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Summary . This paper provides atutorial and survey of methods for parameterizing
surfaceswith a view to applications in geometric modelling and computer graphics.
We gather various conceptsfrom di®erertial geometry which are relevant to surface
mapping and use them to understand the strengths and weaknessesof the many
methods for parameterizing piecewiselinear surfacesand their relationship to one
another.

1 Intro duction

A parameterization of a surfacecan be viewed as a one-to-onemapping from
the surfaceto a suitable domain. In general, the parameter domain itself
will be a surfaceand so constructing a parameterization meansmapping one
surface into another. Typically, surfacesthat are homeomorphic to a disk
are mapped into the plane. Usually the surfacesare either represerted by or
approximated by triangular meshesand the mappings are piecewiselinear.

Parameterizations have many applications in various "elds of scienceand
engineering,including scattereddata “tting, reparameterization of spline sur-
faces, and repair of CAD models. But the main driving force in the devel-
opmert of the rst parameterization methods was the application to texture
mapping which is usedin computer graphicsto enhancethe visual quality of
polygonal models. Later, due to the quickly deweloping 3D scanningtechnol-
ogy and the resulting demandfor excient compressiomrmethods of increasingly
complex triangulations, other applications such as surfaceapproximation and
remeshinghave in°uenced further developmerts.

Parameterizations almost always intro duce distortion in either anglesor
areasand a good mapping in applications is onewhich minimizes thesedistor-
tions in somesenseMany di®erernt ways of achieving this have beenproposed
in the literature.

The purposeof this paper is to give an overview of the main developmeris
over recent years. Our survey [20] of 2002 attempted to summarize advances
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in this subject up to 2001.However, a large number of papers have appeared
sincethen and wherewer possiblewe will focuson thesemore recen advances.
This paper alsodi®ersfrom [20] in that we build up the discussionfrom some
classicaldi®erertial geometry and mapping theory. We further discardedthe
classi cation of methodsinto linear and non-linear onesand rather distinguish
betweentheir di®erenial geometric properties. We beliewe that this helpsto
clarify the strengths and weaknessof the many methods and their relationship
to one another.

2 Historical Background

The Greek astronomer Claudius Ptolemy (100{168 A.D.) wasthe rst known
to produce the data for creating a map showing the inhabited world as it
was known to the Greeksand Romans of about 100{150 A.D. In his work
Geography [89] he explains how to project a sphereonto a °at pieceof paper
using a system of gridlines|longitude and latitude.

As we know from peelingorangesand trying to °atten the peelson atable,
the spherecannot be projected onto the plane without distortions and there-
fore certain compromisesmust be made. Fig. 1 shovs some examples. The
orthographic projection (a), which was known to the Egyptians and Greeks
more than 2000yearsago, modi es both anglesand areas,but the directions
from the certre of projection are true. Probably the most widely used pro-
jection is the stereographic projection (b) usually attributed to Hipparchus
(190{120 B.C.). It is a conformal projection, i.e., it presenesangles(at the
expenseof areas). It also maps circlesto circles, no matter how large (great
circlesare mappedinto straight lines), but aloxadrome s plotted asa spiral. A
loxodrome is a line of constart bearing and of vital importance in navigation.
In 1569, the Flemish cartographer Gerardus Mercator (1512{1594), whose
goal wasto produce a map which sailors could useto determine courses[87],
overcamethis drawbadk with his conformal cylindrical Mercator projection (c)
which draws every loxodrome as a straight line. Neither the stereographicnor
the Mercator projections presene areas however. Johann Heinrich Lambert

(b) (©) (d)

Fig. 1. Orthographic (a), stereographic (b), Mercator (c), and Lambert (d) projec-
tion of the Earth.



Surface Parameterization 3

(1728{1777) found the rst equiareal projection (d) in 1772[86], at the cost
of giving up the presenation of angles.

All theseprojections can be seenasfunctions that map a part of the surface
of the sphereto a planar domain and the inverse of this mapping is usually
called a parameterization. Many of the principles of parametric surfacesand
di®erertial geometry were deweloped by Carl Friedrich Gau¥s (1777{1855),
mostly in [81].

Conformal projections of general surfacesare of special interest due to
their closeconnectionto complex analytic functions, and the Riemann Map-
ping Theorem. This theorem, due to Bernhard Riemann (1826{1866) in his
dissertation [9]1] of 1851, statesthat any simply-connectedregion of the com-
plex plane canbe mapped conformally into any other simply-connectedregion,
such asthe unit disk. It implies, similarly, that any disk-like surface can be
mapped conformally into any simply-connectedregion of the plane.

3 Di®erential geometry background

We take somebasictheory of mappingsfrom Kreyszig [85, Chap. VI]. Suppose
a surfaceS %2 IR® hasthe parametric represeation
x(uh;u?) = (xa(uh; u?); xa(ut; u?); xa(ut; u?)

for points (u'; u?) in somedomainin IR?. We call such a represeration regular
if (i) the functions x1; X»; X3 are smooth, i.e., di®erertiable as many times as
we needfor our discussion,and (ii) the vectors

_ @& _ &
X1 = @l X2 = a@?
are linearly independert at every point (their crossproduct x; £ X, is non-

Zero).
Many properties of S are characterizedby its "rst fundamentalform, which
is the squareof the elemen of arc of a curve in S, the quadratic form

ds? = x1 €x; (dut)® + 2x1 ¢x, dutdu? + X, 6x, (du?):

Writing
O~ = Xe CX—; ®=12 =12
and arranging the coezcients in a symmetric matrix
H 1
| = G0
O12 022
we have
H dulﬂ_

ds? = (dut du?) |
s° = (du” du) 2
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X (ut,u?) X"

(ute,u®)

Fig. 2. The mapping f from S to S” and the parameterization x of S induce the
parameterization x° = f +x of S°.

Often, the matrix | is itself referred to asthe rst fundamenal form. Under
the assumption of regularity, this matrix has a strictly positive determinant

g=detl = gt i G%;

the discriminant of the quadratic form. In this case,the form is positive de -
nite. The coexcients ge— are the componerts of a covariant tensor of second
order, called the metric tensor, denoted simply by gs.

Supposenow that S is a surfacewith coordinates (u';u?) and that f is a
mapping from S to a secondsurfaceS”. Then we can de ne the parameteri-
zation x° = f +x of S”, sothat the coordinates of any image point f (p) 2 S°
are the sameasthose of the corresponding pre-imagepoint p 2 S; seeFig. 2.
We say that the mapping f is allowableif the parameterization x” is regular.
With this set up we will now considervarious kinds of mappings.

3.1 Isometric mappings

An allowable mapping from S to S is isometric or length-preserving if the
length of any arc on S” is the sameas that of its pre-imageon S. Suc a
mapping is called an isometry.

For example, the mapping of a cylinder into the plane that transforms
cylindrical coordinates into cartesian coordinates is isometric.

Theorem 1. An allowable mapping from S to S* is isometric if and only if
the coexcients of the ‘rst fundamental forms are the same, i.e.,

[ =17
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Two surfacesare said to be isometric if there exists an isometry between
them. Isometric surfaceshave the sameGaussiancurvature at corresponding
pairs of points (since Gaussiancurvature dependsonly on the "rst fundamen-
tal form).

3.2 Conformal mappings

An allowable mapping from S to S” is conformal or angle-peserving if the
angle of intersection of every pair of intersecting arcs on S” is the sameas
that of the corresponding pre-imageson S at the corresponding point.

For example, the stereographic and Mercator projections are conformal
maps from the sphereto the plane; seeFig. 1.

Theorem 2. An allowable mapping from S to S® is conformal or angle-
preserving if and only if the coetcients of the rst fundamental forms are
proportional, i.e.,

I =" (ut;u?)1”; (1)
for somesalar function © 6 0.

3.3 Equiareal mappings

An allowable mapping from S to S” is equiareal if every part of S is mapped
onto a part of S* with the samearea.

For example, the Lambert projection is an equiareal mapping from the
sphereto the plane; seeFig. 1.

Theorem 3. An allowable mapping from S to S® is equiareal if and only if
the discriminants of the ‘rst fundamental forms are equal, i.e.,

g=g" (2)

The proofs of the above three results can be found in Kreyszig [85]. It is
then quite easyto seethe following (seealso Kreyszig):

Theorem 4. Every isometric mapping is conformal and equiareal, and every
conformal and equiareal mapping is isometric, i.e.,

isometric , conformal + equiareal .

We can thus view an isometric mapping as ideal, in the sensethat it
presenesjust about everything we could ask for: angles,areas,and lengths.
Howevwer, asis well known, isometric mappingsonly exist in very special cases.
When mapping into the plane, the surface S would have to be dewvelopable,
such as a cylinder. Many approadesto surface parameterization therefore
attempt to nd a mapping which either

1. is conformal, i.e., has no distortion in angles,or
2. is equiareal, i.e., has no distortion in areas,or
3. minimizes someconmbination of angle distortion and area distortion.
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3.4 Planar mappings

A specialtype of mappingsthat we will considernow and then in the following
are planar mappingsf : IR?! IR?, f(x;y) = (u(x;y);v(x;y)). For thesekind
of mappingsthe rst fundamertal form can be written as

=37

¢
whereJ = '5: \ is the Jacobianof f . It follows that the singular values %
and ¥ of J are just the squareroots of the eigenvalues, ; and , , of | and it

is then easyto verify

Prop osition 1. For a planar mappingf : IR? ! IR? the following equivalen-
cies hold:

o , i10¢
1. f isisometric I:_01¢ yoL1=,2=1 . Ha=%=1
2. f isconformal , 1= ol .15,2= 1, Ya=% = 1,
3. f isequiareal , detl =1 |, L1.2=1 Ya¥p = L

4 Conformal and harmonic mappings

Conformal mappings have many nice properties, not least of which is their
connection to complex function theory. Consider for the momert the case
of mappings from a planar region S to the plane. Such a mapping can be
viewed as a function of a complex variable, ! = f (z). Locally, a conformal
map is simply any function f which is analytic in a neighbourhood of a point
z and sudh that f (z) 6 0. A conformal mapping f thus satis es the Caucdhy-
Riemann equations, which, with z = x + iy and! = u+ iv, are
@_6 @_ @ @
@ @ @ '@
Now notice that by di®ereniating one of these equations with respect to x
and the other with respect to y, we obtain the two Laplace equations

¢u = 0; ¢v =0
where
¢ = @ + @
@2 @2
is the Laplace operator.
Any mapping (u(x; y); v(x; y)) which satis es thesetwo Laplace equations

is called a harmonic mapping Thus a conformal mapping is also harmonic,
and we have the implications

isometric ) conformal ) harmonic .
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Fig. 3. One-to-one harmonic mappings.

Why do we considerharmonic maps?Well, their big advantage over confor-
mal mapsis the easewith which they canbe computed, at leastapproximately.
After choosing a suitable boundary mapping (which is equivalert to using a
Dirichlet boundary condition for both u and v), ead of the functions u and
v is the solution to a linear elliptic partial di®erertial equation (PDE) which
can be approximated by various methods, such as nite elemeris or nite dif-
ferences,both of which lead to a linear system of equations. Harmonic maps
are also guaranteed to be one-to-onefor convex regions. The following result
was conjectured by Radf [90] and proved independerly by Kneser [84] and
Choquet [80].

Theorem 5 (RK C). If f : S! IR? is harmonic and mapsthe boundary @
homeomorphically into the boundary @° of some convex region S° ¥ IR?,
then f is one-to-one; see Fig. 3.

On the downside, harmonic maps are not in generalconformal and do not
presene angles.For example, it is easyto verify from the Cauchy-Riemann
and Laplace equationsthat the bilinear mapping f : [0; 1]2 I IR? dened by

u=x(1+y), V=,

is harmonic but not conformal. Indeedthe "gure below clearly shows that this
harmonic map doesnot presene angles.

7
f
i
> ]
/

Fig. 4. A harmonic mapping which is not conformal.

Another weaknessof harmonic mappings is their \one-sidedness". The
inverseof a harmonic mapping is not necessarilyharmonic. Again, the bilinear
exampleabove provides an exampleof this. It is easyto ched that the inverse
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mapping x = u=(1 + v), y = v is not harmonic as the function x(u;v) does
not satisfy the Laplace equation.
Despite these drawbadks, harmonic mappings do at least minimize defor-
mation in the sensethat they minimize the Dirichlet energy
z Z

Eo(f)= & kgradfk?= = 'kr uk’+ kr we?
2 s 2 s
This property combined with their easeof computation explains their popu-
larity.

When we consider mappings from a generalsurfaceS % IR® to the plane,
we nd that all the above properties of conformal and harmonic mappings
are essetially the same. The equations just becomemore complicated. Any
mapping f from a given surface S to the plane de nes coordinates of S, say
(ul;u?). By Theorem 2, if f is conformal then there is somescalar function
" 6 0 sud that ,

i 2 2¢
ds? = “ (u;u?) (du)” + (du?)
Suppose that S has given coordinates (&';u?). After some analysis (see
Chap. VI of Kreyszig), one can show that the above equation implies the
two equations

1 1 . 2 2
%zﬂ%@‘ e e

g@rl’ @r

which are a generalization of the Cauchy-Riemann equations (3). Indeed, in
the special casethat S is planar, we can take

611 = 62 = 1, &2 = O )

and we get simply
@' _ @? @’ @?
e @ @ '@
Similar to the planar case we candi®erertiate oneequationin (4) with respect
to &' and the other with respect to &?, and obtain the two generalizationsof
Laplace's equation,
¢sul=0; ¢ su?=0; (6)

where ¢ s is the Laplace-Beltrami operator
Ha¥ @ Al

1 1 @ G2 @
¢s=Pg @,i S%@:i & @ g@@'gﬁ@l

When this operator is di®erertiated out, one nds that it is a linear elliptic
operator with respect to the coordinates (t&'; &) (as noted and exploited by
Greiner [82]). The operator generalizesthe Laplace operator (as can easily be
cheded by taking S to be planar with ge— asin (5)), and is independert of the
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particular coordinates (in this case(t';#?)) usedto dene it. As explained
by Klingenberg [83], it can also be written simply as

¢ s = divs gradg:

Similar to the planar case,a harmonic map can either be viewed asthe solution
to equation (6), or asthe minimizer of the Dirichlet energy
z

Ep(f) = kgrads f k*
S

NI =

over the surfaceS.

5 Equiareal mappings

As we saw in Sec. 3, there are essetially only two quartities to consider
minimizing in a mapping: angle distortion and area distortion.

We know from the Riemann mapping theorem that (surjective) conformal
mappings from a disk-like surfaceto a xed planar simply-connected region
not only exist but are also almost unique. For example, considermapping the
unit disk S into itself (treating S asa subsetof the complexplane), and choose
any point z 2 S and any angle 1, j ¥a< W - % According to the theorem,
there is precisely one conformal mappingf : S! S suc that f (z) = 0 and
argf 4z) = W In this sensethere are only the three degreesof freedomde ned
by the complex number z and the real angle pLin choosingthe conformal map.

What we want to do now is to demonstrate that equiareal mappings are
substantially di®erent to conformal onesfrom the point of view of uniqueness
as there are many more of them. The following exampleis to our knowledge
novel and nicely illustrates the abundance of equiareal mappings. Consider
again mappingsf : S! S, from the unit disk S into itself. Using the polar
coordinates X = r cosy, y = r siny, one easily nds that the determinant of
the Jacobian of any mapping f (x; y) = (u(x; y); v(X; y)) can be expressedas

1
detJ(f) = uxvy i Uyvx = F(UrVui UpVr):
Considerthen the mappingf : S! S de ned by
i i . ¢
r(cos sing) 7! r' cos@+ A(r));sin(u+ A(r) ;
forO- r- landj ¥%< p- Y4 whereA:[0;1]! IR is an arbitrary function.
This mapping maps egch circle of radius'r certred at the origin into itself,
rotated by the angle A(r); seeFig. 5. If A is di®ereriable then sois f and

di®ereniation shows that
UV i UpVr =T
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Fig. 5. An equiareal mapping.

independert of the function A. We concludethat detJ(f) = 1 and therefore,
accordingto Proposition 1, f is equiareal,irr esgective of the chosenunivariate
function A.

It is not ditcult to envisage other families of equiareal mappings con-
structed by rotating circles about other certres in S. These families could
also be combined to make further equiareal mappings.

When we consideragain the formulations of conformal and equiarealmap-
pingsin terms of the rst fundamertal form, the lack of uniquenessof equiareal
mappings becomedesssurprising. For, aswe saw earlier, the property of con-
formality (1) essetially placestwo conditions on the three coexcients of the
“rst fundamenrtal form g7;, 97, G5, While the property of equiarealness(2)
placesonly one condition on them (the three conditions together of course
completely determine the three coexcients, giving an isometric mapping).

Considering not only the non-uniquenessput alsothe rather strangerota-
tional behaviour of the above mappings, we concludethat it is hardly sensible
to try to minimize area deformation alone. In order to 'nd a well-behaved
mapping we surely needto combine area-preseration with some minimiza-
tion of angular distortion.

6 Discrete harmonic mappings

Common to almost all surface parameterization methods is to approximate
the underlying smooth surfaceS by a piecewiselinear surface Sy, in the form

such that the triangles intersect only at common vertices or edges.Nowadays
in fact, surfacesare frequertly simply representa as triangular meshes,and
the smooth underlying surfaceis often not available. We will denoteby V the
set of vertices. If Sy has a boundary, then the boundary will be polygonal
and we denote by Vg the set of verticeslying on the boundary and by V, the
set of interior vertices.

The most important parameterization task is to map a given disk-like
surfaceS % IR® into the plane. Working with a triangular mesh St , the goal
is to nd a suitable (polygonal) domain S® % IR? and a suitable piecewise
linear mapping f : Sy ! S” that is linear on ead triangle T; in St and
continuous; seeFig. 6. Such a mapping is uniquely determined by the images
f (v) 2 IR? of the verticesv 2 V.
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Fig. 6. Piecewiselinear mapping of a triangular mesh.

6.1 Finite element metho d

One of the earliest methods for mapping disk-like surfacesinto the plane
was to approximate a harmonic map using the "nite elemernt method based
on linear elemens. This method was introduced to the computer graphics
community by Eck et al. [12] and called simply a discrete harmonic map,
although a similar technique had earlier beenusedby Pinkall and Polthier for
computing piecewiselinear minimal surfaces[56]. The basic method has two
steps.

1. First 'x the boundary mapping, i.e. x fjg, = fo, by mapping the
polygonal boundary @t homeomorphicallyto somepolygonin the plane.
This is equivalent to choosingthe planar image of ead vertex in the mesh
boundary @ and canbe donein seweral ways (see[14] or [33, Sec.1.2.5]
for details).

2. Find the piecewiselinear mapping f : St ! S” which minimizes the
Dirichlet energy Z

Ep = 1 kgradg f K;
2 s, T

subject to the Dirichlet boundary condition f jgs, = fo.

The main advantage of this method over earlier approaces is that this is
a quadratic minimization problem and reducesto solving a linear system of
equations. Consider one triangle T = [v1;V2; V3] in the surface St . Referring
to Fig. 7, one can shaw that

z

2 kgrad, f k* = cotpgkf (v1) i f(v2)k?
T

+ cotpokf (V1) i f(va)k? + cotpukf (v2) i f (va)k?:

The normal equationsfor the minimization problem canthereforebe expressed
asthe linear systemof equations
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@ fir
S

a0

|

V2

Fig. 7. Atomic map between a mesh triangle and the corresponding parameter
triangle.

wi (F(vi)i f(vi)) =0 Vi 2 Vi (7)
J2N;
where
wj = cot®; + COt_ij (8)
andthe angles®; and j areshown in the gure below. Herewe have assumed
that the verticesin V are indexed (in any random order) and that N; denotes

the set of indexes of the neighbours of the vertex v; (those vertices which
sharean edgewith v;).

Vi

Fig. 8. Angles for the discrete harmonic map and the mean value coordinates.

The ass@iated matrix is symmetric and positive de nite, and sothe linear
systemis uniquely solvable. The matrix is also sparseand iterative methods
are e®ectiw, e.g., conjugate gradients. Note that the systemhasto be solved
twice, oncefor the x- and oncefor the y-coordinates of the parameter points
f(v), vi 2 V,. In practice the method often givesgood visual results.

6.2 Convex combination maps

The theory of nite elemerts [79] provides a well-establishedcornvergencethe-
ory for "nite elemen approximations to secondorder elliptic PDE's. Extrap-
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olating this theory, we can argue that the error incurred when discretizing a
harmonic map f : S! S° S® % IR?, from a smooth surfaceto the plane,
by a discrete harmonic map over sometriangular meshSt of S, will tend to
zeroasthe meshsizetendsto zero(in an appropriate norm and under certain
conditions on the anglesof the triangles).
Due to the RKC Theorem 5, it is therefore reasonableto expect that, with
S cornvex, a discrete harmonic map f : St ! S7, like its harmonic cousin,
will be one-to-one,i.e., that for every oriented triangle T = [v1;V;; V3] in the
surface St , the mapped triangle f (T) = [f (v1);f (v2);f (v3)] would be non-
degenerateand have the sameorientation. It turns out that this is guaranteed
to be true if all the weights w;; in Equation (7) are positive. To understand
this, note that if we de ne the normalized weights
- X
i = Wi Wik ;
k2 N;

for ead interior vertex v;, we can re-expressthe system (7) as

X
f(Vi)Z ,ijf(Vj); Vi 2V|Z (9)

J2N;j
It follows that if all the weights w; are positive then so are the weights | j;
and the piecewisdinear mapping f demandsthat ead mapped interior vertex
f (vi) will be a corvex combination of its neighbours f (v;), and somust lie in
their corvex hull. It is reasonableto call any piecewiselinear mapping of this
kind a convexcombination mapping The special casein which the weights |
are uniform, i.e., for ead interior vertex v; they are equal to 1=d, where di
is the valency of vertex v;, was called a barycentric mapping by Tutte [92] (in
a more abstract graph-theoretic setting). Each image point f (v;) is forced to
be the barycentre of its neighbours. Tutte shawed the following.

Theorem 6 (T utte). A barycentric mapping of any simple 3-connected pla-
nar graph G is a valid straight line emkedding.

It waslater obsenedin [14] that this theorem appliesto triangular meshes,
and moreover, that Tutte's proof could be extendedin a g‘mple way to allow
arbitrary positive weights , j; in Equation (9) satisfying i2n; i = 1. Re-
certly, an independert and simpler proof of this result was given in [19]:

Theorem 7.If f : St ! S° is a convex combination mapping which maps

@t homemorphically into a convexpolygon @"°, then f is one-to-one.
Recalling the weights of Equation (8), notice from trigonometry that
_ sin(®,— + _ij )
cot®; + cot j = ——;
® " sin®; sinT

and so
wj >0 () ® + j <Y
Therefore, it follows (seeagain [19]):
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Prop osition 2. A discrete harmonic map f : St ! S” is one-to-oneiif it
maps @r homeomorphically into a convex polygon @" and if the sum of
every pair of opposite anglesof quadrilaterals in St is lessthan Y4

Generally speaking, this opposite-angle condition is ful'lled when the tri-
anglesare \w ell-shaped"”, and holds in particular when all anglesof all trian-
glesin Sy arelessthan ¥&2.

Conversely counterexamples have been constructed (a numerical one in
Duchamp et al. [11] and an analytical one in [15]) which show that if the
opposite-anglecondition does not hold then the discrete harmonic map may
not be one-to-one:sometriangles \°ip over", i.e. have the wrong orientation.

We ernvisagetwo possibleways of tackling this problem. The rst approac
is to perform somepreprocessingoperation on the given triangular meshand
insert new verticesto split triangles and perhapsswap someedgesin order to
obtain a new mesh for which the opposite angle condition holds. Of course,
if the meshis planar, we could simply use the well-known Delaunay swap
criterion, and we would evertually end up with a Delaunay triangulation,
which certainly satis es the opposite angle condition in every quadrilateral.
Howewer, we do not know of any concreteswapping procedurein the literature
which provides the same guarartee for a general surface mesh. The other
alternativ e is to design a corvex combination map with good properties and
if possibleto mimic the behaviour of a harmonic map.

6.3 Mean value coordinates

In addition to injectivit y, another natural property that we can expect from a
mapping is to be an isometry whenewer possible.It is well-known [83, 85] that
such an isometry exists if and only if the surfaceS is develomble Piecewise
linear surfacesSt are dewelopableif the anglesaround ead interior vertex
sum up to 2% which rarely is the case,unless Sy is planar. We therefore
proposethat a good piecewiselinear mapping should have the following re-
production property: In the casethat the surface mesh St is planar and its
planar polygonal boundary is mapped aznely into the plane, then the whole
mapping should be the sameatne mapping.

Discrete harmonic maps have this reproduction property but are not guar-
anteed to be injective. The shape-preserving method of [14] is a cornvex combi-
nation mapping (and therefore always one-to-onefor corvex images),designed
alsoto have this reproduction property. In many numerical examples,the dis-
crete harmonic map and shape-preserving maps look visually very similar,
especially when the surfaceis not far from planar. For more complex shapes,
the two methods begin to di®er more, with the shape-preservingmap being
more robust in the presenceof long and thin triangles.

A more recert paper [18] gives an alternative construction of a convex
combination mapping with the reproduction property, which both simpli es
the shape-preservingmethod of [14] and at the sametime directly discretizes
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(@) (b) (© (d) (e)

Fig. 9. Remeshinga triangle meshwith a regular quadrilateral meshusing di®erert
parameterization methods.

a harmonic map. It is basedon mean value coordinates and motivated as ex-
plained below. The numerical results are quite similar to the shape-preserving
parameterization. Fig. 9 shows the result of rst mapping a triangle mesh
(a) to a square and then mapping a regular rectangular grid badk onto the
mesh. The four mappings used are barycertric (b), discrete harmonic (c),
shape-preserving(d), and mean value (e).

The ideain [18] is the obsenation that harmonic functions (and therefore
also harmonic maps) satisfy the mean value theorem. At every point in its
(planar) domain, the value of a harmonic function is equal to the average
of its valuesaround any circle certred at that point. This suggests nding a
piecewiselinear map f : St | S7, for a planar triangular mesh Sy, which
satis es the mean value theorem at every interior vertex v; of the mesh. We
let ;i be a circle certred at v; with radius r; > 0 small enoughthat j; only
intersectstriangles in T which are incident on v;. We then demand that

Z

W)= 5

v f (v) ds:

i
Somealgebrathen shaws that independen of r; > O (for r; small enough),the
above equation is the sameas Equation (7) but with the weights w; replaced
by

- _ tan(g =2) + tan(® =2)

! v i il ’
with the anglesshown in Fig. 8. When St is a surface mesh, we simply use
the sameweights with the angles+; and °; taken from the meshtriangles.
For a recert in-depth comparison of computational aspects of discrete har-
monic maps and mean value maps, including multilev el solvers, seeAksoylu,
Khodakovsky, and Schréder [1].

Energy minimization

We have seenthat mean value maps discretize harmonic maps in a certain
way, but in corntrast to discrete harmonic maps they are not the solution
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of a minimization problem. This makesthem a bit special becauseall other
parameterization methods in the literature stem from the minimization of
someenergy

For example, discrete harmonic maps minimize the Dirichlet energy and
recertly Guskov [29] showed that the shape-preserving maps minimize an
energythat is basedon seconddi®erencesBut theseare not the only energies
that are minimized by corvex combination maps. Greiner and Hormann [25]
showved that any choice of symmetric weights w;; = w;; in (7) minimizes a
spring energy and Desbrun, Meyer, and Alliez [10] proposedthe chi enemgy
that is minimized if the Wacdhspresscoordinates [93, 94, 88] are taken as wi; .

An interesting question for future researd is if there also exists a mean-
ingful energythat is minimized by mean value mappings.

6.4 The boundary mapping

The Trst step in constructing both the discrete harmonic and the convex
combination mapsis to choosethe boundary mapping f jgs, . There are two
issueshere: (i) choosing the shape of the boundary, and (ii) choosing the
distribution of the points around the boundary.

Cho osing the shape

In many applications, it is sutcient (or even desirable)to map to a rectangle
or a triangle, or even a polygonal approximation to a circle. In all thesecases,
the boundary is corvex and the methods of the previous section work well.

The convexity restriction may, however, generatebig distortions near the
boundary when the boundary of the surface St doesnot resenble a corvex
shape. One practical solution to avoid suc distortions is to build a \virtual”
boundary, i.e., to augmert the given mesh with extra triangles around the
boundary soasto construct an extended meshwith a\nice” boundary. This
approac has beensuccessfullyusedby Lee, Kim, and Lee [43], and K$s and
Vérady [40].

Cho osing the distribution

Consider rst the caseof a smooth surface S with a smooth boundary @5.
Due to the Riemann Mapping Theorem we know that S can be mapped into
any given simply-connectedregion S® % IR? by a conformal mapf : S! S°.
Sinceany such conformal map de nesaboundary mappingf jg : @GB! @5°,
this implies (assuming smooth well-behaved boundaries) that there must ex-
ist some boundary mapping such that the harmonic map it de nes is also
conformal. Such a boundary mapping seemdik e an ideal mapping to aim for.
However, to the best of our knowledgeit is not known how to "nd one.
Thus in the caseof piecewiselinear mappings, the usual procedurein the
literature is to choose some simple boundary mapping such as chord length
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parameterization (for polygons), either around the whole boundary, or along
ead side of the boundary whenworking with triangular or rectangular bound-
aries.

An interesting topic for future researd is to seard for better ways to
distribute the mappedboundary points around a xed, chosenboundary (such
as a circle). It seemslikely that "nding a distribution that maximizes the
conformality of the whole mapping will depend at least on the global shape
of the surfacemeshboundary and perhapson the shape of the surfaceitself.
As far aswe know this issuehas not yet beenaddressedin the literature.

7 Discrete conformal mappings

In all the parameterization methods described in the previous section, the
boundary mapping f jgs, had to be xed in advance and preferably map to
a convex polygon. There are, however, seeral approachesthat maximize the
conformality of the piecewiselinear mapping without demanding the mesh
boundary to be mapped onto a "xed shape. Instead, these methods allow the
parameter valuesof the boundary points to be included into the optimization
problem and the shape of the parameter domain is determined by the method.

7.1 Most isometric parameterizations

The method of Hormann and Greiner [34] is basedon measuringthe confor-
mality of a (non-degenerate)bivariate linear function g : IR> I IR? by the
condition number of its JacobianJ with respect to the Frobenius-norm,which
can be expressedn terms of the singular values¥, and ¥ of J asfollows:

3, 3

h %

q q
Ew(0)= -r(3) = kIkekd! Tk = 98+ 9% 1=+ 1= = -+ o

According to Proposition 1 this functional clearly is minimal if and only if g
is conformal. Since ead atomic map fjr : T ! IR? can be seenas suc a
bivariate linear function, the conformality of the piecewiselinear mapping f
is then de ned as X
Em(f) = Em (fjr): (10)
T2T

This energyis boundedfrom below by twice the number of triangles in T and
this minimum is obtained if and only if f is conformal. Thus, minimizing (10)
givesa parameterization that is as conformal as possible.Note that piecewise
linear functions can only be conformal if the surface St is dewelopable and
conformality implies isometry in this case.Hencethe term \m ost isometric
parameterizations' (MIPS).

~Interestingly, the notion of singular values is also useful to expressthe
Dirichlet energy of a linear mapping g(x;y) = (u(x;y);v(x;y)). Using the
identity
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Y5+ ¥ = trace(7J) = trace(l) = U + uj + Vi + V] (11)

we nd for any planar region S that
z z
_1 2 _ 2 2o _ 1o 4o :
Ep(0) = > kgradgk” = (kr uk® + kr vk©) = 5(3/‘1 + ¥%5)A(S);
S S

NI =

where A(S) denotesthe areaof S. Further consideringthe identit y
Ya¥p = detd = uxvy | uyvx = A(9(S))=A(S) (12)

reveals a closerelation betweenthe MIPS energy of an atomic map and its
Dirichlet energy _

Eo(fir).

A(f(T))

This underlinesthe conformality property of the MIPS method sinceit is well
known that Ep (fjr), A(f (T)) with equality if and only if f is conformal.

It alsoshows that the MIPS energyin (10) is a sum of quadratic rational
functions in the unknown parameter valuesf (v) and thus the minimization
is a non-linear problem. As proposedin [36], this problem can be solved in
the following way. Starting from an initial barycertric mapping, ead planar
vertex is repeatedly relocatedin order to minimize the functional locally there.
During this iteration, ead vertex p; = f (vi) in the current planar meshlies
in the kernel K; of the star-shaped polygon formed by its neighbours. Since
the MIPS energy is in nite if any mapped triangle f (T) is degenerate,it is
in nite on the boundary of the kernel K;. There must therefore be a local
minimum to the local functional somewherein the interior of K;. In fact, it
has been shown in [33, Sec.1.3.2] that the local functional is corvex over
the interior of K; and that the local minimum can be found ezxciently using
Newton's method. By moving p; to this minimum, the method ensuresthat
the updated planar meshwill not have any folded triangles.

Em(fjr) =2

7.2 Angle-based ‘attening

While the conformality condition used in the previous section is triangle-
basedand can be expressedn terms of the parameter valuesf (v), v 2 V, the
method of She®erand de Sturler [69] minimizes a pointwise criterion that is
formulated in terms of the anglesof the parameter triangles.

Let us denote by i the meshanglesin St and by ® the corresponding
planar anglesin S® We further de ne | (v) asthe set of indicq§ of the angles
around a vertex v 2 V and the sum of theseangles, p(v) =, K. For
any interior vertex v 2 V|, the planar angles®, i 2 | (v) sumup to 2% but
the corresponding mesh anglesusually do not. This angular deformation is
inevitable for piecewiselinear mappings and the best one can hope for is that
the deformation is distributed evenly around the vertex. She®erand de Sturler
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therefore de ne for each v 2 V the optimal angles™ ; = ys(v), i 2 I (v) with

a uniform scalefactor
1

2
_ 2YFhV); v2V;
s(v) = 1; v2 Vg

and determine an optimal set of planar anglesby minimizing the energy

X — 2
E@= (@®&=;i 1= (13)

They "nally construct the parameter valuesf (v) and thusthe piecewisdinear
mapping f itself from the angles®,.

Though the minimization problem is linear in the unknowns ®, it becomes
non-linear as a number of constraints (some of which are non-linear) have to
betakeninto accourt to guarantee the validity of the solution. A simpli cation
of these constraints as well as a discussionof suitable solvers can be found
in [77]. Like in the previous section, the energyin (13) is boundedfrom below
and the minimum is obtained if and only if Sy is developablewith p(v) = 2%
at all interior verticesand f is conformal with ® = ~; = | for all i.

7.3 Linear metho ds

L®vy et al. [47] and Desbrun et al. [10] both independerily developed a third
method to compute discrete conformal mappings which has the advantage
of being linear. For a bivariate linear function g : IR? | IR?, L§vy et al.
propose measuring the violation of the Cauchy-Riemann equations (3) in a
least squaressense,i.e., with the conformal enemy

1li ¢
Ec(9)= 5 (Uxi w)*+ (uy + w)? -

Basedon this they 'nd the optimal piecewiselinear mappingf : St ! S® by

minimizing X

Ec(f) = Ec(fjr)A(T):
T2T

Likethe MIPS energy Ec (g) can be expressedn terms of the singular values
of the Jacobianof g and there is a closerelation to the Diric hlet energy Using
(11) and (12) we nd

1
Ec(9) = E(yii %

and
Ec(9)A(S) = En(9)i A(9(S))
for any planar region S. Therefore we have

Ec(f)=Eo(f)i A(f);
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which also shaws that Ec (f) is quadratic in the unknowns f (v) and that the
normal equationsfor the minimization problem can therefore be expressedas
a linear system of equations.

Desbrun et al. take a slightly di®erert path to arrive at the same sys-
tem. They start with the "nite elemen method (seeSec.6.1) that yields the
equations

DyEp(f)=0

for all parameter points p = f (v) of the interior verticesv 2 V, ; compare (7).
But instead of xing the boundary f jgs, , they imposenatural boundary con-
straints,

Dy Ep(f) = Dy A(f);

for all p= f(v), v2 Vg. But asthey also showv that D, A(f) = 0 at the
interior vertices, this amounts to solving

gradEp = gradA,;

and is thus equivalent to minimizing Ec (f).

Howewer, asE¢ (f ) is clearly minimized by all degeneratemappingsf that
map St to a single point, additional constraints are neededto 'nd a unique
and non-trivial solution. Both papers therefore proposeto X the parameter
valuesf (v), f (w) of two verticesv; w 2 V. The solution dependson this choice.
For example, if we parameterizethe pyramid in Fig. 10(a) whosevertices lie
on the cornersof a cube, xing p; = f (v1) and p, = f (v») givesthe solution
in (b), while xing p; = f (v1) and ps = f (v3) results in the parameterization
shown in (c).

Vs
P4 Ps P Ps

P p
V- Y, ' S P,

(@) (b) (©

Fig. 10. Example of two di®erert discrete conformal mappings for the sametrian-
gulation.

Note that the x- and y-coordinates of the parameter points f (v) are cou-
pled in this approadc sincethe areasof the parameter triangles are involved.
Thus the size of the systemto be solved is roughly twice as large as the one
for discrete harmonic maps (seeSec.6.1).

We further remark that unlike the MIPS and the angle based °attening
methods, this approac may generatefolded triangles and that we do not know
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of any suzxcient conditions that guararntee the resulting parameterization to
be a one-to-onemapping.

8 Discrete equiareal mappings

In view of the high degreeof non-uniquenessof equiareal mappings shawn in
Sec.5, it is not surprising that discrete (piecewiselinear) equiareal mappings
are alsofar from unique and also exhibit strange behaviour. For example, an
obvious attempt at an area-preservingmapping f : St | S®, S® %2 IR?, for a
triangular meshSr 2 IR isto X the polygonal region S° to have the same
areaasthat of Sy, and then to nd f which minimizes a functional like

x .
Ef)= " AGTY) i AM™
T2T

Unlik e the discrete Dirichlet energy this functional is no longer quadratic in

the coordinates of the image points f (v). Not surprisingly, there exist meshes
for which E has seweral minima, and moreover seeral mappingsf sud that

E(f) = 0. Fig. 11 shows an examplein which the area A(f (T)) of ead image
triangle is equal to the area of the corresponding domain triangle A(T) and

thus E(f ) = 0. In other words, f is a (discrete) equiareal mapping.

Fig. 11. Two planar mesheswhose corresponding triangles have the same area.

Other examplesof minimizing the functional E and its variants often pro-
ducelong and thin triangles. In somecasestriangles °ip over. Maillot, Yahia,
and Verroust [52] gave a variant of E in which ead term in the sumis divided
by A(T), but few numerical examplesare given in their paper. Surazhskyand
Gotsman [76] have found area-equilization useful for other purposes,speci -
cally for remeshing.

Recerily, Degeneret al. [9] extended the MIPS method to 'nd parame-
terizations that mediate betweenangle and area deformation. They measure
the area deformation of a bivariate linear function g by

1
E = detJ + = 3% +
a(g) = de Jot 4 Y

Yap'
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which, according to Proposition 1, clearly is minimal if and only if g is
equiareal. They then minimize the overall energy

X
E(f)= Em (fFir)Ea(fjr) A(T);
T2T

whereq, O0is a parameterthat cortrols the relative importance of the angle
and the areadeformation. Note that the caseq= 0 correspondsto minimizing
angle deformation alone, but that no value of q gives pure minimization of
areas.

Sanderet al. [62] explore methods basedon minimizing functionals that
measurethe \stretc h" of a mapping. These appear to retain some degreeof
conformality in addition to reducing areadistortion and seemto perform well
in numerical examples.In the notation of Sec.7.1 they measurethe stretch
of a bivariate linear mapping g : IR? ! IR? by

q
Ezx(0) = kdke = ¥+ % and E1 (0) = kIk; = %

and minimize one of the two functionals
v

up .
{7 o AME(TE Y’
T2T A(T) ,

Eo(f) =

Ex () = maxEs (FtY):

Note that both functionals accunulate the stretch of the inverse atomic maps
fjiT1 that map from the parameter to the surfacetriangle. Sanderet al. min-
imize thesenon-quadratic functionals with an iterativ e method similar to the
one described in Sec.7.1. Like the MIPS method, both stretch functionals
always yield a one-to-onemapping. Numerical examplesshowing comparisons
with discrete harmonic maps are given in [62)].

9 Parameterization metho ds for closed surfaces

9.1 Surfaces with genus zero

There has been a lot of interest in spherical parameterization recertly and
in this section we will brie®y summarize recent work. Many of the methods
attempt to mimic conformal (or harmonic) mapsand are very similar to those
for mapping disk-like surfacesinto the plane, although some of the linear
methads now becomenon-linear.

An important point is that, accordingto Gu and Yau [27], harmonic maps
from a closedgerus zero surfaceto the unit sphereare conformal, i.e., har-
monic and conformal mapsarethe samewhenwe dealwith (closed)sphere-like
surfaces.Intuitiv ely, this follows from the fact that the domain and imagehave
no boundary, and it is exactly the boundary map that makesthe di®erence
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betweena conformal and a harmonic map in the planar case.According to Gu
and Yau there are essetially only six \degreesof freedom"” (the MAbius trans-
formations) in a spherical conformal map, three of which are rotations, the
others involving somekind of area distortion (anglesare of coursepresened
by de nition).

The method of Haker et al. [32] "rst maps the given sphere-like surface
St into the plane and then usesstereographicprojection (itself a conformal
map) to subsequetly map to the sphere. The planar mapping part of this
construction appearsto reduceto the usual discrete harmonic map described
in Sec.6.1. Unfortunately, it is not clear in [32] how the surfaceis split or
cut to allow for a mapping into the plane and how the boundary condition is
treated.

Gu and Yau [28] have later proposedan iterativ e method which approxi-
mates a harmonic (and therefore conformal) map and avoids splitting. Specif-
ically, a harmonic map from a closedsurfaceS to the unit sphereS® is a map
f :S1 S® such that at every point p of S, the vector ¢ sf (p) 2 IR® is per-
pendicular to the tangent plane of S” at f (p). In the discrete casewe consider
piecewiselinear mappingsf : St ! IR® over an approximative meshSy with
the property that f (v) lies on the unit sphereS* for every vertex v 2 V of
the mesh Sy. Gu and Yau propose approximating a harmonic (conformal)
map in the following way. Let | , (u) denote the perpendicular projection of
any point u on the sphereS® onto the tangent plane of S” at v;. Then they
considera map which solvesthe (non-linear) equations

witaden i fwt=o wav
j2N;

where, asin the planar case(7), the coetcients w; are the weights of (8).
Gu and Yau [28] give many nice numerical examplesbasedon their method.
However, numerical dixculties apparertly arise when someof the weights w;
are negative, and they proposeediting the original surface mesh, so that all
weights are positive, though no procedurefor doing this is given.

One might expect that a piecewiselinear map should be one-to-oneif all
the weights are positive. Gotsman, Gu, and She®erthave dealt with this issue
in [24]. They work with the alternativ e equations

wif(v)=,if(v); vi2w
J2N;j

This equation says that a certain (positive) linear combination of the neigh-
bouring vectorsf (vj) must be parallel to the unit vector f (v;), and the factor
.i > listo bedetermined. Such a mapping is a spherical barycertric (or con-
vex combination) mapping. When the weights wj are constart with respect
to j we get an analogueof Tutte's barycertric mapping into the plane. A theo-
rem by Colin de Verdigre, describedin [24], guararteesa valid embedding into
the sphereif certain conditions on the eigervaluesof the matrix formed by the
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left hand sidesof the equation hold. Unfortunately, it is currently not known

how to guarantee theseconditions and examplesof simple meshescan be con-
structed for which there are seweral possible barycertric mappings, some of

which are not one-to-one.However, the paper by Gotsman, Gu, and She®er
looks like a good start-p oint for future work in this direction.

The angle-basednethod of She®erand de Sturler [69] hasbeengeneralized
in a straightforward manner to the spherical caseby She®er,Gotsman, and
Dyn [71] using a combination of angle and areadistortion. The stretch metric
approach of Sanderet al. [62] has beengeneralizedto the spherical caseby
Praun and Hoppe [59].

9.2 Surfaces with arbitrary genus

A well-known approadc to parameterizing (mesh) surfacesof arbitrary gerus
over simpler surfacesof the samegerus is to somehav segmen the meshinto
disk-like patchesand then map ead patch into the plane. Usually, triangular-
shaped patches are constructed and ead patch is mapped to a triangle of a
so-calledbasemesh.

The challenge of this approad is to obtain mappings that are smooth
acrossthe patch boundariesand the “rst methods [12, 42, 59, 30, 21] su®ered
indeedfrom this problem. But recertly Khodakovsky, Litk e, and Schréder [38]
and Gu and Yau [28] proposedtwo di®erert methods to compute parameter-
izations that are globally smooth with singularities occurring at only a few
extraordinary vertices.

10 Conclusion

We have summarized as best we can both early and recert advancesin the
topic of surface parameterization. In addition to the 35 papers we have men-
tioned earlier in the text, we have added to the referencelist a further 43
referencesto papers on surface parameterization, giving a total of 78 papers.

Wefeelit fair to say that the topic, aswe know it now, beganwith the 1995
paper on the discrete harmonic map by Eck et al. [12], though essetially the
samemethod was proposedin 1993by Pinkall and Polthier [56] for computing
minimal surfaces. During the period 1995{2000, we know of 19 published
papers on surface parameterization, many of which we summarizedin [20]. In
contrast, we know of 49 paperson this topic which have beenpublished during
the period 2001{2003;seeFig. 12. Thus there has clearly beena signi cant
increasein researd activity in this areain the last three years.A strong focus
amongtheserecen papershasbeenon methods which automatically nd the
boundary mapping, and methods for spherical parameterizations and other
topologies. These two latter topics look likely to receive further attention in
the future.
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