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Abstract.

In this paper we study the sensitivity of a spline function, represented in terms of B-
splines, to perturbations of the knots. We do this by bounding the difference between a
primary spline, and a secondary spline with the same B-spline coefficients, but different
knots. We give a number of bounds for this difference, both local bounds and global
bounds in general LP-spaces. All the bounds are based on a simple identity for divided
differences.
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1 Introduction.

All floating point computations are infested with round-off error, and com-
putations with spline functions are no exception. To limit the round-off error
in spline computations it is important to choose a basis with the property that
small perturbations of the coefficients lead to a small perturbation of the spline
represented by the coefficients. The B-spline basis is widely recognized as sat-
isfying this criterion, in short it is said to be well conditioned. In this paper
we investigate the conditioning of the B-spline basis from a different point of
view, namely its sensitivity to perturbations of the knots. Simply stated, the
conclusion is that the B-spline basis is also well conditioned with respect to the
knots, under mild conditions on the perturbations.

The motivation for this investigation is practical. In some constructions of
splines the knots result from floating point computations, and because of round-
off error the separation between some of the knots can be very small. Since
some spline computations can be troublesome when the knot spacing is highly
nonuniform it is then tempting to let knots that are very close coalesce, or move
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knots so the spacing is more uniform. If these changes to the knot vector are
small it is also tempting to leave the coefficients unchanged. In this paper we
estimate the error that results from such actions. If one chooses to also adjust
the coefficients, the combined perturbation error is estimated in Theorem 5.5.

This is closely related to questions concerning the continuity of a spline and
its derivatives as functions of the knots, and our work elaborates on comments
in [1] and Theorems 4.26 and 4.27 in [4]. We show that a continuous spline
and its derivatives depend continuously on the knots in any LP-space, while a
discontinuous spline is only Lipschitz continuous with exponent 1/p in LP.

Our results should also be useful for estimating the sensitivity of spline ap-
proximations to perturbations of the data.

In the next section we establish our notation and review some background
material about splines. All our estimates are based on a simple identity for
divided differences which corresponds to a similar identity for B-splines. These
foundation results can be found in Section 3. In Section 4 we give estimates of the
perturbation error in L, and a local result that estimates the error at a specific
point. Estimates in general LP-spaces are given in Section 5. In Section 6, we
shift our viewpoint slightly and discuss the continuity of a spline with respect to
the knots. Finally, in Section 7, we briefly discuss generalizations to parametric
curves.

2 Some background material

We will represent splines in terms of B-splines, see [4], and the polynomial
order (degree + 1) will be denoted by k. Throughout the paper we will make
use of two knot vectors t = (;)71]" and s = (s;)"1}, where n > k is an integer.
The knot vectors are nondecreasing sequences of real numbers which we call

knots, with common k-tuple knots at each end, i.e.,

a:tlz...:tkzslz...:sk

(2.1)

b:tn+1:"':tn+kzsn+1:"':Sn+k'

We think of s as a perturbation of ¢. Corresponding to the knot vectors t and
s we have the spline spaces

n n
Skt = {Z ¢iBirt|ci € R}, Sk,s = {Z ¢iBis | ci € R},
=1 =1

where the B’s are B-splines of order k normalized to sum to one.
In our estimates, various quantities measuring the spacing of the knot vectors
will occur. Some of these are

Aip=tipr—t;, fori=1,...,n,
(2.2) A= 121£n{Ai’T | B >0}, forr=1,..., k.
A, = max AV

1<i<n
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We will also need some more complicated quantities which involve both knot
vectors t and s, see the end of Section 3 and Section 5.
We will make use of the p-norms for functions and vectors defined by

b 1/p n
(2.3)  [fllLoap = Ifllp = (/ |f ()P dx) s lellp = (ZI@I”)
a i=1

for p > 1 and

1/p

@4 llemion = 1l = max [F@, llelloe = max feil

for p = co. In addition, for a spline f = E?Zl ¢iBi k¢ in Sk ¢, we need the norm
defined by

n l/P .
(Zizl |Ci|pAi,k/k> , if1<p< oo,

[le]] oo, if p=oo.

(2.5) llellp,k.e =

By a classical result due to de Boor, see [1], the size of a spline is bounded above
and below by its B-spline coefficients,

(2.6) Kiopllellpre < 1Fllp < llellpke-

The norm of a B-spline can be bounded by setting ¢; = 1 and ¢; = 0 for j # ¢
in (2.6),

o o
(2.7) m <||Bik,tllp < Tip

Another consequence of (2.6) is that

k 1/p k 1/p
@8 el <(5)  Nellse<mep(5) Wl 1000,
where A, is given by (2.2).
If f=>,ciBiktand g =), d;B; ¢ are two splines with B-spline coefficients
c and d such that f # 0, then the inequalities (2.6) lead to

- —d
(2.9) ||f g||p < Kk ||C ||P,k,t

1l = Mlellpee
which explains why ki, is called the p-norm condition number of the B-spline
basis.
The popularity of the B-spline basis may be partly attributed to the fact that
it is well conditioned, at least for low degrees. It was recently shown by Scherer
and Shadrin [3] that the condition number satisfies the bound

(2.10) Krp < k2"

for any p in the range 1 < p < co.



4 T. LYCHE AND K. M@RKEN

3 Three lemmas

The primary basis for our work is the following simple property of divided
differences.

LEMMA 3.1. For any real numbers ty,--- ,t, and s1,--- ,Sn, and any suffi-
ciently smooth function h we have

BL) [ty stalh = [s1, - salh =3 (5 — 85) 51 siuty - talh
j=1

PROOF. By applying the recurrence relation for divided differences, we may
write each term on the right-hand side as a difference of divided differences of
one order lower. The right hand side then becomes

([317"' ?ijhtja"' 7tn]h* [817"' ?Sjatj+17"' ’tn]h)
1

n

J

But this sum simplifies immediately to the left hand side. O
Since B-splines can be defined in terms of divided differences, the identity (3.1)
translates into an identity for splines that will prove useful to us.
LEMMA 3.2. Suppose f € S and g € Sy s have the same B-spline coefficients
c=(c¢;),. Then
J
(3:2) fla)—gla) =Y (t;—s;) Y (cim1—ci)Mis(x),

tj;éSj i=j—k+1
where
(3.3) M; j(x) = [si,- -85, b5, tipral(y —2)57', 2 €R,

is a B-spline of order k. Equivalently,

n i+k—1
(3.4) f(z) —g(z) = Z(Ci—l — ;) Z (t; — s5)M; j(x).

PRrROOF. Recall that B-splines can be expressed in terms of divided differences
as

Bikt(®) = (tigr — ti)[t, - tigw) (y — )"

where ay denotes a if a is positive and zero otherwise.
For fixed = let h(y) = (y — x)’jfl. By the recurrence relation for divided
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differences we have

n
Z ¢iBigt(z) = Z Ci(tivk —ta)[ts, -+ tivr)h
=1

s
I
i

e

Ci([tivr, - s tivrlh — [ti, -+ s tigr—1]h)

S
Il
_

o

@
[
¥

(cim1 —ci)[tis -+ s tigk—1]h + cn.

The last equality follows by rearranging sums, and from the observations that
[t1, - ,te]h = 0 and [tpy1,- - ,tnyr]h = 1 for & € [a,b]. jFrom this it follows
that

n

f(z) —g(z) = Z(Ci—l —ci)([ti, - s tigr—1]h — [si,- -+, Siqr—1]h).

=2

Applying Lemma 3.1 to the right-hand side then leads to (3.4). Equation (3.2)
follows from (3.4) by rearranging the sums and making use of the fact that s; = ¢;
fori<kandi>n. O

Each of the M;; is an ordinary B-spline, although it is not normalized in
the standard way. What is unusual is that two knot vectors are involved in
its definition so that when i and j vary, a much larger family of B-splines are
generated than the two bases {B; r+}7, and {B; s}’ ;. To obtain estimates
of the local perturbation error we need to know how many of the M; ; that are
nonzero at a given x. This is answered by the following lemma.

LEMMA 3.3. Let M; ; be as in (3.3), suppose that x is in the interval [tx, tn41),
that the integers p and v are defined by

(3'5) (S [tlutu-‘rl) N [SV’ 8V+1)’

and that f and g have the same B-spline coefficients c. Then

1+k—1
(3.6) fla)—glz) = > (cimi—e) Y. (t — ;)M j(x),
i€l(x) j=1i

where the index set I(x) is given by

I(x): {ﬂ*k+2,,l/}, ZfVZ:U'f
{V7k+27"',.u‘}7 Zflule/;

with M; j(x) being zero for all other values of i and j. Equivalently

B7)  fl@) —gl@)= Y (t—s) > (cim1 = ¢i) M 5(),

icd(x) i€l(@)N{j—k+1,... .j}
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where
() = {{u—k—l—Z,... JV+k—1}, z.fyzu;
{v—k+2,...,p+k—-1}, ifu>v.
Thus
(3:8) {,9) | Mij(2) #0}| < Kl + v — ] = 1),

where |S| denotes the number of elements in the set S.
PROOF. We start by observing that u and v are uniquely defined by (3.5).
Suppose that v > p. Recall that the knots of M; ; are

(39) (Siv"' 7Sj7tj7"~ 7ti+k71)7

and j runs from ¢ to ¢ + k — 1 while ¢ runs from 2 to n. If i < g — k + 1 then
tivk—1 < t, and s;tx—1 < s, < s, so that all the knots in (3.9) are to the left
of both t,, and s, and hence M; j(x) = 0. On the other hand, if ¢ > v + 1 then
t; > ty41 > tu1 and s; > s,41, so all the knots of M; ; are to the right of both
t,+1 and s,41 and therefore M; ;(z) = 0. Hence equation (3.6) follows from
(3.4). Changing the order of summation in (3.6) we obtain (3.7).

For the remaining k + v — p — 1 values of ¢ each of the k B-splines resulting
from different values of j have knots both to the right and left of the interval
[tus tus1) N [Sy, Sp41) 50 M; j(x) can be nonzero and there are k(k +v — p — 1)
possibly nonzero B-splines on this interval, so (3.8) follows.

The case v < p follows by the symmetry of s and t. O

Since t and s agree at the ends, the restriction on the sums in (3.6) and (3.7)
can be improved somewhat. For example we can improve (3.6) to

min(i+k—1,n)

fl@)—g@) =Y (cica—c) > (tj—s))Mij(x).

i€l(x) j=max(i,k+1)

However, in general this improvement is only marginal and would complicate
our bounds.

These lemmas provide the basic tools for obtaining estimates of the perturba-
tion error. But our results will depend on how the knots in s and ¢ are interlaced
so we need some quantities that measure this. Let ¢ and j be fixed integers with
2<i<nandi<j<i+k—1and consider the k + 1 knots

u = (Si,... ,Sj,tj,... 7ti+k:—1)-

Let u = (u¢)5_, denote the knots in @, listed in nondecreasing order. We define
the quantities

Oigor = J0in {upir —up | upyr —up > 0},
(3.10) Oiyr = igjgglk_l{@,jm | 0 >0},

6. = min {5, | 5, > 0}.
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Note that unless s; = s; = t; = t;4x—1 at least one §; ;, will be positive so that
0;» and d, are then well defined. In the case where s; = s; = t; = tiyrp—1 We
will not be interested in 9; ;,» so we leave it undefined.

It is a simple matter to check that d; j» can be expressed as

(3.11) 6i,j,k = max{ti+k_1 — Siati-&-k—l — tj, S5 — tj, S5 — Sz}

For our estimates in later sections we need to bound the LP-norm of the B-
spline M; ;. The required inequalities follow immediately from (2.7), and may,
after appropriate scaling, be written as

1 1

(3.12) —

— < |IMy||, <
Kk,p kl/p(%.l;.i/p_" wille <

kl/p 51,17;';/?’

4 Perturbation estimates in L™

The main results of this section are Theorems 4.1, 4.3 and 4.5. Theorem 4.1
provides a very simple upper bound on the perturbation error, with no restriction
on the knots. Theorem 4.3 bounds the error in the special case where only one,
possibly multiple, knot is perturbed, while Theorem 4.5 gives a bound that
should be useful in a situation where many knots are perturbed.

For our purposes, identity (3.2) in Lemma 3.2 has the appealing feature that
the difference t;—s; between corresponding knots in the two knot vectors appears
explicitly. This makes it simple to estimate the difference f — g by applying the
rightmost inequality in (3.12) (for p = c0).

THEOREM 4.1. If f € S+ and g € Sk s have the same B-spline coefficients ¢
then

J
(4.1) 1f=glloe < D7 Mt =551 D lei—cl/dijn

tj#s; i=j—k+1

(From (3.11) we have &; ; > |t; — s;|, so inequality (4.1) is always valid and
indicates that if ¢; — s; is small for all j then f will be close to g in the L>-
norm. But this is not the complete truth. The right-hand side of (4.1) is not
small if d; ;1 is comparable to t; — s; in magnitude for some ¢ and j. From
the expression (3.11) for d; ;i we see that this happens if all the differences
titk—1 — Si, tiyk—1 —t; and s; — s; are of the same order of magnitude as s; —¢;.
A typical situation in which this can happen is if t; = ¢, ;1 for some i, see the
end of Section 6.

The estimate (4.1) can be sharpened if all the perturbations have the same
sign. (For simplicity we have assumed that t; > s; for all 4; a symmetric result
does of course hold in the complementary situation.)

LEMMA 4.2. If f € Sit and g € S s have the same B-spline coefficients ¢
and if t; > s; for all i then
lei — cim1]

(4.2) If =gl < Y It; —s;|  max

ket 1<i<j tiapo1 — S;
ti7s; J 17 Ui+k—1 7



8 T. LYCHE AND K. MORKEN
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Figure 4.1: Perturbation of a linear spline

PROOF. We define normalized B-splines by
Nij = (tigr—1 — si)M; ;.

Since s; < t; for all ¢ we see that for fixed j the {]\71'73-}z:j.7,€+1 are consecutive
B-splines on the nondecreasing knots s;_r11,...,8;5,%t5,... ,tj4k—1. Moreover,
since in this case 0; ; = ti1x—1—S; is the support of M; ;, we have from classical
B-spline theory, see [4], the inequality

Z N, i(z) <1, for z € [a,bl.

By writing (3.2) in the form

(4.3) f@) —g@) =Y (t—s) Y TN ()

titk—1 — Si
tis; imj k1 PTRmL T

the result now follows. 0O

The following example shows that the bound in (4.2) is sharp.

EXAMPLE 4.1. A study of the proof of the inequality in Lemma 4.2 shows
that the worst case occurs when the difference between the B-spline coefficients is
constant and the interior knots are uniform. In Figure 1 (a) we have represented
the line y = = on the interval [0, 10] as a cubic spline f(z) with knots

t=(0,0,0,0,1,2,3,4,5,6,7,8,9,10, 10, 10, 10).

In Figure 1 (b) we show f(x) — g(z) where the cubic spline g differs from f
only in that the knots at 5 and 6 have been moved to the locations 5.1 and
6.1 respectively. We see that ||f — ¢||oo is approximately equal to 0.07. This is
in agreement with inequality (4.2). We have k = 4, t; = s; for i # 9,10, and
tivk—1 — S; > 2.9 for i = 6,7,8,9,10. Moreover ¢; — ¢;—1 = 1 for i = 6,7,8,9.
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Therefore the right-hand side of (4.2) becomes (sg —t9)/2.9 + (s10 — t10)/2.9 =
2/29 ~ 0.07.
We consider next the perturbation of one (possibly multiple) knot.
THEOREM 4.3. Suppose for some integers j,r with k+1 < j < n andr > 1 that
i1 <tj=--=tjpr_1 <tjyr. If s is such that s; = t; fors ¢ {j, R ,j+T—1}
and tj_1 < 85 =+ = Sjqyr—1 < tj, and if f € Sp+ and g € Sy, s have the same
B-spline coefficients ¢ then
|ci — ci—al

4.4 — <rlit; —s; _—
(4.4) If = glles < lt; Sj|j*k+112?§}(j+T*1ti+k_1_$i

PROOF. This follows immediately from Lemma 4.2. 0O

Note that Theorem 4.3 subsumes (for » = k — 1) the special case of the
(continuous) Bernstein/Bézier representation of splines.

By making use of Lemma 3.3 we can give a general, local result.

LEMMA 4.4. Suppose f € Si and g € Sy s have the same B-spline coefficients
¢, let x be a fixred number in the interval [ty,tny1), and suppose that the integers
@ and v are defined by

(45) T e [tuatqul) N [SW SV+1)'

Then

i1 — ci

4.6 ) —g(z)| <k(k+|v—pu —1) max —— max |t; — s,

@0) 1) = g(o)] < k-t by =l = 1) g = 1,

where the index sets I(x) and J(x) are defined in Lemma 3.3.
PrROOF. jFrom Lemma 3.3 we have

i+k—1
fl@)—gl@)= Y (i1 —a) D> (t; — ) Mij(x).
i€l(x) j=t

The result follows by bounding M; ;(z) as in (3.12) and making use of (3.8). O
The quantity max, |v — p| will occur repeatedly in the rest of the paper and
deserves a proper name.
DEFINITION 4.1. For each x in [tg,tny1) let = p(z) and v = v(z) denote
the integers defined by the relation x € [t,,t,41) N [sy, Sy41). The number

(4.7) L=Lts) = max [v(z) - p()|

is called the perturbation number of s and t.

In practice, a knot is rarely perturbed beyond a neighbouring knot. With this
restriction we have L < max{ms,m¢}, where m; is the maximum multiplicity
of the interiour knots tix41,...,t, of t, and ms is defined similarly.

Lemma, 4.4 allows us to bound the L*-norm of the perturbation error in terms
of the £*°-norm of t — s.
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THEOREM 4.5. If f € S+ and g € Sk s have the same B-spline coefficients ¢
then

@8 I —glle < EEEZDE

[t — 8[| max lci1 — cil,

where L = L(s,t) is the perturbation number of s and t.

The inequalities (4.6) and (4.8) are not sharp since the bound on M; ; cannot in
general be sharp for all values of ¢ and j. To get a better estimate we need a good
bound for the sum Z;'::_l M; j(x), as in the special situation in Lemma 4.2, but
this seems difficult. In any case, the bounds (4.6) and (4.8) have the advantage
that they do not depend on the length of the knot vectors, provided the knots

in s are not too different from the knots in ¢.

5 Bounds in L?

In this section and the next p will always indicate the LP-space we are working
in and g will denote the dual index given by

Liloy
p q

This section also contains three main results. Theorem 5.3 gives an easily
computable upper bound on the LP-error, while Theorem 5.4 gives two bounds
in terms of the given spline f and its derivative. Theorem 5.5 gives a bound
where both B-spline coefficients and knots are perturbed.

Theorem 4.1 has a natural generalization to LP, and the following theorem is
obtained by taking LP norms in (3.2)), using the triangle inequality, and applying
(3.12)

THEOREM 5.1. If f € S+ and g € Sk s have the same B-spline coefficients ¢
then for 1 <p < oo

J
_ 1
1f=glly < k777 Sl =55l > e — il /315,

tiF#s; i=j—k+1

Note that we obtain Theorem 4.1 as a special case. For p = 1 we obtain the
mesh independent estimate
J
I =glh <k 2D [t—sil D e —cimal <2l[ellollt — 8|1

tj;ﬁsj 1=_]—k}+1

We can bound a perturbation of the derivatives similarly, provided we have a
bound for the derivatives of M; ;.

LEMMA 5.2. For any p with 1 < p < oo the rth one sided derivative D" of
M; ; is bounded by

kap

(5.1) [|D"M; ;||p < , forr=1,..., k-1,

1/q
i O k—r410; 5 5
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where

(k—1)!
5.2 Tvrp =0, .
(5:2) e T (=1 — ) (k — )1/
and

(5 0)) =

v=0

PROOF. Arguing as in the proof of Theorem 4.22 in [4], we have

k - 1 ' T* r Bl/ — v —r = Wy
|DTMZ‘,j(SC)| < ( ) ZI/—O (u) Jk T(x)/(u +k—r — U )’
(k—r—1)! Oije " Oij k—r+1
where By k—r (%) = (Upsh—r — W) [Upy -+ s Upgi—r|(- — x)]j__’”_l and ug, ..., ug
are the knots of M; ;, listed in nondecreasing order. Applying the L” norm on
both sides and using (2.6) this leads to

Gt (S ) s —w) /=)

(k—r—1)! Oijik ** Oij,k—r+1

(From this (5.1) follows. O

Differentiating (3.2) r times, taking LP norms, using the triangle inequality,
and (5.1) we obtain the next theorem.

THEOREM 5.3. Let r be an integer with 0 <r <k —1. Then for 1 <p < oo

||DTMi,j||p <

J
ID"f = D"glly <Thrp Y It5 =551 >

1/q
ti7s; i=j o1 Oigik = Oi g k—r410; ke

lei — ci—1]

)

where Ty . p is defined in Lemma 5.2 and the 6’s are defined in (3.10).
Note that the bound in Theorem 5.3 reduces to that of Theorem 5.1 for r = 0.
The estimates in Theorem 5.1 and Theorem 5.3 are given in terms of the B-
spline coefficients and the ¢!-norm of the difference t — s. In many cases it is
more satisfactory to have a bound that is more independent of the length of the
knot vector. Some of these estimates are conveniently expressed in terms of the
mesh ratios

_ tivk—1— 1t
Pijk = 5 )
0,5,k
ik = max .9,k
pi i<jeitho1 B

k= IMmax pP; k.
P kgignpl’

If t; =tiyx—1 we set p; ;. = 0 irrespective of the value of §; ; .
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THEOREM 5.4. If f € Si+ and g € Sy s have the same B-spline coefficients c,
then

2k(2L + k
(53) If - mu_—%£7lwau—wmwm,
By

for 1 < p < oo, where L = L(s,t) is the perturbation number of s and t.
Alternatively,

G4)  1If —olly < (22

1/
P 0L 4 ke~ Vil sllol DS

ProOF. We first prove (5.4) and start by recalling that if f = ", ¢;B; i+ then
its derivative is Df =, cgl)Bi,k,l,t, where

RO {(k —1)(ei —cic1)/(tign—1 — ti), ift; <tiyp_1;

(5.5) 3 i .
arbitrary, otherwise.

In case Df is not continuous, it is interpreted as the one-sided derivative of f
from the right.

Let now x be fixed in some interval [t,,t,11) and set I, = Uset, t,,1) (),
where the index set I(x) is defined in Lemma 3.3. jFrom the definition of I(z)
we note that I, C {u—L—k+2,...,u+ L} and therefore that |I,,| <2L+k—1
for all . From equation (3.6) in Lemma 3.3 it follows that

i+k—1

|f(z) - mwmmewWZMgz%;ﬁ

icly,

Applying p-norms on the interval [t,,¢,+1), and making use of the second in-
equality in (3.12) and Holder’s inequality we find

i+k—1

1 itk—1 — &
1F = et < 1= slloe 31 D7 1My ), A2
icly, j=t
i+k—1
1y ), titk—1 — ti>1/1’ (Pi,j,k )1/‘1
<kl = slloe D0 11 (FET) X (725
i€l j=t
kpx 1), (titk—1 — ti\1/P
< () i sl 30 1 (i)
i€l
1
< ( kpx >l/q||t—3|| I |1/q Z |C(1)|pm /p
“\k-1 o P k—1 '

Raising this to the pth power and adding the contributions from each knot
interval yields

kpr vla
15—l < (225) " e sl + k- Ol
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since |I,| < 2L+k—1 for all u. Taking pth roots and using the stability estimate
(2.6) for Df we obtain (5.4).
The first estimate (5.3) is proved in a similar way. From (3.6) we have

itk—1
1 = 9l zotttynn) S 8= 8lloo D lei —cimal D 1IMigllp-
i€l Jj=t

We set I/Q = {iy — 1} U I, where i; is the smallest integer in I,,. Making use of
(3.12) and Hélder’s inequality as above we then find

i+k—1
_ 1/p—1
1f = gllzrttytnn) < 2= sllo Y leil S kY7815,
iel), j=i
1/p
+k —
< 51/qA1/p = 5lle ; | Z|( )

1/p

+k —
- l/qu/p”t s||°°|I/|1/q<Z| ( )) '

eI’

Observing that |I,| = 2L + k, inequality (5.3) follows just like (5.4) O
So far we have only considered perturbations of the knots. If the B-spline
coefficients are also perturbed we can combine inequality (2.9) with (5.3).
THEOREM 5.5. Suppose f € Sy ¢+ and g € Sy s have B-spline coefficients ¢ and
d, respectively. If f # 0 then

1f = gll it = sl lle — dllp
5.6 < Kpp | 2k(2L+ Kk + =
GO CLAR) sl el

with &k, given by (3.10), A, given by (2.2), L = L(s,t) is the perturbation number
of s and t, and || - ||p.x,¢ given by (2.5).

Inequality (5.6) is a generalization of (2.9) that allows perturbation of both
coeflicients and knots and is reminiscent of perturbation results for linear systems
of equations. Since the dependence on the knots is nonlinear, it is not surprising
that the part of the estimate that accounts for the influence of the knots is more
involved than the part that measures the influence of the coefficients.

6 Continuity of a spline with respect to the knots

So far we have obtained a number of results that bound the difference between
a spline f and the spline g obtained by perturbing the knots of f. We will now
change our point of view slightly and consider the rates of convergence when the
knots of g converge to the knots of f.

THEOREM 6.1. Suppose that f € Sp+ and g € Sk,s have the same B-spline
coefficients ¢, and that |s; —t;| <€ fori=k+1, ..., n for some e > 0. Then

(6.1) If = gllp < K1€'/?
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where
K1 =k"Y 2L +k —1)[|(ci — ci—1)]lp,

and L = L(s,t) is the perturbation number of s and t.
PRrROOF. From equation (3.6) we have

i+k—1
fl@)—gla)= > (cici—c) Y. (t — ;)M (2),
i€l(x) j=i

and as before we set
IN = Ume[tuvttHrl)I(x)'

Taking p-norms on the interval [t,,t,1], and using (3.12) gives

i+k—1

) 5]
1F = gllzrtty ) < E Y2 Jeio — e Z i

icly, ,] k

where 0, ;1 is the support of the B-spline M; ; which we recall has the knots
Siy.--»85,t5, ..., tigrk—1. Arguing as in the proof of Theorem 5.4 and using the
fact that 6; ;1 > |t; — s;|, we find

i+k—1
1 = gllorp ) SEPD leia—al Y [ty — 7
i€l =i
< EMeel/e Z lci—1 — cil

i€l
1/p
<EYIEPQL+ R =DV Y e — el
i€l

Raising this to the pth power and summing over p on both sides we obtain the
desired result. O

The following example shows that the exponent 1/p in €!/P cannot be improved
in general.

ExAMPLE 6.1. Consider the two piecewise linear functions f and g defined
by

z+1, for —1<x<0;
flz) =
r—1, for0<zx<1;

and

r+1, for —1 <z < 0;
g(xz) =< 1—2x/e, for 0 <z <g¢
(x—1)/(1—¢), fore<z<1.
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Note that f is discontinuous at = 0. We can estimate ||f — g||, directly by
integrating. The result is

op+1e¢ ePt2 P — eptl

e R E S R TS

1 —gllp =
Taking the p’th root we then have

1f = gll, = O("?)

Thus we see that f is close to g in any LP-norm except for p = oo.
We next show that the factor 1/p can be removed if f and g are continuous.
THEOREM 6.2. Suppose that f € Sp+ and g € Sy, s have the same B-spline
coefficients and that both f and g are continuous. Suppose also that |s; —t;| < €
fori=k+1,...,n for some sufficiently small €, say e < A,_1/2. Then

Ilf = gllp < Kz€
where
Ky = 3k(k — 1)2%|Df ||,
PRrROOF. By (5.4) we have

k‘pk 1/q
62 f =gl < (525) " mroro@L+ k=1t = sllolIDf I,

where L is the perturbation number. We need to bound the constants p; and
L. Since f is continuous we may assume that ¢;15-1 —¢; > 0 for all i. By the
definition of §; ;1 in (3.11) we therefore deduce that

tick—1 — t;
Ok = tigh—1 —8; > tiqp—1 —t; —€> %
But then
tizk—1 — t;
(6.3) Pijk = % <2
1,5,k

for all ¢ and j, and hence p; < 2.

To bound the perturbation number we fix an arbitrary i and make use of two
versions of the condition € < A, /2. Since 8;—p41 — ti—p+1 < (ti — tikr1)/2,
we have

licky1 + 1

Si—k41 < 5 <t

(strict inequality because of continuity). Similarly, from the condition ;45 —
Sitk < (titr — tit1)/2 we obtain s;yr > t;+1. From this we conclude that the
perturbation number satisfies L < k — 1. Inserting this and the bound (6.3) for
pr in (6.2) gives

1/ = gllp < 3(k = 1)V/? (2)" ki1 || D || €.
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The result now follows from the bound in (2.10) and from the fact that the
expression 2'+1/4(k — 1)1/PE1/4 attains its maximum for p = oo and ¢ = 1. O
We can also show that the difference between the rth derivative of f and g is
proportional to € provided f and g have continuous derivatives of order < r .
COROLLARY 6.3. Suppose that f € Sy ¢ and g € Si,s have the same B-spline
coefficients and that D" f is continuous for 0 < r < £ while D' f is discontinuous.

Suppose also that |s; —t;| < e fori=k+1, ..., n for somee <A, _,/3. Then
Kse, f0<r<d;

6.4 D'f—Dr" <

(64 D77 - Dglly < {K/ .

where K3 and K4 depend on k, n, f and A,_,.

PrOOF. This result follows from Theorem 5.3, but we will deduce it from the
two preceding theorems. Note that it is not immediate since D" f and D"g do
not in general have the same B-spline coefficients as is required by the theorems.
Suppose that £ > 1 and consider the perturbation of the first derivative. If

Df=3%", cg}t)Bi7k_1,t and Dg = iCE}JBi,k—1s we have

6.5)
IIDf — Dgll, < HZ(Q(-,? - Cz(-,ls))Bz‘,k—LtH + HZ e\ (Bik-14 — Bix-1.s)

’ p

For the second term on the right Theorem 6.2 or Theorem 6.1 gives the correct
behaviour. Since f is assumed to be continuous we can assume that ¢; < ¢; 11
for 2 <4 <mn—1, and since € < A,_,/3 the same is true of s. For the first term
in (6.5) we therefore have

|Siyk—1 — tizk—1 +t; — 54

(tith—1 — ti)(Sith—1 — Si)
€

A1 (Bp—q —2¢)

1 1
el — D] = (k= 1)]e; — 1]

S 2(]{5 — 1)|ci — Ci_1|

(From this the result follows whether Df is continuous or not (as long as f
is continuous). Arguing inductively the corollary now follows for any r with
0<r</¢. 0O

Theorem 6.1 shows that even when a spline is discontinuous it is a continuous
function of its knots in any LP-space with p < oo, although the continuity is
only Lipschitz with exponent 1/p. For p = oo the continuity is lost, but the
difference between f and g is always bounded.

What about the continuity of the derivatives when there are knots of mul-
tiplicity k7 Let us first consider the first derivative. For a B-spline for which
t; = tiyr—1 we have by (5.5) (assuming that s; < $;45-1)

(6.6)
IDBikt — DBiksllp > (k= D|[|Qik—1,sllp = [|Qiv1.6-1,6 = Qit1.k—1.¢lp]
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where
Bik—1.t/(tith—1 —ti), ift; <tiyrp—1;
0, otherwise.

Qi,kfl,t (30) = {

(From Theorem 6.1 we know that the difference ||Qit1,k—1,6 — Qit+1,k—1,s/|p is
bounded as s approaches ¢ while from (3.12) we have that

||Qik—1,sl[p > ﬂ,;; k—1/p l/p—1

In other words there is no convergence in the first derivative and the difference
in (6.6) is unbounded in L? for p > 1. For higher derivatives the difference
[|D"f — D"gl|p is unbounded for all p as s approaches ¢t when there are interior
knots of multiplicity k.

7 Parametric curves

If we are working with parametric spline curves, the above analysis can be
applied to each component. As an example let us consider the curve equivalent
of Theorem 4.1.

COROLLARY 7.1. If f and g are two parametric spline curves in R? of order
k with knots t and s and with the same B-spline coefficients (¢;) then

j
(7.1) max |f(u) - g(u)| < Slti—sil D lei— il /S

ti#s; i=j—k+1

Here |c; — ¢;—1| denotes the Euclidean norm of ¢; — ¢;—1.

All the other results above can be extended in the same way. Note that
there is extra freedom in the choice of vector norm. In Corollary 7.1 we used
the Euclidean vector norm, but any ¢ norm could be used. There is also the
possibility of applying a function norm to each component curve first and then
applying a vector norm to the resulting vector.

Generalizing from functions to curves as we have done here has its weaknesses.
Suppose for example that k& = 2 so we are considering piecewise linear curves.
If there are no multiple interior knots we know that a piecewise linear spline
agrees with the piecewise linear interpolant to its B-spline coefficients. But this
piecewise linear interpolant is clearly independent of the knot vector so there
can be no perturbation error, whereas Corollary 7.1 would only give a positive
upper bound on the perturbation error. The reason for this is of course that a
parametric curve is defined as the equivalence class of all its reparametrizations.
We should therefore not be comparing f(u) with g(u) in (7.1), but rather com-
pare it with g(¢(u)), where ¢ is an allowable change of parameter (its derivative
should be nonzero). To get the best possible result we should use the change
of parameter that makes the perturbation error as small as possible. In the
piecewise linear case this is accomplished quite easily but letting ¢ be a suitable
piecewise linear function, but in general this is a nontrivial and nonlinear prob-
lem. In any case choosing ¢ as the identity as in Corollary 7.1, does provide an
upper bound for the perturbation error that in many cases should be realistic.
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In certain applications the parametrization of the curve is fixed, for example
when modelling the path to be followed by a camera in some system for computer
animation. Then the time and speed information provided by the parametriza-
tion is significant and the perturbation result provided by Corollary 7.1 should
be useful. Note that in mathematical terms this is not a parametric curve but a
vector valued function.

8 Remarks

It is possible to view the perturbation of knots as a change of basis problem.
Let A be the change of basis matrix changing from the B-splines on s to the
B-splines on s Ut and define A; similarly. If f € S;+ and g € Si s have the
same B-spline coefficients ¢ then

f-g=0¢"(Ar— A))c,

where ¢ is the vector of B-splines of order k on sUt. The vectors A;c and Asc are
discrete splines, and their difference can be bounded using the divided difference
representation of discrete B-splines, see [1] and [2], combined with identities for
discrete B-splines similar to the ones in Lemma 3.2 and Lemma 3.3.
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