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This paper presents a convergence analysis of the multi point flux approximation control volume
method, MPFA, in two space dimensions. The MPFA version discussed here is the so—called
O-method on general quadrilateral grids. The discretization is based on local mappings onto
a reference square. The key ingredient in the analysis is an equivalence between the MPFA
method and a mixed finite element method, using a specific numerical quadrature, such that
the analysis of the MPFA method can be done in a finite element setting. © 777 John Wiley &
Sons, Inc.
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[. INTRODUCTION

The multi point flux approximation, MPFA, is a discretization method developed by
the oil industry to be the next generation method in reservoir simulation. The goal
was to replace the classical cell centered finite difference five or seven point molecule,
that was, and still is, used outside its range of validity, cf. [1, 4, 15]. In reservoir
simulation the geology of the reservoir, which includes faults and non parallel layers in
the media, is a major challenge. This results in a need to use non-orthogonal grids,
with a full discontinuous permeability tensor in the discretization. In multiphase flow a
locally conservative numerical method for the elliptic pressure equation is also needed, a
demand inherited from the connection to the hyperbolic saturation equation, cf. [20, 21].
In addition, it is favorable if the numerical method has a discrete explicit flux as a
function of cell-centered pressure values. This enables fully implicit multiphase flow
simulations. MPFA control volume methods meet all these demands, and due to this
there is an increasing interest in this methodology. MPFA is already implemented in
an industry standard reservoir simulator package, cf. [22]. The Galerkin finite element
method is by comparison not locally conservative, while the mixed finite element method
with classical elements such as Raviart-Thomas, or Brezzi-Douglas-Marini does not have
an explicit flux. Even the control volume method presented in [6], which has an explicit
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two point flux approximation, does not handle a fully discontinuous permeability. Strong
oscillations are shown to occur, cf. [20].

Even if there is a substantial interest for the class of MPFA methods in the reservoir
engineering community, a rigorous convergence theory for these schemes have been miss-
ing. Only truncation error analysis on some idealized cases, with uniform parallelepiped
grids in homogeneous media, have been done, cf. [4]. The goal of this paper is to present
a convergence analysis of an MPFA method on quadrilateral grids. The MPFA version
chosen is presented in a number of papers under the heading of curvilinear spaces, cf.
[1, 2], and is based on local mappings onto a reference space. This is a useful feature
for our analysis. A variety of numerical examples for this, and related MPFA versions
can be found in papers focusing on numerical aspects, cf. [5, 15, 16, 17]. This paper
is devoted to the theoretical analysis. As is common when finite volume methods are
analyzed on general quadrilateral grids, the analysis will be based on a close relation to a
mixed finite element method. By introducing proper finite element spaces, and a specific
numerical quadrature rule, we establish an equivalence between the two methods. The
finite element space, using a broken Raviart-Thomas space, is chosen such that it exactly
corresponds to the MPFA’s degrees of freedom, and the quadrature rule is proved to
satisfy key identities, cf. Section III. C.. Thereafter, a mixed approach is used to prove
linear convergence. An alternative analysis of the related mixed finite element method,
using the lowest order Brezzi-Douglas-Marini elements is presented in a forthcoming pa-
per [25, 24]. The analysis presented here is built on some mesh restrictions, and the mesh
can be characterized as h?-uniform or uniform refined. Numerical experiments verify the
need for this restriction in order to avoid degeneration of the convergence order for the
present MPFA version, cf. [5]. This is exactly the same restriction as needed for standard
mixed finite element methods on quadrilateral meshes, cf. [8].

In this paper the analysis is restricted to two space dimensions. Let {2 be a bounded
domain in R?, with polygonal boundary 9. The problem discussed in this paper is the
elliptic equation,

—div (K (x)gradp) = ¢ in Q, (1.1)

p(x) =0 on 0N.

This is to be viewed as a prototype for the pressure equation in a reservoir simulation
setting. The boundary condition is chosen for simplicity of exposition. Equation (1.1)
can be found from assumption of mass conservation over a control volume and Darcy’s
law. The terminology is adopted from the application in question, and we denote p the
pressure, KK the permeability, and u = — K gradp the Darcy velocity. Due to general-
ization to multi phase flow, some specific properties of the discretization are desirable.
The method should be mass conservative and have a local explicit flux approximation.
The MPFA methods meet these demands.

The MPFA discretization is a control volume formulation, where more than two pres-
sure values are used in the flux approximation. The first derivation of the methods
was published in 1994, [2] and [14]. Other references on these methods are for example
[1, 3, 15]. A connection from an expanded mixed finite element method, [7], to a MPFA
is shown on orthogonal grids in [21]. Based on this connection, a preliminary analysis of
MPFA on quadrilateral grids is given in [20].

Convergence analysis similar to the approach given here have during recent years been
given by several authors for alternative finite volume methods, cf. for example [6]. In
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fact, a new finite volume method was created by this approach. Another example is
the convergence proof given in [12] of the control volume mixed finite element method.
A convergence proof for the support operator method, proposed in [19], can also be
constructed in this manner, cf. [9].

The rest of the paper is organized as follows. Section provides the basic notation and
concepts needed in this paper. In Section III. the MPFA method is rewritten to give the
discrete set of equations found from a mixed finite element method where a quadrature
rule is applied. Section IV. contains the main error estimates for the MPFA method.

[I. PRELIMINARIES

Let Lo(E) denote the square Lebesgue-integrable function on the domain E ¢ R? with
inner product (-,-)g and norm || - ||z = (-, )}3/2 If E equals the domain 2 of (1.1)
introduced above the subscript will be dropped. Also, let H!(E) denote the Sobolev

space of first order differentiable functions in Lo(F), with norm

lall.z = (lall: + lalf £)*

3

and with the associated seminorm

gl = | grad q|| .
The space
H(div; E) = {v € (Lo(E))? : divw € Ly(E)},
is equipped with the norm
[vllaiv,z = (lol1% + || div(v)[|5)"/2.

Also, let Py be the set of polynomials of degree k. The permeability K is a symmetric
tensor which is uniformly positive definite in Q. In fact, it is an important feature of
reservoir simulation that K is allowed to be discontinuous, and both the MPFA method
and the mixed finite element method adapt to this case. However, for technical reasons
the analysis in this paper is restricted to cases where the components of K are C'*(Q),
and the Darcy velocity is assumed to satisfy w € (H*(£2))2. This regularity is for example
ensured if the domain € is convex, and g € Ls. In special cases discontinuous coeffi-
cients still give some smoothness of the solution, and for such cases relaxed smoothness
condition on the permeability is allowed.

A. Quadrilateral Meshes

Let {7} denote a family of partitions of 2 into quadrilateral subdomains, or cells, where
h is the maximum element edge. We will assume that the family is regular, cf. [13, page
246-247], i.e. all cells are convex, the angles are uniformly bounded away from zero and
m, and the ratio between the length of the smallest edge and the diameter of the cell is
uniformly bounded from below. Assume further that each interior vertex of 7, meets
four cells. Finally, denote the set of edges of 75(£2) on Q by &, ().

In order to define the proper finite element method below we need to introduce certain
finite dimensional function spaces. In particular, we shall introduce a subspace of H (div)
which can be referred to as a splitting of the lowest order Raviart-Thomas space over
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FIG. 1. To the left, the bilinear mapping Fg from E into E. To the right, a major cell and
it’s subcells.

a quadrilateral mesh. For any cell E € 7;, we will utilize a bilinear mapping F =
Fg : E — F which is smooth and invertible, see Figure 1. Here, the reference element
E= (0,1) x (0,1) is the unit square. Let x; = (x;,v:), i = 1,2,3,4, be the four vertices
of element E in counterclockwise direction as shown in Figure 1. If x;; = (x; — x;) the

transformation F' takes the form
F(2,9) = 1 + x0d + 0y + (T32 — ©41)2Y (2.1)

for (&,7) € E. The Jacobian matrix of F' is denoted D = Dy and .J = Jp the Jacobian
of the mapping. As a consequence of the assumptions we have

Clh2 S J S CQhQ, (22)
and
|D| < c3h, (2.3)

for constants ¢; independent of h. Here |D| denote the spectral norm of the matrix D.

We also assume {7} to be h*>-uniform, cf. [18], to recover the classical interpolation
estimates. The partition {7} is said to be h?-uniform, if there exits a constant c,
independent of h, such that

|Fag) = |x32 — xa1] < ch?. (2.4)

Given a general quadrilateral grid, this is a consequence of further uniform refinement.
To see this, divide all the cells of 7}, into four subcells, by dividing each edge into two
equal half edges, see Figure 1. Note that (2.1) is linear along the edges, such that dividing
each cell edge into two equal parts gives the uniform refinement. The resulting refinement
has cells approaching parallelogram as h decrease. Let x;, i = 1,2, 3,4, define a given
cell, and @}, i = 1,2,3,4, define one of the four subcells. Then for the new refinement
level

1
|Fagl = |w§2 — x| = Z|$32 — T41|

Hence after the grid size is halved j times, the factor |Fj4] is reduced by a factor (1/2)%.

If ¥ is a vector field in H(div, E), define a vector field v on E by the Piola transform
P = PE, i.e.

1
v(x) = Po(x) = jD@ o F (x).
Then [, divvgdx = [;divo §dz for all ¢ € Ly when ¢ = g o F. Therefore,
divo = Jdivo (2.5)
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/v-nds:/f)-ﬁdé7 (2.6)

where s and § denote the arc length along the edges e and é, respectively, with n and n as
the unit normal vectors. Hence, the flux across each edge is preserved from the reference
space to the physical space. The norms [|v| g and ||9]/; are equivalent uniformly in A,
while from (2.2) and (2.5),

and

c1h?||dive||% < ||dive||2 < coh?|| divo|%. (2.7)

For a general reference on the Piola transform we refer to [11].
Define the analog reference permeability as

K=Kp=JD'KD". (2.8)
Note that K is bounded from above and below independent of h. Furthermore K o
J'DTK™'D and
1
J

The matrix field K embodies both the permeability and the shape of the cells, and will
be an essential factor in the further discussions and results. If K is diagonal the grid is
usually referred to as a K—orthogonal grid.

Since

L1

(K 'u,v)p = (JK ' =D, %D@)E:(K WD) (2.9)

JD™ ! = {yy _‘”@] (2.10)

—Yz Tz

any first order derivative of this matrix field will, by (2.1), be bounded by |F;4|. Hence,
using(2.4),

|(JD™ )z, |(JD™1)| < ch®. (2.11)
Let v = vo Fg. Then
912 5 < e (ITDTZ, gl + | Fag Pllo)13)
< c(h2|@|§E+h4||@||g) (2.12)
< ch?|v|? g

Similarly, any first order derivative of the Jacobian J is O(h?3) for h%-uniform grids.
To see this, note that the Jacobian is linear, with

J =(x21ya1 — Ta1y21) + (T21 (Y32 — ya1) — (32 — Ta1)y21)&
+ (232 — 41)ya1 — Ta1(y32 — ya1))7,

and this gives |Jz|,|J;| < ch3. Let ¥ = divwv o Fg, such that divo = J7. Then

a2 2 —~|2 2 =12
divol? 5 < e (112, olrl2 5+ Il erad 72, l7)%)

< (W2 5+ 1) (2.13)

< ch4||divv||iE.
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(7) (i) (#it) Interaction region

FIG. 2.  To the left, (i), the degree of freedom associated with the MPFA method. The cell
centered filled dots denote the cell pressure. The open dots denote the flux, and is calculated for
each half cell edge. In the middle, (i), four interaction regions, doted lines, and the underlying
grid. The smaller filled dots denote the continuity point for the pressure on the edges, which
are eliminated in order to find the transmissibilities. To the right (ii:), one interaction region
with main vertices x; and half cell edges e;, i = 1,2, 3,4.

For later reference, also note that in the physical space we have the estimates

|(JD™ )|, |(JD™Y),| < ch, and | Jy],|J,| < ch?. (2.14)

)

Remark. The need for h®?—uniform grids is consistent with numerical results, pre-
sented for example in [5]. There we observe that the present method may diverge on less
reqular grids.

[ll. THE MULTI POINT FLUX APPROXIMATION

The MPFA discretization is a control volume formulation, where more than two pressure
values are used in the flux approximation. The unknowns are the cell pressures, and the
half edge fluxes, cf. Figure 2 (7).

Define a dual grid, Zp, where the dual cells, denoted interaction regions I € 7,
consisting of the four subcells, as defined in Section A., with a common vertex, cf. Figure
2 (41). Furthermore let 5,11/2 (€2) be the set of all half edges created by dividing the edges
of £,(Q) into two equal parts.

The MPFA method which we shall analyze can be written in a control volume form
as

up = Z i Dis for all e, € 5}1/2,
Eielzih
(3.1)
Z uk:/gdw, for all F € 7.
1/2 E
er€E, (E)

Here wy is the flux across ek, and p; the cell pressure in cell F;. The transmissibility
coefficients ¢, ; are given by (3.14). These coefficients are zero when the half edge ej, does
not belong to an interaction region containing a subcell from the primal cell F;. The
second equation of (3.1) is the exact divergence on the control volume or cell E. Hence,
the entire approximation is the pressure to flux relation, given by the first equation of
(3.1).
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FIG. 3. To the left: Four cells with common vertex and the corresponding interaction region
in the reference and physical space. To the right: One interaction region with four sub cells,
numbered 1 to 4, in the reference space, where ® denotes the cell pressures {p;}, the small o the
edge pressure {\;}, and o the edge velocities {u;}.

Before the transmissibilities are calculated the transformation from Section A. into
the reference space is applied. If n, and n. are the edge unit normals we have from (2.6)
that

uez—/Kgradp-neds:—/Kgradﬁ~ﬁed§5ﬁe, (3.2)
with K defined in (2.8) and p = p o Fp(&).

A. The Multi Point Flux Approximation on Mixed Form

Here we derive the MPFA method in a formulation that will match a version of the mixed
finite element method. In this form the explicit MPFA flux is found by inverting a local
4 x 4 matrix. Note that K is independent of any translation of the reference mapping
Fg, equation (2.1), from Section II.. For calculations of (3.2) the reference mapping can
therefore be adjusted for four and four cells with one common vertex, so that we have
a reference interaction region, I, see Figure 3. Denote the subcells of I for E; and the
inner subcell edges for e;, i = 1,2, 3,4. Evaluate KE, for all E € 73, in the midpoint of
the reference cell, and denote this K with components kg, i,7 = 1,2, and similar let
55 be the components of ICIEI.

Define the pressure space P(f ) on the interaction region I to be all linears on the sub-
cells Ei, which are continuous on the boundary of I. For each pE P(f) let {pr}tr=1,2,34
be the values of p at the corners of f, and {Ag}r=1,23,4 the values of p at midpoints of the
edges of the boundary of I, see Figure 3. The local pressure p is then uniquely defined
by the eight degrees of freedom {pg, \r}. Let

for the two subcells F; meeting each of the four inner edges e. The MPFA pressure space,

Pypra (1), is further restricted to

Pupra(l) = {p € P(I) : [ue]e = 0, Ve € E2(I)}, (3.4)

Ue|p, = —K; gradp

where £1/2(I) represents the four inner edges of I, [-]. is the jump across edge e, and u,
is defined by (3.3).

Lemma 3.1. The pressure p € Pypra (1) is uniquely determined by the cell pressures
{Prtr=1,234.
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The proof can be found at the end of this section.

The first relation of (3.1), the pressure to flux relation, is exactly the map taking {px}
to {uy} for p € Pyppa. This map can now be characterized locally on each interaction
region. In order to find this characterization, define the gradient variables {g, gé}i:1,273,4
by

(9) = - emadoy2le, =123, 5)
2

where g§ e Py (El), the zero order polynomial on E’i. Consider the two subcells F; and FE»
with node pressure p; and ps, and their common half edge e, see Figure 3. Calculating
the flux u; across half edge e; on subcell F; gives

. 1
w =Ky grad()s, - (g) /2= Hhoh + oo} (3.6)
and similar the flux for across the half edge ey,

ug = k395 + kia97- (3.7)

1 1
ur\ _ gi g1\ _ -1 (W
()= () or () = () 6

if we solve for the gradient variables.

In the reference space, the constant gradient can be determined in each subcell between
the node pressure and one point on each half edge. Let p; be the node pressure of cell 1
and the pressure at the midpoint of the actual edge be A1, see Figure 3. Using (3.5) on
subcell 1 and 2 gives

1 2
91 AL — D1 91 P2 — A1

= — d = — 3.9

(9%) <)\4 - p1> a <9§> </\2 - pz) (3.9)

Eliminating A\, gives

This can be written

91 + 91 = —(p2 — p1), (3.10)

Next we use (3.8), to eliminate g; and g7 to obtain the equation
(Kiy + KT)ur + Kipus + KTuz = —(p2 — p1) (3.11)

associated the edge e;. By deriving the similar equations for the three other interior
edges of I we obtain a 4 x 4 system of the form

Au =b, (3.12)
where b= —(p2 — p1,p3 — p2,p3 — P4, pa — p1)7, w = (u1,uz2, us, us)’, and
(“%1 "2‘ ’f%l) ) “%2 5 g “%2
K (K55 + K3q) K 0
A— 12 92 T K 12 313
9 K3y (K t“%l) ) Kl ., (8.13)
Kig 0 K1 (Kgo + K3a)

Since each Kg, E = 1,2, 3, 4 are positive definite, so is A. The transmissibility coefficients
tr; in (3.1) are now given as the component of T', where

u=A"'b=Tp (3.14)
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and p = (p1,p2, p3,pa) "
Proof. Lemma 3.1. It is enough to show that if p € Pypea (1), with {px}r=123.4 all
equal zero, then {Ag}r=123.4, must also be zero. Under the assumption pj = 0 it follows

from (3.6) and (3.9) that the constraint of continuous flux leads to the system

A'X=0
with A = (A1, Aoy Ag, )T and
(ky +2k%1) Q_k%2 ; 2 ki
A= ]812 (k22k—§2k22) (/f:flkfkill) —2%2 (3.15)
ki 0 —kis (k3o + K32)
This matrix is positive definite, so A = 0. -

B. The Mixed Finite Element Method

Introduce the unknown velocity w which leads to the classical mixed formulation of

equation (1.1)
u = —K gradp,
, sracy (3.16)

divu = g.
The mixed finite element method is a discrete version of this system. A weak formulation
of the system (3.16) can be formulated as the problem of finding (u,p) € H(div) x Lo
such that

(K 'u,v) — (p,dive) =0, for all v € H(div),

3.17
(divu,q) = (g,q), forall g € Lo, (3.17)

where ¢ is assumed to be an Lo function.
In order to show that the MPFA method (3.1) is equivalent to a mixed finite element

method we will introduce a new pair of discrete spaces, RT,ll/ 7 x Qhn.

Let a,b, ¢, and d be piecewise constants on (0, 1), with discontinuity at the midpoint.
On the reference square E the velocity space RTYV? = RTI/2(E) is defined as the
eight—dimensional space given as all vector fields of the form

(a@) + b@)fc)
o(@) +dz)g)

Recall that the corresponding Raviart-Thomas space, R7, is of the same form, but with,
a,b,c, and d taken as constants, so R7 C RTY?. 1t is straightforward to check that
if ¥ € RTY? and # is a normal vector to an edge of E, then o - 7 is a constant along
each half edge. Furthermore, this property is preserved by the Piola transform. The
corresponding finite element space, RT}/ *cH (div), is now defined by

RT)/? := {v € H(div) : v|g € Pu(RTY?), VEeT)}.

Hence, the canonical degrees of freedom for the space RT}/ % are v - m of each half edge

in 5,11/ % These degrees of freedom lead to the corresponding dual basis for RT,ll/ ?. Also
define the ordinary zero order Raviart—-Thomas space, as described in for instance [11],
by

RTy = {’U € H(div) : U|E € PE(RT), VE € 'Th}
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We now obviously have R7}, C RTl/ > In fact, if we let R7}, /o denote the ordinary
1/2 - RTh/g.
In particular, the RTh/ functions can be characterized as R7}, /5 functions, where for
each cell the function value on the inner subcell edges are the arithmetic mean of the
corresponding half cell edge values.

The pressure will be approximated by piecewise constants, on 7j, i.e., we let

Qn:={q€La: qlp € Py(E), VEcT,}.

Raviart-Thomas space on the finer subcell mesh, we have RT), C RT,

On the reference element we define I1 : (H'(E))? — RT as the standard interpolation
operators onto the four dimensional Raviart—Thomas space, cf. [11],

/(a —1I@) - nds = 0, for all edges é € E(E), (3.18)

where £(E) represent the four edges of E. The operator IT, : (H')?> — RT), C RT}L/2 is
then simply given by
Myv|p = PellPg'w. (3.19)
It is straightforward to check, using the identity (2.5), that the operator II; satisfies the
identity
(div(Ilpv — v),q) =0, for all v € H(div), ¢ € Qp. (3.20)

The mixed finite element method derived from the pair ’RT}L/ % Q@ is given by: Find
(up,pn) € RT}L/2 X Qn C H(div) x Lo such that

1 . 1/2
(K™ up,v) — (pn,dive) =0, forallv e RTh/ ,

. (3.21)
(divup,q) = (g,q), for all ¢ € Q.

C. The Quadrature Rule

In order to obtain the MPFA method as a mixed finite element method we need to replace
the term (K 'up,v)p = (K_lﬁh,@)E in (3.21) by a quadrature formula. We define
this numerical quadrature formula on the reference element £, and denote it ap(-, - ).
Remember that Kg is K E = JD 'K D7 evaluated at the midpoint of the reference
cell and that the components of IC; are denoted ’{ﬁw 7,k = 1,2. For the quadrature
rule we will use Kg to approximate K . The rest of the quadrature formula is derived
from the trapezoidal rule. If F;, ¢ = 1,2, 3,4 are the four subcells of E, let e;; denote the

outer half edge of subcell E; with the jth unit vector as a normal, cf. Figure 4. Note that
if & = (01,02) € RTY? the exactness of the trapezoidal rule for scalar linear functions
implies that

4
1
ZZ@ o :/vkdw k=1,2. (3.22)

Let Okle,, = Uix. For v, € RT? we now define

-1y

i=1 j,

e(t,v)

»Jklf—‘

2
Z Kk uzﬂ)zk (3.23)
k=

1
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e1n| Ei1 . B2 |eo

FIG. 4.  One cell, with four subcells Ei, and the half cell edges e;;.

for functions &, @ in RT 2. If & € (Py(E))?, the term @ = K3 4 still is (Py(E))2, then
for any v € R’Tl/z

1 2
ap(a,v) ZZ

Hence, in this case the quadrature rule is exact. The next lemma shows two important
properties of the quadrature rule, which will be essential for the analysis below.

\|Mu>

2
Z /vkdw—(nglﬁ,f:)E. (3.24)

Lemma 3.2. Ifa € (Py(E))2, the quadrature rule defined in (3.23) satisfies

ap(a,v) = (Kg'a,v), for all © € RTY/?, (3.25)
and
ap(t, (0 —109)) =0 for all b € RTY/?. (3.26)

Proof. Equation (3.25) follows from (3.24), since K @ € (Py(E))?. For ¢ € RT/?
we have

4

Z((I - f‘[)vk”‘fik =0, k=1,2,

i=1
from the definition of the operator II. Therefore, for @ € (Py(E))? we have i;; = i; and

R e 1
ag(a, (I — 1)) =1 Z Kkl Z Mvk)|e;, = 0.

k=1 i=1

Define the quadrature rule in the physical space as

an(v,w) = > ap(d, ). (3.27)

EcTy,

for all u,v € RT}/Q.

Corresponding to the approximation Kg of K in the reference space, we introduce
K, in the physical space as an approximation of K given by

K,|p =J 'DKpD”.
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Note that K, is not piecewise constant, but by construction
(K, 'u,v)p = (Kg'a, ) 5.
Ifau=JD 'wand =JD 'v, on an element E,
K, 'u-v=K,'a -v/J.

Let w,v € (Py(E))?. Then from (2.2) and (2.14) any first order derivative of K, 'u - v
is bounded independent h. Since the matrix norm |(K ' — K, ')(x)| is zero at the
midpoint of each cell E, and has bounded derivatives, we conclude that

(K™' = K3, 1) < ch, (3.28)

where | - | is the spectral norm. The error estimate for the quadrature rule (3.27) will
be given in Lemma 4.3.

D. The Mixed Finite Element Method that yields the MPFA

The last step of rewiring the MPFA as a perturbed mixed finite element method is
to apply the quadrature rule on (3.27) in (3.21). We then obtain the method: Find

(un,pn) € RT,IL/2 X @y, such that

ah(uha ’U) - (pha le ’U) = Oa fOI‘ all v E RT}];/2,

3.29
(divun,q) = (9,q9), for all ¢ € Q. (329

Theorem 3.3.  The perturbed mized finite element method (3.29) is equivalent to the
MPFA method from Section A..

Proof. Recall that the space RT}L/ ? has a canonical basis derived from the degrees

of freedom on each half edge in £ }1/ ? Ttis easy to see that the mass matrix corresponding
to this basis and the bilinear form ay, is block diagonal, where the 4 x 4 diagonal blocks
correspond to the four half edges meeting a vertices of 7j,, or equivalently, to each inter-
action region of 7. Hence, by a transformation back to the reference space, the diagonal
blocks resemble the structure of the matrix A given by (3.13). The second term of the
first equation in (3.29) gives a pressure difference. It is a straightforward calculation to
show that for each interaction region the first equation of (3.29) corresponds exactly to
the system (3.12). -

V. CONVERGENCE OF THE MPFA

In this final section of the paper we show the convergence of the MPFA method based
on the characterization of the method given in Theorem 3.3. Hence, we will show con-
vergence of the mixed method (3.29). However, first we will establish some necessary
preliminary results.

By equivalence of norms we have

IMyo| < cllvll, for all v € RT,/?, (4.1)

where the constant ¢ is independent of h
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Lemma 4.1. Letv € (HY)?, with divv € H'. Then there is a constant c, independent
of h, such that

Mo — v < chllv], (4.2)
| div(ITpv — v)|| < chl| divo||1, .
[Mnp = p)|l < chllplly, (4.4)

where My, is the Ly—projection onto Qy,.

Proof. The last inequality, (4.4), is a standard estimate, and can for instance be
found in [10]. The two other estimates are consequences of the assumption that {7} is
h2-uniform. They are derived locally on each element E of 7;,. From the equivalence of
Lo—norms in Section A.,

v —v% < ol — %
<cof;
< ch?||v|} g

from (2.12). Let M denote the Ly projection onto constant functions on the reference
square. To derive (4.3), start with (2.7) such that

| div(ITv — v)||3 < ch™?| div(o — 1I9)||%
= ch?|(I = M) divel|%
< ch™?| divf;ﬁﬁ
< ch2|| divv||%7E

from (2.13). Summing over all the elements and the Lemma follows. -

In order to analyze the mixed method (3.29) we also need some properties of the bilinear
form ay, defined on the space RT}L/ 2, Using the regularity of the mesh and the equivalence
of norms on the reference element E it is straightforward to show that ap(v,v)'/? is

equivalent to the Lo norm on RT}/ 2, i.e. there are constants ag,a; > 0, independent of
h, such that

aollv]l? < an(v, v) < a[lv]|2 (4.5)

Two other central properties of the bilinear form aj will be derived from the algebraic
properties given in Lemma 3.2.

Lemma 4.2. Letu e (H')? andv € RT}L/Q. Then there is a constant ¢, independent
of h, such that

|lan(Mpw, (I = Ip)v)| < chljul|1[|(1 — Ix)v]].
Proof. Since (I —11,)? = I — I, it is enough to show that
lan(Mpw, (I —Iy)v)| < chljulli|v]| (4.6)
for u € (H')? and v € RT ,11/ ?. Note also that on the reference element the bilinear form
ap(Il-, (I — 1)) is bounded on H! x RT}L/2, i.e. there is a constant ¢ such that

las(la, (I -1)o)| < clal, zloll;
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for all & € H'(E)? and % € Lo(E). However, due to identity (3.26) we obtain, by a
Bramble-Hilbert argument, the stronger bound

g (Ta, (I - 1)8)| < clal, 49 .
Hence, using (2.12) and the definition of aj, we obtain (4.6). -

Let a(u,v) be the continuous bilinear form (K ~'u,v). The next result is a consistency
result for the bilinear form ay,.

Lemma 4.3. Letu e (H')? andv € RT}L/Q. Then there is a constant c, independent
of h, such that

lan(pu, v) — a(w, v)| < chllufv].
Proof. It follows from (3.28) that
la(u,v) — (K ', 0)] = [(K~'u,0) = (K u,v)| < chlful o]
Hence, in order to complete the proof it is enough to show that
an (I, v) — (K5, 0)] < chllullu]o]. (4.7)

However, by employing the identity (3.25) and the Bramble—Hilbert Lemma in an argu-
ment analog to the one in the proof of Lemma 4.2 above we obtain

g (T, v) — (Kg' i, )| < clul, gllvllg-

Therefore, (4.7) again follows from (2.12) and the definition of ay,. -

It is well known that, in addition to the boundedness of the bilinear forms, two corre-
sponding Brezzi conditions have to be satisfied in order to ensure stability of a mixed
finite element method of the form (3.29), cf. [11]. For the continuous mixed formulation
(3.17) the proper function space for the formulation is H(div) x L2. Hence, in the present
setting the first Brezzi condition requires that

(¢,divv)

sup

> Billg
veRT}z/Z ||v||div 1” || for all q EQh, (48)

where 31 > 0 is independent of h. Since R7T ,11/ *SRT n, and the corresponding condition
is well known to hold for the pair R7Tj x Qp, cf. [11, 23], we conclude that (4.8) is
fulfilled.

The second stability condition is related to the weakly divergence free vector fields in
RT ,11/ % Let Zj, denote the set of weakly divergence free vector fields, i.e.

Zp=A{ve RT}L/Q : (divw,q) =0, Vg€ Qn}.
The standard formulation of the second stability condition states that
[v]laiv < Be|lv]]  for all v € Zy, (4.9)

where [ is independent of h. This condition does not hold in present case since the
elements of Z; are not divergence free. However, if v € Z;, N R7T}, then dive = 0. This
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is seen by a transformation back to the reference space. Hence, for any v € Z, we must
have that divIIv = 0. Therefore, the weaker condition

o]l + || divILyo| < Bellv]|  for all v € Z, (4.10)

holds with constant 82 = 1. This slight lack of stability for the mixed method (3.29) will
have consequences for the error estimates we shall obtain. Instead of estimates in the
norm of H(div) x Ly we will instead obtain estimates in the weaker norm, were ||v||qiv
is replaced by ||v|| + || div ITpv||.

Remark. The use of the norm (4.10) for the convergence analysis, seems to be con-
sistent with numerical experiments, where one observes better behavior for the averaged
edge flux compared to the half edge fluzes.

A. The Error Estimates

Let (u,p) € H(div) x Ly be the solution of the continuous problem (3.17) and (wp,pp) €

RT,ll % % Q@ the corresponding solution of (3.29). We assume that u, divu, and p are
all H' functions. Note that it follows from (3.20) that II;(u — up) € Z, N RT ), and
therefore div IIj,(u — up) = 0. We can therefore conclude from (4.3) that

| div(w — Tpup)|| = || div(iu — pw)|| < ch| divul|;. (4.11)

The Lo part of u — uy, is estimated next.

Lemma 4.4. There is a constant ¢, independent of h, such that
et = unl| < chlul]s.
Proof. Due to the interpolation result (4.2) it is enough to show that
([TTpw — up|| < chl|ul|:. (4.12)

Furthermore, by (4.5) it is sufficient to estimate ay, (I,w — wp, u — up) /2.

In order to do this we start by observing that since IIj,(u — wp,) is divergence free it
follows from the definition of uj; and (3.20) that

ah(uh, Hhu — uh) = (ph, div(Hhu — uh)) = (ph, div Hh(u — uh)) =0.
Hence,

ah(Hhu — Up, Hhu — uh) = ah(l_[hu, Hhu — uh)
ah(Hhu, Hh(u - uh)) — ah(Hhu, (I - Hh)uh).

Furthermore, since
a(u, I (u —up)) = (p,div(ll,(uw — uy))) =0,
we have
an(Ipu, IOy (uw — up)) = ap(Tpu, Oy (w — up)) — a(w, i (uw — up)).
We have therefore obtained the identity

ap(Mpu—up, Myu—up) = [ap (Mpu, O, (u—up))—a(u, 0y (u—up)) ]| —an (T, (I-11,)uy,).
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From the estimates of the Lemmas 4.2 and 4.3 we derive

an(pw — wp, Mpu — up) < chfjull ([Hn(w — wp)|| + [|(1 — Hp)usl|)
< chljull1|[TThw — |,

where the final inequality follows from (4.1). By (4.5) this implies (4.12). -

For the final estimate on ||p — pn|| it is, by (4.4), enough to bound ||Mpp — pp||. The
inf-sup condition on R7} x Qp, gives

Mupp — pp, di
IMpp — prll <c sup (Mpp — ph,divv)
veRT l[v]]aiv

- h,divv
gc{thp—pn + eup M}
vERTp ||'U||div

u,v) — ap(llpw, v)| + ap(Ilpu — up, v
B TV i . FANEOH R
vERT ||'U||div
<ch (|lplly + [lull)
where we have used (4.4), (4.12) and Lemma 4.3.

Together with (4.11) and Lemma 4.4 this implies the following set of error estimates
for the MPFA method.

Theorem 4.5. Let (u,p) be the exact solution of (3.17) and (up,pr) C RT,IL/2 X Qp
the solution of (3.29). There is a constant ¢, independent of h, but depending on ||u||1,
|| divulls and ||p||1, such that

lup, — u| + || div(ITpup, — w)|| + ||pr — pl| < ch.

V. CONCLUSIONS

This paper presents the MPFA method as a finite volume method which is equivalent
to a mixed finite element method using a specific numerical quadrature. This provides
a finite element setting in which the MPFA method can be understood and analyzed on
quadrilateral grids. Optimal first order convergence is established for the Darcy velocity
in a reduced H(div) norm and for the pressure in the Lo—norm. The norm provides
an estimate on the edge flux, as an average of the half edge fluxes. This seems to
be consistent with numerical experiments, where one observes better behavior for the
averaged edge flux compared to the half edge fluxes.
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