
Triangularpatch,45,49
Twist adjustment,47,50

Vectorspace
linear, 79

Vertex, seemesh
Vertex classi�cation,91,92
View frustum,92

Wavelets
lazy, 97

Zerosurface,80


