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Abstract

Given a triangulation T of R?, a recipe to build a spline space S(T) over this triangulation, and a recipe to refine the
triangulation T into a triangulation 7’, the question arises whether S(7)C S(T’), i.e., whether any spline surface over
the original triangulation T can also be represented as a spline surface over the refined triangulation 7”. In this paper we
will discuss how to construct such a nested sequence of spaces based on Powell-Sabin 6-splits for a regular triangulation.
The resulting spline space consists of piecewise C'-quadratics, and refinement is obtained by subdividing every triangle
into four subtriangles at the edge midpoints. We develop explicit formulas for wavelet transformations based on quadratic
Hermite interpolation, and give a stability result with respect to a natural norm. () 2000 Elsevier Science B.V. All rights
reserved.
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1. Introduction

In [2] we developed a multiresolution setup for quadratic splines based on Hermite interpolation.
This was based on the hierarchical basis of Faber [3], see also [9]. In this paper we generalize this
univariate, quadratic construction to bivariate, piecewise quadratic functions defined on a given regu-
lar triangulation. Multiresolution over triangles is well known, see, e.g., [5,6,9], and there are several
approaches that extend to spheres [11] or even surfaces of arbitrary topology [8]. Unfortunately, most
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of the occurring bases result from subdivision algorithms and therefore cannot be represented explic-
itly. The basis constructed in this paper overcomes that drawback and is also suited to be extended
to surfaces of arbitrary topology by adapting the rationale described in [8].

The construction of a multiresolution analysis over a triangulation is closely connected with the
construction of nested polynomial spline spaces, see [7]. In that paper there is a distinction between
two major approaches: either the triangulation or the polynomial degree is kept fixed. Since we want
to extend the univariate method, we choose to keep the degree fixed, i.e., we refine the triangulation
to get nested spline spaces

WwCchviCc---CVyC---.

For piecewise quadratic polynomials that are C', the dimension of the spline space is too low to
allow a reasonable basis, so to use quadratic spines we will have to introduce macro patches. We
will make use of the Powell-Sabin 6-split [10] which combines nicely with Hermite interpolation.

2. Multiresolution analysis

In this section we briefly summarize what is meant by a multiresolution analysis and a weakly
stable basis. We need a fairly general definition of multiresolution analysis, see [1], and also [2] for
a specific discussion relevant to the setting in this paper.

Definition 1. A multiresolution analysis consists of

1. A Banach space % of functions defined on a bounded set X C R", with » > 0 and with associated
norm || - ||

2. A nested sequence of subspaces Vo CV,C---CV;, C--- that are dense in &,

I
LJszeg7
k=1

3. A collection of uniformly bounded operators
Qk T — Vk

with the properties

Ov O = Ok,
Ok Qkv1 = s,
O(F)=V;

for all integers k£ =0.

With the projectors O, given, we can define the complement spaces

W, = {F S Vk+1 ‘ QkFZO}
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and using the fact that V;., =V, + W, and V; N W, = {0}, we get a decomposition of F as the
direct sum

F=Vo+Wo+W +Wr+---.
This means that every F € & can be decomposed as
F=Fy+Gy,+G +Gy+ -

with G, = Fy, — F; in W;. For simplicity, we will refer to the complement spaces W, as wavelet
spaces and functions in W) as wavelets, although it is common to require from wavelets that they
have a number of vanishing moments.

Let {¢};s}jcr, (often referred to as scaling functions) be a basis for ¥} indexed by the index set
Jr, and let {i }c 4, be a basis for W, with index set #,. Since nearly all information of a function
F € Z is included in |J2, W,, it is crucial to know the stability properties of the wavelet functions,
which relate the size of a function to the size of its wavelet coefficients. Let F,=) ;_, > e gt d; ik
be the representation of a wavelet function, then we will employ an, as yet unspecified, vector norm

0y = H(dj,k)zzl,jejkuv (D

to measure the size of the wavelet coefficients.
We will be working with uniform norms, so a weaker form of stability than usual is convenient.

Definition 2. Let # be a space with a multiresolution analysis and corresponding wavelet bases
{¥s.+}. The wavelets are said to form a weakly stable basis for (J;=, W if for each n>1 there exist
constants K; , and K, , such that

K]Tnlén < Z Z dj,klpj,k <K2,n5na
k=1 j€Jk
where 0, is given by (1), and K, , and K, , have at most polynomial growth in n. If the two constants
K, , and K, , are independent of n, the basis is said to be strongly stable.

3. Multiresolution based on quadratic Hermite interpolation

In the following, we will derive a multiresolution analysis built over an equilateral triangle, but
this can be generalized to any regular triangulation. Consider a triangulation defined on the regular
hexagon with centre point P, at the origin and edge vertices P, with P, = (2,0), with the other
vertices chosen counterclockwise around the circle of radius 2,

cos(/ — 1)m/3
sin(/ — 1)m/3
These seven points generate a triangulation consisting of six equilateral triangles. On every triangle
we perform a Powell-Sabin 6-split by connecting each vertex with the midpoint of its opposite

edge, so we get a new triangulation J ygx. We denote by Sé(ﬂ’ uex ) all C'-functions that reduce to
a quadratic polynomial on each triangle in J ygx. It is well known that each function in S;(ﬁ' HEX )

P, =2 ) for/=1,...,6.
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is uniquely determined by its position and first derivatives at the seven points {P;}¢_,, (see [4]). We
can therefore introduce three nodal functions C;, C, and Cj that are characterized by the conditions

C](P/) = 51,0’ CZ(PI) = Oa C3(P/) = 0’

0 0 0
—Ci(P)=0, —C(P)=010, = C5(P;)=0, (2)
ox ox ox

0 0 0
—Ci(P)=0, —GC(P)=0, —GC(P))=00
dy dy dy

for /=0,1,...,6. The Bézier representation of these functions is shown in Fig. 1.

It is now straightforward to build a multiresolution analysis on an equilateral triangle D using
dilates and translates of C;, C, and C;. We choose D to be the subtriangle of our hexagon with
vertices Py, P;, P,, and introduce the domain points

Pi—Py, Pr—Py 1 [2H]
Ay =i =1 +J =—
{ J 2k 2k 2k ( \/gj

For each domain point 4, ;, we define the three scaling functions

i>0,j>0,i+j<2k}.

1
B0 y) = 5 Ci(2hx = 20 = j,2" y = V3)) for 1=1,2.3,

where the factor 1/2* has been introduced to simplify the arithmetic and stability results following
later. We get a sequence of nested spline spaces as the span of these functions

Vk _Span1>01>01+/<2’ {(pz/k’ i,j,k> ]k}

restricted to the triangle D.
We can now constuct Hermite interpolation operators. We choose Oy : C'(D) — V;, so that for
every F € C'(D) the projection F;, = Q,F has the properties

Fk(Ai,j,k) = F(Ai,j,k),

0 0
Fk(Al]k) F(Al]k)

0 0
Fk(Aljk) F(Aljk)

for all points 4;;, € A4;. From the inclusion 4, C 4, and uniqueness of interpolation, it follows
that Oy satisfies 0,0, = O and O, 0,1 = 0. By definition, the wavelet space W) consists of those
functions in V., whose position and first derivatives vanish at the points of 4;,

0
0, _Fk+1(Ai,j,k) =

0
o 0, = Fi1(4i;x) =0, V4, ;1 € Ak} .

We= {Fk+l € Vi1 | Feri(dijx) = 3y
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Fig. 1. In (a), the triangulation of the regular hexagon Z uex is shown, while the Bezier coefficients of the three piecewise

quadratic functions Ci, C; and Cs are shown in (b), (c), and (d) respectively. Note that the factor V/3 has been omitted
from all the coefficients of Cs.

This makes it simple to give a basis for ;. We simply use the scaling functions in V), associated
with the new vertices in 4, (the vertices that are in 4;,; but not in 4;),

_ 1 2 3 . ! _ !
Wi=span, .c4, nad Vg Vijo Wiud with Wi, =@,y

It is easy to see that for a basis function ¥;;, in W, at least one of i and j must be an odd integer.
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We now have the basic ingredients for building a multiresolution analysis. As our space & we

take C'(D), the space of functions defined on the triangle D that are continuous and have continuous
first derivatives in D, and the norm we take to be

} ; (3)
L>=(D)

where ||F||o, denotes the usual L>-norm for functions defined on D.

oF

ox

oF

|F|| = max < [|F ||z D), ,H—
||| |F [0y peiy” 137

Because of (2), it is easy to determine the coefficients of a spline Fi, =3, <4, a; j’kcl')f, Gk I Vg,
a},j,k = 2kF(Ai,j,k)>
0
2
ik = aF(Ai,j,k),
Sy 4
aijk = @ ( i,j,k)a 4)

where > i€ denotes the sum of all index pairs (i, /) with 4;;, € A;. These simple formulas will
be useful later.

To verify that we have a multiresolution analysis it remains to check that the operators {Q;} are
uniformly bounded and that the spaces {V;} are dense in C'(D). This is tedious but straightforward,
and is postponed until Section 6.

4. Reconstruction and decomposition algorithms

The fundamental algorithms for dealing with wavelets are the wavelet transform and inverse
wavelet transform, or the decomposition algorithm and the reconstruction algorithm. The decompo-
sition algorithm starts with a spline F;,; in V., and decomposes this into F;,; =F; + G; with F} in
Vi and G, in W;. This process can be iterated to produce the decomposition Fj | =Fy+Go+- - -+ Gy,
but it suffices to show how the first step is to be performed. The reconstruction algorithm undoes
the decomposition and produces Fj,; from the two components F), and G;. We start by describing
the reconstruction algorithm.

4.1. The reconstruction algorithm

Since V; C V;,1, the scaling functions in ¥} can be written as linear combinations of the scaling
functions in V;,;. From (4) it follows that the coefficients are given by function values and first

derivatives of the scaling functions in ¥} at the knots 4. Since @], (x, y)=(1/25)C)(2"x —2i —j,

2%y —1/3)), this means we have to calculate the values of C;, (8/0x)C, and (8/0y)C; at the knots
A; 1, and these values can be easily derived from the Bézier representations of {C;};_,. The result
is some long formulas which we omit here, but with that information we can lift a function Fj in
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Vi into Vi, (. More specifically, if

_ ] I _ ~[ i
b= Z 4k Piji| = Z 4ijii1Pijir| (5)
(6,))Elx D (6,))El 1 D
=123 =123

we obtain formulas for all the refined coefficients (df,j, ¢+1) in terms of the coarser coefficients (a; ;).
But this is not the complete reconstruction algorithm. In general, we also have a wavelet component
Gk so that Fk+1 = Fk + Gk. But since

_ / 1 : 1 5l
Gy = > bk Wi With Wi, =@ 5044,
Aij k1 €Ar 1\ Ak
=123

we obtain the coefficients (a] ik+1) by adding b! .« to the coefficient d,{ ki1 for every 4; ;41 with at
least one odd i or j, i.e.,

1 _ 1
Qi) k1 = 20, ;s

2 _ 2
Dri2jk+1 = Qi jks

3 3
Aoi2jk+1 = Diji ko

1 1 1 1 102 2
it 1,2, k+1 = b2i+1,2j,k+l + (ai,j,k + ai+1,j,k) + 2(ai,j,k ai+1,j,k)’

2 _ 2 1 1 1,2 2
Dt 1,2),k+1 = b2i+l,2j,k+1 + (_ai,j,k + ai+1,j,k) - z(ai,j,k + ai+1,j,k)v

3 13 1,3 3
Dt 1,2),k+1 = b2i+l,2j,k+l + E(ai,j,k + ai+l,j,k)9

1 _ ol 1 1 1 2 2 1 3 3
Ai2j1,k+1 = bZi,Z_/+1,k+l + (ai,j,k + ai,_i+l,k) + Z(ai,_;,k - ai,_H—l,k) + Z\/g(ai,j,k - ai,_j+1,k)’

2 _ g2 1 1 1 1,2 2 1 3 3
Aot he1 = Drinjiiprs T 2(—a 0 + 0 000) + (a0 + a5 000) — z\@(ai,j,k +a; 10
3 73 1 1 1 1 2 2 1,3 3
D21, k+1 — b2i,2j+l,k+l + Eﬁ(_ai,/’,k + ai,j-H,k) - Z\/g(ai,j,k + ai,j+l,k) - Z(ai,j,k + ai,j+l,k)’
1 _ gl 1 1 1,2 2 1 3 3
i 1,2j+1,k+1 = b2i+1,2j+1,k+1 + (ai,jJrl,k + ai+1,j,k) + Z(ai,j+1,k - ai+1,j,k) + Z\/g(_ai,ﬁrl,k + ai+1,j,k)7

2 _ 12 1 1 1 1/ 2 2 1 3 3
Dot 1,2j+1,k+1 — b2i+lﬁ2j+1,k+l+§(_ai,j+l,k+ai+l,j,k)+Z(ai,j+l,k+ai+l,j,k)+2\/g(aiﬁj+lﬁk+ai+l,jﬂk)7

3 _ 13 1 1 1 1 2 2 1.3 3
2+ 1,2j+1,k+1 = b2i+1,2j+1,k+1+§\/g(ai,j+l,k - ai+1,j,k)+Zﬁ(ai,ﬁrl,k—l_aﬂrl,j,k)_Z(ai,j+1,k+ai+1,j,k)'

(6)
If we look more carefully at these formulas we note that they can be written in block matrix—vector
form as
a;’s) Do a

= : (7
) \m1)\s

a
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Here a7} is the vector of coefficients on level k 4 1 for which both indices are even, while the

remaining coefficients on level k + 1 are grouped together in af%. Similarly, the coefficients of Fj
are grouped together in @, and the coefficients of G, in b;. The matrix D is a diagonal matrix with
Is and 2s on the diagonal corresponding to the first three equations in (6), while the matrix M is
the matrix that guides how the coefficients in @; are combined in the remaining formulas in (6).

4.2. The decomposition algorithm

The decomposition formula is easily obtained by inverting the reconstruction formulas. From (7)
we see that @, and b, can be expressed in terms of the coefficients on level k£ 4 1 by inverting that
relation

ay D! 0 a;y
b, ~-MD™" 1)\ &%
For the coefficients of F; we then find

1

1,
ik = 2%i2jk+1>

2 2
i jk = D202 k+1>

3 _ 3
i ik = B2i2j k+1>

while the wavelet coefficients are given by

b;i-H,Zj,k = aéi+],2j,k+1 - %(a;i,zj,kﬂ + a;i+2,2j,k+l) - %(agi,Zj,k-o—] - a§i+2,2j,k+1)’
b§i+1,2j,k = a§i+l,2j,k+1 - %(*aéi,zj,kﬂ + a;i+2,2j,k+1) - %(agi,Zj,kJrl + a§i+2,2j,k+1)a
bzm,zj,k = a;i+1,2j,k+1 - %(agi,Zj,kJrl + a3i+2,2j,k+1)>
béi,2j+l,k = aéi,2j+1,k+l - %(aéi,Zj,kJrl + a;i,2j+2,k+l)

_%(aéi,Zj,kJrl - a%i,2j+2,k+l) - %\/g(a;i,Zj,kJrl - agi,2j+2,k+l)’
b%i,z_/'—o—l,k = a%i,z_j+1,k+l - %(_a;i,Zj,lﬁ-l + a;i,2i+2,k+l)

_%(aéi,zj,/(H»l + a§[,2j+2,k+l) + %\/g(agi,zj,kﬂ + a;i,2j+2,k+l)’
b;i,z_/'—o—],k = agi,Zj+1,k+1 - %\/g(_a;i,zj,ﬂ—l + aéi,Z_/+2,k+l)

+%\/§(a§i,2j,k+l + a%i,2j+2,k+1) + i(agi,zj',kﬂ + a;i,2j+2,k+l ),
b§i+1,2j+1,k = aéi+l,2j+1,k+1 - %(aéi,2j+2,k+1 + aéi+2,2j,k+l)

) 2 1 3 3
_Z(azi,2j+2,k+1 - a2i+2,2j,k+1) - Z\/g(_aZi,Zj+2,k+l + @005 )>
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2 _ 2 1y 1
b2i+1,2j+1,k = Qi1 1,2j41,k+1 4( Wi pjoh41 T a2i+2,2_j,k+1)
1.2 2 1 3 3
_Z(aZi,2j+2,k+1 + a2i+2,2j,k+1) - Zﬁ(aZi,ZjJrZ,kJrl + a2i+2,2j,k+1)9

b3

3 1 1 1
2i41,2j+ Lk — Dt 1,2j+1,k+1 — Z\/g(a2i,2j+2,k+l - azi+2,2j,k+1)

1 2 2 1,3 3
_Z\/g(a2i,2j+2,k+l + a2i+2,2j,k+1) + Z(aZi,2j+2,k+l + @yii02) 541 )- (8)

Note that only the coefficients associated with 4, ;,,, and its two neighbors in 4, have an influence
on b! . & This means that decomposition and reconstruction along an edge of the triangle D can be
done if we know the corresponding values along that edge. This fact guarantees that there is no
need for a special treatment at the boundary of the parameter domain.

We also observe that we get the same formulas for a! ks a; ko by, 2 and b3, 2k as for the
corresponding coefficients in the univariate case, taking into account that we introduced the factor

1/2% in the definition of our scaling functions (cf. [2]).

5. Stability

In this section we want to prove that the wavelet basis is weakly stable. Most of the work is done
in the next lemma.

Lemma 3. Let G; be the wavelet component of F in W, given by

Gy =0k — OF = Z byl

Aijk+1 € Aj \ Ak
=123

where F is assumed to lie in C'(D). Then the wavelet coefficients are bounded by

B304l <3 H@iF‘ .

|55;41,274| <4 H;F‘ I

163111, <2 H%F .

‘béi,2j+1,k| (1 + \/)max {‘ 6(1 LOO(JZ), %F Lw(ﬁ)} >
& el S F f)max{‘ (jx LOO(JZ)” aaJ’F L“(Jz)}’
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Lm(ﬂ)}
L°°<J3>}

Lw(ﬁ)}
0

—F .
5)‘ Loou-*)}

In any subtriangle T with vertices A; i, Ais1jk Aiji1x OF Aijis iy ji> Aivr,j—1x the estimates

1 (3 V3
HGkHLW(T)<% (2 + 6) max {|b} [},

L

‘b121+1k|<(3+\[)max{‘ oy

Loo(J2) ’

Ox

0
EF

9

Loo(J})

‘b1+12/+1k|\ (1+\f)max{’ 8x

L

8
‘bgﬂrl 2j+1, <@+ \f)max {‘ 5x

LOO(J3)

Lo=(J3)

‘bgﬂrl 2j+1, <G+ \f)max {‘

(i,/)€l
=123
d V3
—G < (34 == | max {|p
‘ Ox ¢ Loo(T) ( 3 ) (. ))el {| ]k|}
=123
0
H@ O+ f)mwﬂb“} 9)
dy Loo(T) (i,))€l
=123

hold. Here J' is the line between Ay i1 and Ayiizs;ii1, while J* is the line between Ay ;i
and Ay;zji0 51 and J? is the line between Ay;zia 41 and Ayiizs;i1. The index set I consists of
the midpoints of the edges of T.

Proof. Note that this proof makes use of Lemma 5 and its proof.

The inequalities for the coefficients are immediate consequences of the decomposition relations.
Since the proof is nearly the same in all nine cases, we only verify the inequality for b,, , 41,4 From
(8) and (4) we have

1 _ 1 1 1 1
b2i,2j+1,k = E(aZi,2j+l,k+1 - a2i,2j,k+1) - 5(“2;,2_;+2,k+1 - a2i,2j+1,k+1)

1
Z(agi,Zj,k—&-] - a%i,2j+2,k+1) - Z\/g(agi,zj,kﬂ - a;i,2j+2,k+l)
= 2k(F(A2i,2j+1,k+l) — F(422j511)) — 2k(F(A2i,2j+2,k+l) — F(A2i2741,641))

1 0

0
-7 ( F(A212]k+l)

; (i)

LV < F( oot — 6F(A2,2,+2k+1>> (10)
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Applying the mean-value theorem we find

10 1 ~0
2H(F(Aaizperin) = Flduza)) = (VF(O"),0) = 5 2 F(01) + 3V3 5 F(O,

10 1 0
2(F(Aainpiape) = F(dainjiriin)) = (VF(@7),0) = 5 ——F(6%) + >V3--F(6"),
2 0x 2 0y

where ©' and 62 lie in J? and v’ =(1,11/3). Inserting these two expressions in (10) we obtain the
required result.

The inequalities (9) for ||Gx||i(r), ||(6/0x)Gk||re<(ry and ||(8/0y)G||(r) can be obtained from
(22), since Gi|r can be expressed in terms of only nine nonzero basis functions

_ 2 : / 1
Gk‘T — (bi/,j/,k 'Pi’,j',k T).
('.jHer
=123

Here I denotes the midpoint index set for the triangle T, i.e., if T has vertices A5 k11, A2iv2,2j4+1
Ayinjia e we have I ={(2i + 1,2/),(2i,2j + 1),(2i + 1,2 + 1)} whereas if the vertices of 7' are
Aijksts Aoivajirts Aaivapj—a i1 We have I ={(2i +1,2/),(2i + 1,2 — 1),(2i + 2,2 — 1)}.

The numerical values for the constants in bounds (9) are taken from (21) in Lemma 5. [

The two types of triangles referred to in Lemma 3 will often be referred to as triangles of the
first and second kind later in the paper.
To express the stability estimates more concisely, we define f; by
P = max |bfﬂjﬂk|.
Aij i1 € Aj \ Ak
=123
From Lemma 3 we then have

ﬁk5£(3 +_\/§)H]7H:

G|l <K3Br

where || - || is the Banach space norm defined in (3). For a function Q,F = Q,F + Z,f;ol G this
means that

p—1 p—1
10,F = OoF||< D _IIGilI < Y Kb
k=0 k=0

We can therefore sum up the stability as follows.

Theorem 4. Let F be a function in C'(D), and let the approximation Q,F be represented in terms
of wavelets as QuF + Z,f;ol Gy, where

Gy = O F — OQuF = Z bz{,_/,kq’t{j,k'

Ai jky1 €A1\ Ak
=123
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Then

1
< — <
o 10 -0 1+ 55) g

The wavelets {},,}a,,...ca\ni>o therefore form a weakly stable basis for U2, Wy.

6. Uniform boundedness and denseness

In Section 3, there were two properties required of a multiresolution analysis that we did not
prove, namely that the the space |J;~, Vs is dense in C'(D), and that the projectors O, are uniformly

bounded. To prove this, we need some simple properties of the scaling functions.

Let T be a triangle of the first kind, with vertices 4, ;x, Ai1,jk, 4ij41,, and let I denote the index

set 1 ={(4,/),(i + 1,/),(i, j+ 1)}; then, for every (x,y) € T, we have

Z gbl YN k(x )’)
@, jel
Z a 1 ] k(x y)_

(i’,j")el

0 0
26 qjtlJrljk(x y)+ ¢lj+1 k(x y)+ Z ax l%,j/,k(‘x’y): 1’

@".j"el

f S ARVCSORD DN <153//k<x,y)=o.

@, j )61

(1)

(12)

(13)

(14)

Eq. (12) is an immediate consequence of (11), while Egs. (13) and (14) follow from the fact that

there exist constants such that

245;1“,1,/((% y)+ qsil,jﬂ,k(x: )+ Z (pizﬂj/»k(x’ y)=x + const,

@.j"el

V3L G+ Y @), (x,y) =y + const.

@".jel

Relations similar to (11)—(14) hold for triangles of the second kind as well.

We will also need the estimates

1
9.5 <
0
‘aéz{,_/,k(xay)‘ <l,

d 2
‘@(I)ij)k(x,y)‘ < §\/§ for [=1,2,3

which are immediate consequences of the Bézier representation of C;, (0/0x)C; and (0/0y)C,.

(15)

(16)

(17)
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6.1. Uniform boundedness of the interpolation operators

One demand in our definition of a multiresolution analysis was that the operators O, should be
uniformly bounded. This will be verified in the next lemma. Recall that the norm of F in C'(D) is

given by
Le=(D) }

Lemma 5. For every F € CY(D) and every point (x,y) € D the inequalities

oF

Fl| = Fl|r~
17 max{u lcon || 5

L>°(D) H dy

[(OkF )(x, )| <K ||F|], (18)
0

£ @P) @) <+ VIR (19)
0

£ @) )| < VK (20)

hold, where the constants K, K, and K; are bounded by
1 1
K1<%+8f3, K2<3+§\/§, K3<1+§\/§. 1)

The operators Qy are therefore uniformly bounded with ||Qy|| <6 + %\@for all k.

Proof. Define the constants K, K, and K; by

Ki=max Y |®),,(x») + P65 ») + | 6(x »),

NPT
K; = max Z ¢ gp(l)oo(x y)‘ ‘ 1oo(x J/)‘ ‘
@neD 275 10
K —()fl}?exD Z aax‘p(l)oo(x y)’ ‘ 1oo(x J’)‘ ’ (22)

=123

let T be a triangle with vertices 4; s, 441k, and 4, ;1 4, and let I denote the index set {(i, /), (i +
1,/),(i,j+ 1)}. Consider the function Q,F |7, the restriction of O;F to the triangle 7. We recall that
OF|r can be represented as a linear combination of nine nonzero basis functions,

— E l !
QkF|T — ai’,j/,in’,j/,k‘T’
(i".j"el
=123

where

0 0
I Ak > 3
Gy =2 F i)y =2 F (Ao jads @ oy = @F(Ai',j’,k)-
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To prove (18), we let (x, y) be a point in 7. Then

I I I I
|OF (x, )| = Z ai’,j’,kgpi’,j’,k(x’y) < Z |ai’,j’,k”‘pi’,jf,k(xa)’)|
(.j)el (@' .j)el
=123 =123

< max |a) | Z @, 4 (x, )
(W".jHer

=123 @.jel
=123
< /o (0] (0] /]
< (;3?)’;1 |a; J k|2k D 1212:3 |®6,0.006 V)| + D] 0.0 Y| + 195, o(x, ¥)]
=123

1
< 2|5 K = KilIF].

The other two inequalities (19) and (20) are similar, so we only give the proof of the first one.

As before, we let (x, y) be a point in 7. We have

0 0
’akaF(x’y)‘: Z Jka q)l’ ’k(x y)

(@', j)el
=123

N

0
Z af/’j/,kaébf/,j/’k(x, y) .

@'.j"er
1=23

0
Z al]’ka l/k(XJ/)

@, jel

Using the mean-value theorem and (12) we get for the first part

Z 2kF(At j’k) z/j/,k(xay)

(i',j")el

0
Z a/]’ka l/]/k(xy)

(i',j")el

0
=2 (F(Ai+1,j,k) _F(Ai,j,k))aq)l!ﬂ,j,k(xay)

0
FFUigans) ~ P00 5 00 400)
1 a 1
=2 ’<VF(@ ), v1) a(piﬂ,j,k(x:Y)

0
+ (VF(6%),v,) . q)},_/+1,k

(23)
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where v} = (1,0) and v, = (2, 2\f) The points @', @ lie on the lines between Aije and Ay g,
respectlvely, ik and 4; ;. ;. But this leads to

0 0 1 0
2| £ F(O) 505 + (5 PO+ V3L F(OY) 500,05 0)

0
<2 | k)| + (1 VFY | S0l i)

The second part in (23) can be expressed as

0 0
Z a_F(Ai/,j’,k)g i, K5 p) + Z F(Az’/k) ",k(X,y)
(@' jel (@, jhel dy
<IFl Y @%,j,,k<x,y>'+||F|| > @?,,j,,k<x,y>\
(i",j" el (i",j" el

and hence we obtain

L0 )| <0 VIR

If T is a triangle of the second kind, with vertices A4, ;s, A;11 4, Ais1j—1% @ similar argument
can be used.
Bounds (21) follow from the Bézier representation of C;, C, and Cs, see (Fig. 1). O

6.2. The spaces V, are dense in C'(D)

If we can verify that every function in C'(D) can be approximated by functions from (J;2, V; with
arbitrarily small error, we have succeded in showing that the spaces {V;};2, form a multiresolution
analysis. The following lemma confirms this.

Lemma 6. The spaces {V;}2, are dense in the Banach space (C'(D),]| - |]).

Proof. 1t is sufficient to show that lim, .., || — OsF|| =0 for every function F € C'(D). As in the
proof of Lemma 5, let 7 be a triangle with vertices in 4;, and let / denote the index set I = {(i, /),
(i+1,7), (i,j + 1)}. For any point (x,y) € T we have from relation (11) that

F(x,y) — QF (e, p)| = |[F(e, )25 > @, ()= Y 2°F(di i) P}y 4 (%, )

@.jHel @".jel

0 0
-y EF(Ai/’_i/’k)(Df,,j,’k(x,y)— > @F(Ai/’j/’k)@f,’j,’k(x,y)

@, jel @.jHel
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<2M Y (FCoy) = F(di )Py i, )

@, jel

0
Z aF(Ai/,j/,k)Q?’,j’,k(xay) .

@".jHel

0
+ Z aF(Ai’,j’,k)q)z%,j’,k(xay) +

@.jel

An analogous inequality holds for triangles of the other kind, so from (15) and the uniform continuity
of f on D we obtain

Jim ||F = Q|| o= (p) = 0.

It remains to show that the two derivatives of O, f converge to f; we will only give the proof
for the derivative with respect to x. Let (x, y) € T, then

0 0
— ‘aF(x,y) — anF(x,y)'

0 0 0 0
= F@y)@ Bl an ) + o Qﬁwwyn—ijaxumwyg

(i".j")el

0 0 0
- Z 2kF(Ai',j',k)5gp}',j',k(xay)_ Z aF(Ai’,j’,k)agp?’,j’,k(xvy)

@.jel @, jel

0 0
- > @F(Ai’,j',k)a@,y,k(%y)-

@y el

Using (12) and (14) we can replace (/0x)®} .« and (0/0x)®; ;. in this expression and obtain

0
e= 2 P L0l e+ SRS 0l )

0
+—§j( Flxy) — Fu”wﬂ &, (x.7)

(W",j" el

0 0
—2(F (i1 — F(Allj,k))a¢il+l,j,k(xo y) = 25(F(dij1e — F(At,j,k))a D46, y)

0 0 0 0 0
VBP0 a5 = (5P (1) = 5P () ) 5280 0(59)

0

._<5ﬂ4ﬁw) Fw”o) ,ﬁmmyﬂ
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Applying the mean-value theorem and introducing the notation v} =(1,0) and v}, = (2, 2\/_ ) we get
0
2k(F(Ai+l,j,k - F(Ai,j,k))a i+1 ]k('x y)= <VF(@1):')1>&¢3+1J,1((X, »)

0 0
ZZaF(@l)a m,k(x ),

0 0
2k(F(Ai,j+1,k - F(Ai,j,k))a q)il,jﬂ,k(xa y)= 2<VF(@2 ), 02) a¢l‘l,j+l,k(xs »)

0 0 9
= <6xF(@2) + \@ayF(@z)> a@p},w,k(x’y)’

where the points @' and ©? again lie on the lines between 4, and 4, , respectively, 4, ;; and
A; j+1.4- Hence [(0/0x)F(x,y) — (0/0x)OkF(x, y)|, (x,y) € T can be expressed as

0 0 0 0 0 0
2 (56 = SFO)) £ 0l o)+ (SFe) — S RON) Lol )

0
VB (SR = £FO0) £0l,,00)

0
b Y (SR - SF ) 284w )

(W",j")€el

0 0

0
( F(Az+ljk) F(Alj k)> z+],j,k(xs J/)

0 0 0
(a F(Azj+lk) F(Aljk)> z/+1,k(x’y)‘ .

Making use of (16) and the uniform continuity of the partial derivatives on D and doing the
equivalent work for triangles of the second kind, it follows that

EF - ﬁQkF

ox Ox =0

L>=(D)

lim

k—o00

Together with the analogous result for the derivative with respect to y this completes the proof.
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