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§1. Introduction

When computing smooth curves and surfaces one often uses splines represented as B-splines.
This leads to stable and robust algorithms and approximation problems which are easy to
solve, i.e., involving banded linear system. In CAGD we would in addition like representations
that have good shape controlling properties and for this several generalizations of polynomial
splines have been proposed. Special cases of Chebyshevian splines and L-splines are two such
generalizations and these spline spaces have a basis of B-splines, see [14,16].

One example of such splines are the classical splines in tension also called hyperbolic ten-
sion splines. On each polynomial piece these functions belong to the null space of the fourth
order differential operator D2(D2−ρ2). By increasing the tension parameter ρ we can construct
C2-interpolants to given data that converges uniformly to the piecewise linear interpolant. In
practice we would like more local control and use different parameters ρ on different intervals.
This leads to spaces of piecewise hyperbolic tension splines and more generally piecewise Cheby-
shevian splines and piecewise L-splines. For such spaces it is much harder to show existence of
a B-spline basis. It was shown by Barry [1] that for piecewise Chebyshevian splines a sufficient
condition for the existence of B-splines is that certain matrices connecting derivatives on each
side of a knot are totally positive.

In this paper we study splines with sections in null spaces of linear differential operators
with constant coefficients and with only real roots. The orders of the differential operators
are constant, but the roots can vary from interval to interval. Even for this special case it is
not easy to give necessary and sufficient conditions for the total positivity of the corresponding
connection matrices.

The contents of this paper is as follows. In Section 2 we use blossoming to give the necessary
background for piecewise Chebyshevian splines. In particular we recall the fundamental result
which will be used throughout the paper, namely the fact that existence of B-spline bases is
equivalent to existence of blossoms. As an example we show that B-splines always exist in
the space of piecewise hyperbolic tension splines. In Section 3 we give necessary and sufficient
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conditions for total positivity of connection matrices corresponding to the piecewise exponential
spline spaces. We give an example to show that, if these conditions are sufficient for the existence
of piecewise exponential B-splines, they are not necessary. As a step towards finding necessary
conditions we consider in Section 4 the special case of only two differential operators L1 and L2.
We use L1 on all segments to the left of some knot tl and L2 on all segments to the right of tl.
In this particular case we are able to give necessary and sufficient conditions. In Section 5, we
prove that the previous result eventually leads to necessary conditions for existence of piecewise
exponential B-spline bases independently of the knots. The latter conditions are sufficient in
the 4-dimensional (cubic) case with simple knots.

§2. Piecewise Chebyshevian splines

2.1. The general setting

Consider a bi-infinite sequence T = (t`)`∈ZZ, with t` < t`+1 and lim`→∞ t` = ∞. For each
` ∈ ZZ, we assume that E` is a linear subspace of C∞([t`, t`+1]) satisfying the following properties:
- E` contains the constants,
- DE` := {DU | U ∈ E`} is an n-dimensional extended Chebyshev space on [t`, t`+1] ( i.e., any
nonzero element of DE` vanishes at most n− 1 times in [t`, t`+1], counting multiplicities). This
implies that the space E` itself is an (n+1)-dimensional extended Chebyshev space on [t`, t`+1]).
Let E denote the space of all Cn functions on IR the restrictions of which to [t`, t`+1] belong
to E`, ` ∈ ZZ. Due to E` being an (n + 1)-dimensional extended Chebyshev space on [t`, t`+1],
a function U ∈ E` is completely determined by the knowledge of U(t`), . . . , U (n)(t`). The Cn

requirement therefore implies that the space E is (n + 1)-dimensional. Moreover, the space E
contains the constants and it is aW-space on IR, in the sense that the Wronskian of any basis of
E never vanishes on IR.

A vector function Φ := (Φ1, . . . , Φd)T : IR → IRd is called an E-function when all its
components Φ1, . . . , Φd belong to E . Given an E-function Φ, at any point x ∈ IR we can
consider its ith order osculating flat (i ≤ n), that is the affine subspace of IRd which passes
through Φ(x) and the direction of which is spanned by Φ′(x), . . . , Φ(i)(x), i.e., Osci Φ(x) :=
{Φ(x) + λ1 Φ′(x) + · · · + λi Φ(i)(x) | λ1, . . . , λi ∈ IR}. Such an E-function Φ is said to be
nondegenerate if (1I,Φ1, . . . , Φd) span the space E . From now on, the notation τ [ν] will mean
that the point τ is repeated ν times. Choose a nondegenerate E-function Φ. Throughout the
paper, for any i ≤ n, we denote by OsciΦ(x) the ith order osculating flat of Φ at a given
point x ∈ IR, that is, the affine flat containing Φ(x) and with direction spanned by the i
vectors Φ′(x), . . . , Φ(i)(x). Given an n-tuple (x1, . . . , xn), up to a permutation, we can write it
as (τ1

[ν1], . . . , τr
[νr]), where ν1, . . . , νr are positive integers such that

∑r
i=1 νi = n, and where

τ1 < · · · < τr. We shall set

{ϕ(x1, . . . , xn) } :=
r⋂

i=1

Oscn−νi Φ(τi) , (2.1)

whenever the osculating flats Oscn−νi Φ(τi), 1 ≤ i ≤ r, intersect at a single point. Let D(ϕ)
denote the domain of definition of the function ϕ. It is independent of the chosen nondegenerate
E-function Φ.

To each t`, let us allocate a multiplicity m` ∈ {0, . . . , n}. Associated with the corresponding
knot vector K :=

(
t`

[m`]
)
`∈ZZ

, we define the spline space based on E as the space S of all functions
S : IR → IR such that, for any ` ∈ ZZ,
(i) S is Cn−m` at the knot t`,
(ii) the restriction of S to [t`, t`+1] belongs to E`.
Clearly the spline space S contains the space E . Given a spline S = (S1, . . . , Sd) ∈ Sd, for any
` ∈ ZZ, there exists a unique E-function F` ∈ Ed such that S(t) = F`(t) for all t ∈ [t`, t`+1]. We
shall say that S is nondegenerate if each F` is nondegenerate.
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An n-tuple (x1, . . . , xn) is said to be K-admissible (in short, admissible) if any t` satisfying
Min(x1, . . . , xn) < t` < Max(x1, . . . , xn) appears at least m` times in the sequence x1, . . . , xn.
We denote by A the set of all admissible n-tuples. Select a non degenerate spline Σ ∈ Sd,
and denote by Φ` the (nondegenerate) E-function which coincides with Σ on [t`, t`+1]. Let
(x1, . . . , xn) be admissible, with, up to a permutation, (x1, . . . , xn) = (τ1

[ν1], . . . , τr
[νr]), where

ν1, . . . , νr are positive. Then we have (see[10])

r⋂

i=1

Oscn−νi
Σ(τi) =

r⋂

i=1

Oscn−νi
Φj(x1,...,xn)(τi) , (2.3)

where j(x1, . . . , xn) denotes the greatest among all integers ` such that t` ≤ Min(x1, . . . , xn). In
the left-hand side of the latter equality, Oscn−ν1 Σ(τ1) is to be understood as Oscn−ν1 Σ(τ+

1 ) in
case τ1 = tj and ν1 < mj , and Oscn−νr

Σ(τr) is to be understood as Oscn−ν1 Σ(τ−r ) if τr = tj′

and νr < mj′ . With the latter convention, we shall then set

{σ(x1, . . . , xn)} :=
r⋂

i=1

Oscn−νi
Σ(τi) (2.4)

provided that the intersection
⋂r

i=1 Oscn−νi Σ(τi) consists of a single point. Due to (2.3) the
domain of definition D(σ) of the function σ is equal to A ∩D(ϕ).

Definition 2.1. We say that blossoms exist in the space E , if D(ϕ) = IRn, in which case the
function ϕ defined on IRn by (2.1) is called the blossom of the nondegenerate E-function Φ. We
say that blossoms exist in the spline space S if D(σ) = A, i.e., if D(ϕ) ⊃ A, in which case the
function σ defined on A by (2.4) is called the blossom of the nondegenerate spline Σ.

Any E-function F is the image h ◦Φ of Φ under a unique affine map h defined on the affine
space spanned by the image of Φ. As usual, when D(ϕ) = IRn, the blossom f of F is then
defined as f := h ◦ ϕ. Similarly when D(ϕ) ⊃ A, blossoms of spline functions are defined (on
the set A) from σ by means of affine maps. It was proved in [13] that existence of blossoms is
equivalent to existence of B-spline bases, in the following sense, which justifies the interest of
the blossoming approach to B-splines.

Theorem 2.2. Blossoms exist in the space E if and only if there exist a B-spline basis in any
spline space based on E . Blossoms exist in the space S if and only if there exists a B-spline basis
in the space S and in any spline space obtained from S by insertion of knots.

Remark 2.3. The expression B-spline basis usually denotes a normalized basis consisting of
minimally supported splines which are positive on the interior of their supports. However these
requirements are not sufficient to clearly identify the B-splines in case of multiple knots. The
necessity of an additional requirement on the numbers of zeros at the end points of the supports
was pointed out in [12]. The latter end point property is important because it ensures the unicity
of a possible B-spline basis. For more details, we refer to [12, 13]. Later on, we shall widely use
Theorem 2.2, replacing the search for a B-spline basis (this expression implicity including the
additional end point property), by the search for blossoms.

2.3. Weight functions and total positivity

In this subsection we shall recall conditions ensuring the existence of blossoms on either
space E or S. Without loss of generality, we can choose the nondegenerate E-function Φ so that
Φ = (Φ1, . . . , Φn), where (1I, Φ1, . . . , Φn) is a basis of E . Let us denote by 〈 ., . 〉 the usual inner
product in IRn, and by ∧ the associated cross product. Because E is a W -space on IR, for any
x ∈ IR, the n conditions

〈Φ](x), Φ(r)(x) 〉 = δn,r , r = 1, . . . , n . (2.5)
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define a unique vector Φ](x) = (Φ]
1(x), . . . , Φ]

n(x))T ∈ IRn. which we can write as follows:

Φ](x) =
Φ′(x) ∧ . . . ∧ Φ(n−1)(x)
det(Φ′(x), . . . , Φ(n)(x))

. (2.6)

This vector gives the direction orthogonal to the osculating hyperplane Oscn−1 Φ(x). From (2.6)
we can see that the function Φ] is C∞ on each [t`, t`+1]. By iterated differentiations of (2.5), it
is easy to check that, at a given point x ∈ IR, the i-dimensional linear subspace orthogonal to
Oscn−i Φ(x), i ≤ n, is spanned by Φ](x), . . . , Φ] (i−1)(x), i.e.,

[
span

(
Φ′(x), . . . , Φ(n−i)(x)

)]⊥ =
[
span

(
Φ](x), . . . , Φ] (i−1)(x)

)]
. (2.7)

In equality (2.7) and throughout the paper, when x = t`, the sequence Φ](x), . . . , Φ] (i−1)(x) is
to be understood either as Φ](t`), Φ] ′(t`−) . . . , Φ] (i−1)(t`−)

or as Φ](t`), Φ] ′(t`+) . . . , Φ] (i−1)(t`+). With this convention, it results from (2.7) that the
intersection

⋂r
i=1 Oscn−νi

Φ(τi) consists of a single point if and only if the linear system

〈X, Φ] (k)(τi) 〉 = 〈Φ(τi),Φ] (k)(τi) 〉 , 0 ≤ k ≤ νi − 1 , 1 ≤ i ≤ r ,

has a unique solution X (for more details, we refer the reader to [10, Section 2]). We thus
eventually obtain the following result, which we shall use in Section 4.

Theorem 2.4. For given positive integers ν1, . . . , νr, with
∑r

i=1 νi = n, and given pairwise
dictinct τ1, . . . , τr ∈ IR, the intersection

⋂r
i=1 Oscn−νi Φ(τi) consists of a single point if and only

if
the n vectors Φ](τi), . . . , Φ] (νi−1)(τi), i = 1, . . . , r, are linearly independent. (2.8)

In particular, the previous result states that blossoms exist in the space S, if and only if
condition (2.8) is satisfied whenever the n-tuple (τ1

[ν1], . . . , τr
[νr]) is admissible, while blossoms

exist in the space E , if and only if condition (2.8) is always satisfied. Note that the space E]

spanned by the components Φ]
1, . . . , Φ

]
n of Φ] is an n-dimensional space of continuous piecewise

C∞ functions (relatively to the sequence T ). Requiring condition (2.8) to be satisfied for any
n-tuple is equivalent to requiring that any nonzero elements of E] has at most n− 1 zeros in IR,
counting multiplicities. As we shall recall hereunder, sufficient conditions to bound the number
of zeros of elements of E] can be obtained by using weight functions and total positivity.

Given a closed bounded interval J , and a subspace F of C∞(J) containing the constants,
it is well-known that the space DF is an n-dimensional extended Chebyshev space on J if and
only if there exist n positive weight functions w1, . . . , wn ∈ C∞(J) such that F = KerLn+1,
where L1, . . . , Ln+1 are the linear differential operators defined on C∞(J) by

L1u :=
1
w1

u′ , Lku :=
1

wk

(
Lk−1u

)′
, k = 2, . . . , n + 1 , (2.9)

with wn+1 := 1I. For each ` ∈ ZZ, we can thus write E` = KerL`
n+1, where the differential

operators L`
1, . . . , L

`
n+1 are defined from positive weight functions w`

1, . . . , w
`
n ∈ C∞([t`, t`+1])

according to (2.9). For all u ∈ C∞([t`, t`+1]) and all x ∈ [t`, t`+1], we have

(
L`

1u(x), . . . , L`
nu(x)

)T = A`(x) .
(
u′(x), . . . , u(n)(x)

)T
, (2.10)

where A`(x) is a lower triangular matrix with diagonal
(
1/

∏
1≤i≤k wi(x)

)
1≤k≤n

. Using (2.10),
the space E can as well be described as the set of all functions U defined on IR, the restrictions
of which to [t`, t`+1] belong to E`, ` ∈ ZZ, and which satisfy the connection conditions

(
L`

1U(t`+), . . . , L`
nU(t`+)

)T = M` .
(
L`−1

1 U(t`−), . . . , L`−1
n U(t`−)

)T
, ` ∈ ZZ , (2.11)
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where
M` := A`(t`) . A`−1(t`)

−1
. (2.12)

Theorem 2.5. If each matrix M` is totally positive ( i.e., if all minors of M` are nonnegative),
then blossoms exist in the space E .

Proof: The total positivity actually enables us to apply a result of P.J. Barry [1] to bound the
number of zeros of nonzero elements of E]. We refer to [10] for more details.

Note that, in order to apply Barry’s result, the order of the weight functions is fixed once
and for all.

Similarly, the spline space S can be described as the set of all functions U defined on IR, the
restrictions of which to [t`, t`+1] belong to E`, ` ∈ ZZ, and which satisfy the continuity conditions

(
L`

1S(t`+), . . . , L`
n−m`

S(t`+)
)T = M̂` .

(
L`−1

1 S(t`−), . . . , L`−1
n−m`

S(t`−)
)T

, ` ∈ ZZ , (2.13)

where M̂` is the (n−m`)th order square matrix obtained by suppressing the m` last rows and
columns in M`.

Theorem 2.6. If each M̂` is totally positive, then blossoms exist in the spline space S.

Proof: For any integer ` such that m` > 0, let us add m` rows and columns to M̂` so as to
obtain a totally positive matrix M̃`. Consider the space Ẽ composed all of functions all functions
U defined on IR, the restrictions of which to [t`, t`+1] belong to E`, ` ∈ ZZ, and which satisfy the
continuity conditions

(
L`

1U(t`+), . . . , L`
nU(t`+)

)T = M̃` .
(
L`−1

1 U(t`−), . . . , L`−1
n U(t`−)

)T
, ` ∈ ZZ . (2.14)

Blossoms exist in the space Ẽ , and therefore in any spline space based on Ẽ , thus in particular
in S.

2.4. An example: piecewise hyperbolic tension spaces

Suppose that, for each ` ∈ ZZ, the weight functions w`
1, . . . , w

`
n are obtained by restriction

to [t`, t`+1] of positive functions w1, . . . , wn defined on the whole of IR, with wi ∈ Cn−i(IR),
1 ≤ i ≤ n. Existence of blossoms in the space E directly follows from Theorem 2.5, indeed,
all matrices M` obtained in (2.12) are totally positive since they all are equal to the identity
matrix. Hence, existence of B-spline bases in any spline space based on E is ensured by Theorem
2.2. Note that in this particular case, the space E is an extended complete Chebyshev subspace
of Cn(IR) and existence of locally supported bases thus follows from [16].

As we shall see now, this case contains piecewise hyperbolic tension spaces. Given a nonneg-
ative number r, consider the kernel of the differential operator Dn−1(D2−r2I), that is, the poly-
nomial space Pn of degree n when r = 0, and the space spanned by 1, x . . . , xn−2, cosh rx, sinh rx
otherwise. We shall refer to it as the hyperbolic tension space associated with r. It is known
that it is an extended Chebyshev space on IR. For the rest of the subsection we suppose that
each space E` is the restriction to [t`, t`+1] of the hyperbolic tension space associated with some
nonnegative number r` depending on `. We shall then say that the space E is a piecewise hyper-
bolic tension space and we shall refer to the corresponding spline spaces based on E as piecewise
hyperbolic tension spline spaces.

Proposition 2.7. Blossoms exist in any piecewise hyperbolic tension spaces (and therefore
B-spline bases exist in any piecewise hyperbolic tension spline spaces).

Proof: Suitable weight functions associated with the space E` can be obtained as follows. Set
w`

1 := · · · := w`
n−2 := 1I, choose a function w`

n−1 in the kernel of the differential operator D2−r`
2I
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so that it is positive on [t`, t`+1], and define the last weight function as w`
n := (w`

n−1)
−2. Indeed,

the corresponding differential operator L`
n+1 is then given by

L`
n+1u = w`

n−1

[
u(n+1) − r`

2u(n−1)
]

.

We shall now prove that it is possible to choose such a weight function w`
n−1, as the restriction to

[t`, t`+1] of a given function wn−1 which is C1 on IR. According to the remarks in the beginning
of the present subsection, this will guarantee existence of blossoms in any piecewise hyperbolic
tension space. Existence of B-spline bases in any piecewise hyperbolic tension spline space will
then follow from Theorem 2.2.

For a given nonnegative number r, we denote by cr, sr the two functions in the kernel of
the differential operator Dn−1(D2 − r2I) satisfying the conditions

cr(0) = 1, c′r(0) = 0, sr(0) = 0, s′r(0) = 1 ,

namely cr(t) = cosh rt, and sr(t) = t if r = 0, sr(t) = 1/r sinh rt otherwise. Define wn−1 on
the interval [t0, t1] by wn−1(t) := cr(t − t0). For a given positive integer i, assume that we
have been able to extend wn−1 into a strictly increasing (hence positive) C1 function on [t0, ti],
the restriction of which to [t`, t`+1] is in the kernel of the differential operator D2 − r`

2I, for
0 ≤ ` ≤ i− 1. Then, by setting

wn−1(t) := wn−1(ti)cri(t− ti) + w′n−1(ti)sri(t− ti) ,

for t ∈ [ti, ti+1], the function wn−1 is now clearly C1 and strictly increasing on [t0, ti+1], and
its restriction to the additional interval [ti, ti+1] is in the kernel of the differential operator
D2− ri

2I. By induction we can therefore extend wn−1 on [t0,+∞[ in accordance with the three
requirements: positivity, C1, and sections in Ker(D2 − r`

2I). Similar arguments can be used to
extend wn−1 on ]−∞, t0], with the same three requirements.

§3. Existence of exponential B-spline bases: total positivity sufficient conditions

Piecewise hyperbolic tension spaces are special cases of piecewise exponential spaces as
introduced in subsection 3.2 below. we shall now address this more general framework.

3.1. Exponential spaces

Given λ = (λ1, . . . , λn) ∈ IRn, we denote by E(λ) the kernel of the linear differential
operator with constant coefficients D

∏n
s=1(D − λsI). Assuming that, up to a permutation,

λ = (`1[r1], . . . , `s
[rs]), with pairwise distinct `1, . . . , `s, and positive integers r1, . . . , rs, it is well

known that the space DE(λ) is spanned by the n functions

xj e`i x, 1 ≤ i ≤ s , 0 ≤ j ≤ ri − 1 .

For this reason, we shall call E(λ) the exponential space associated with λ.
Let us introduce the following weight functions:

w1(x) := eλ1x , wk(x) := e(λk−λk−1)x , k = 2, . . . , n . (3.1)

If L1, . . . , Ln+1 are the corresponding differential operators defined by means of (2.9), it can be
readily checked that, for all k = 1, . . . , n and all u ∈ C∞(IR),

Lku(x) = e−λkx
k−1∑
r=0

(−1)rσk−1
r (λ) u(k−r)(x) , x ∈ IR , (3.2)
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where σj
r(λ) denotes the fundamental symmetric function of degree r in the j variables λ1, . . . , λj ,

i.e.,

σj
r(λ) :=

∑

1≤i1<i2<···<ir≤j

r∏
s=1

λis .

Accordingly, denoting by I the identity, we can write equality (3.2) as follows:

Lku(x) = e−λkx
k−1∏
s=1

(D − λsI)u′(x) , x ∈ IR . (3.3)

Note that the latter equality is also valid for k = n + 1 provided that we set λn+1 := λn.
Therefore, we can also define the space E(λ) as E(λ) = KerLn+1. It follows that the space
DE(λ) is an n-dimensional extended Chebyshev space on any closed bounded interval, hence on
IR. The space E(λ) in turn is an (n + 1)-dimensional extended Chebyshev space on IR.

3.2. Piecewise exponential spaces

From now on, we assume that, for each ` ∈ ZZ, E` is the restriction to [t`, t`+1] of an
exponential space, say E(λ`) = Ker

[
D

∏n
s=1(D−λ`

sI)
]
, where λ` = (λ`

1, . . . , λ
`
n) ∈ IRn. We shall

refer to the corresponding spaces E as piecewise exponential spaces, and to splines based on such
spaces as piecewise exponential splines to emphasize that the sections of such splines are chosen
in different exponential spaces.

In the present situation, according to (3.3), the matrix A` introduced in (2.10) can be
written as follows:

A`(x) = ∆`(x) . B(λ`) , (3.4)

where ∆(x) denotes the diagonal matrix (e−λ`
1x, . . . , e−λ`

nx), and where, for any λ = (λ1, . . . , λn)

B(λ) :=




1 0 0 . . . 0
−σ1

1(λ) 1 0 . . . 0
σ2

2(λ) −σ2
1(λ) 1 . . . 0

...
...

. . .
(−1)n−1σn−1

n−1(λ) (−1)n−2σn−1
n−2(λ) . . . . . . 1




. (3.5)

On account of (2.12) and (3.4), the connection matrix M` is given by

M` = ∆`(t`) . B(λ`) . B(λ`−1)
−1

. ∆`−1(t`)
−1

. (3.6)

In order to apply Theorems 2.5 and 2.6, we are interested in the total positivity of the matrices
M` and the submatrices M̂`. It is well-known that any product of totally positive matrix
is totally positive. Both ∆`(t`) and ∆`−1(t`)

−1 being diagonal and totally positive, the total
positivity of M` is thus equivalent to that of the product B(λ`) .B(λ`−1)−1. Any matrix M̂`

being built similarly to M`, we are actually in search of conditions on λ = (λ1, . . . , λn), µ =
(µ1, . . . , µn) ∈ IRn ensuring the total positivity of a product B(µ) .B(λ)−1.

For any integers 0 ≤ i ≤ j ≤ n, let us introduce the following quantities:

Hj
i (λ) :=

∑

α1+···+αj=i

λ1
α1 . . . λj

αj , (3.7)

so that in particular Hj
0(λ) = 1 for all j ≤ n. Setting by convention Hj

i (λ) = 0 for i < 0,
consider the lower triangular matrix

C(λ) :=
(
Hj

i−j(λ)
)
1≤i,j≤n

. (3.8)
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Proposition 3.1. Given λ = (λ1, . . . , λn), and µ = (µ1, . . . , µn) ∈ IRn, the coefficient of row i,
column j of the lower triangular matrix

D(λ, µ) := B(µ) . C(λ) , (3.9)

is given by
D(λ, µ)i,j = [λ1, . . . , λj ]ϑµ,i , 1 ≤ i, j ≤ n , (3.10)

where the function ϑµ,i is defined by

ϑµ,i(x) :=
∏

1≤`≤i−1

(x− µ`) , (3.11)

and where, for any sufficiently differentiable function f , [λ1, . . . , λj ]f denotes the (j−1)th order
divided difference of f based on the points λ1, . . . , λj .

Proof: It is well-known that divided differences of products of functions can be calculated by
means of the Leibniz formula

[λ1, . . . , λj ](fg) =
j∑

k=1

[λ1, . . . , λk]f [λk, . . . , λj ]g .

In the particular case g(x) = x, this formula reduces to

[λ1, . . . , λj ](fg) = [λ1, . . . , λj−1]f + λj [λ1, . . . , λj ]f . (3.12)

Setting gs(x) := xs, and using the equality gs+1(x) = xgs(x), a straightforward induction based
on (3.12) provides the divided differences of the functions gs

[λ1, . . . , λj ]gs = Hj
s−j+1(λ) , 1 ≤ j ≤ n , s ∈ IN . (3.13)

Now, from (3.9), (3.5), and (3.8), we obtain, for any i, j = 1, . . . , n

D(λ, µ)i,j =
i∑

k=1

(−1)i−k σi−1
i−k(µ) Hj

k−j(λ). (3.14)

On the other hand, ϑµ,i =
∑i

k=1(−1)i−k σi−1
i−k(µ) gk−1. Hence, on account of (3.13), equality

(3.14) is nothing but the announced equality (3.10).

Corollary 3.2. For any λ ∈ IRn, the matrix C(λ) is the inverse of B(λ), and therefore, for any

µ ∈ IRn, the product B(µ) .B(λ)−1
is nothing but the matrix D(λ, µ) given by (3.9) or (3.10).

Proof: Given λ ∈ IRn, according to (3.10), D(λ, λ)i,j = [λ1, . . . , λj ]ϑλ,i.
Applying the Leibniz formula to calculate the divided differences of the product (x −

λi)ϑλ,i(x) = ϑλ,i+1(x), a simple induction shows that D(λ, λ)i,j = δi,j .

3.3. Total positivity of D(λ, µ)

In order to apply the sufficient conditions given in Theorems 2.5 and 2.6 to guarantee
existence of blossoms either in piecewise exponential spaces or in piecewise exponential spline
spaces, we have to prove that a certain matrix of the type D(λ, µ) defined in (3.10) is totally
positive. Given λ = (λ1, . . . , λn) IRn and µ = (µ1, . . . , µn) ∈ IRn, we thus want to find conditions
on λ and µ which are necessary and sufficient to ensure that

D

(
i1, . . . , ik
j1, . . . , jk

)
:= det ([λ1, . . . , λjs ]ϑµ,ir )

k
r,s=1 ≥ 0,

for all 1 ≤ k ≤ n, 1 ≤ i1 < . . . < ik ≤ n, and 1 ≤ j1 < . . . < jk ≤ n. Since D(λ, µ) is lower
triangular with ones on the diagonal many of its minors will be zero. Indeed, we have
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Lemma 3.3. Suppose 1 ≤ k ≤ n, 1 ≤ i1 < . . . < ik ≤ n, and 1 ≤ j1 < . . . < jk ≤ n. If js > is

for some s, then D = D

(
i1, . . . , ik
j1, . . . , jk

)
= 0.

Proof: We have D = det(M), where M = ([λ1, . . . , λjs
]ϑµ,ir

)k
r,s=1. Since js > is and ϑµ,is

is a polynomial of degree less than is it follows from properties of divided differences that the
(s, s)-entry [λ1, . . . , λjs ]ϑµ,is of M is zero. This implies that the upper right s-by-(k + 1 − s)
corner of M is zero and hence det(M)=0.

Given functions f1, . . . , fk and real numbers x1, . . . , xk we let

det
(

x1, . . . , xk

f1, . . . , fk

)

denote the determinant of the collocation matrix with element fi(xj) in row i and column j

Lemma 3.4. Suppose k ∈ IN, and λi 6= λj for i 6= j. Then for any functions f1, . . . , fk defined
on the λ’s

det
((

[λ1, . . . , λj ]fi

)k

i,j=1

)
= det

(
λ1, . . . , λk

f1, · · · , fk

)
/

∏

1≤i<j≤k

(λj − λi).

Proof: We use the divided difference formula

[λ1, . . . , λj ]f =
j∑

r=1

f(λr)/
j∏

s=1
s 6=r

(λr − λs)

and straightforward determinant manipulations.

The minors of D(λ, µ) defined from the first columns and any consecutive rows can be
computed exactly.

Lemma 3.5. For 0 ≤ i < i + k ≤ n we have

D

(
i + 1, . . . , i + k
1 , . . . , k

)
=

k∏

j=1

ϑµ,i+1(λj). (3.15)

Proof: By continuity it is enough to prove (3.15) for distinct λ’s. Setting ψj := ϑµ,i+j/ϑµ,i+1

for j = 1, . . . , k and using Lemma 3.4 in both directions, we obtain

D

(
i + 1, . . . , i + k
1 , . . . , k

)
= det

(
λ1, . . . , λk

ϑµ,i+1, · · · , ϑµ,i+k

)
/

∏

1≤i<j≤k

(λj − λi)

=
k∏

j=1

ϑµ,i+1(λj) det
(

λ1, . . . , λk

ψ1, · · · , ψk

)
/

∏

1≤i<j≤k

(λj − λi)

=
k∏

j=1

ϑµ,i+1(λj) det
((

[λ1, . . . , λj ]ψi

)k

i,j=1

)
.

The last determinant is equal to one since it involves a unit lower triangular matrix.

From Lemma 3.5 we obtain a necessary condition for the total positivity of D(λ, µ) in the
case of distinct λi’s and µi’s.
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Lemma 3.6. Suppose {λ1, . . . , λn} ∩ {µ1 . . . , µn} = ∅. Then D

(
i + 1, . . . , i + k
1 , . . . , k

)
> 0 for all

0 ≤ i < i + k ≤ n if and only if

λj − µi > 0, for all i, j ≥ 1, and i + j ≤ n. (3.16)

Proof: According to Lemma 3.5 the positivity of D

(
i + 1, . . . , i + k
1 , . . . , k

)
> 0 for all i, k is equiv-

alent to the positivity of the product
∏k

j=1 ϑµ,i+1(λj) for 0 ≤ i < i + k ≤ n. By successively
taking k = 1 and i = 1, . . . , n− 1, k = 2 and i = 1, . . . , n− 2, and so forth, we see that all these
products are positive if and only if (3.16) holds.

We want to show that (3.16) is also sufficient and start with.

Lemma 3.7. Suppose {λ1, . . . , λn} ∩ {µ1 . . . , µn} = ∅. Then D

(
i1, . . . , ik
1, . . . , k

)
> 0 for all 1 ≤

k ≤ n and all 1 ≤ i1 < · · · < ik ≤ n if and only if (3.16) holds.

Proof: The fact that condition (3.6) is necessary follows from Lemma 3.6. Conversely, suppose

(3.16) holds and let let us prove that D

(
i1, . . . , ik
1, . . . , k

)
> 0 for given 1 ≤ k ≤ n and 1 ≤ i1 <

· · · < ik ≤ n. Suppose there is a gap in the sequence i1, . . . , ik, i.e., there are integers i, s with
is < i < is+1. By [5, p.8] we have

D

(
i2, . . . , i, . . . ik−1

1, . . . , k − 1

)
D

(
i1, . . . , ik
1, . . . , k

)

= D

(
i2, . . . , ik

1, . . . , k − 1

)
D

(
i1, . . . , i, . . . ik−1

1, . . . , k

)

+ D

(
i1, . . . , ik−1

1, . . . , k − 1

)
D

(
i2, . . . , i, . . . ik
1, . . . , k

)

By a standard argument we use induction on k and the size g =
∑k

j=2(ij − ij−1 − 1) of the

gaps. All determinants except D

(
i1, . . . , ik
1, . . . , k

)
are either of order k − 1 or have gaps of size

at most g − 1. By Lemma 3.6 and induction all those minors are positive and it follows that

D

(
i1, . . . , ik
1, . . . , k

)
> 0.

Lemma 3.8. Suppose {λ1, . . . , λn}∩{µ1 . . . , µn} = ∅. For any integers l, k with 0 ≤ l < l+k ≤
n and any 1 ≤ i1 < · · · < ik ≤ n we consider the minor D

(
i1, . . . , ik

l + 1, . . . , l + k

)
. This determinant

is equal to zero if i1 ≤ l. If i1 > l then the minor is positive for all 0 ≤ l < l + k ≤ n and any
1 ≤ i1 < · · · < ik ≤ n if and only if (3.16) holds.

Proof: If i1 ≤ l then the minor is zero since the row corresponding to ϑµ,i1 is zero. If i1 > l
then we can augment the minor as follows:

D

(
i1, . . . , ik

l + 1, . . . , l + k

)
= D

(
1, . . . , l, i1, . . . , ik

1, . . . , l, l + 1, . . . , l + k

)
.

This follows since the upper left l-by-l corner of the minor on the right is unit lower triangular.
That the minor is positive if and only if (3.16) holds now follows from Lemma 3.7.

Lemma 3.9. Suppose {λ1, . . . , λn} ∩ {µ1 . . . , µn} = ∅. Then D

(
i1, . . . , ik
j1, . . . , jk

)
> 0 for all 1 ≤

k ≤ n, 1 ≤ i1 < · · · < ik ≤ n, and 1 ≤ j1 < · · · < jk ≤ n with is ≥ js for s = 1, . . . , k if and only
if (3.16) holds.
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Proof: Suppose (3.16) holds and that 1 ≤ k ≤ n, 1 ≤ i1 < · · · < ik ≤ n, and 1 ≤ j1 < · · · <
jk ≤ n with is ≥ js for s = 1, . . . , k. We use a standard argument involving induction on k and
the size g =

∑k
i=2(j1 − j2 − 1) of the column gaps. There are two cases. If j1 = i1 then

D

(
i1, . . . , ik
j1, . . . , jk

)
= D

(
i2, . . . , ik
j2, . . . , jk

)
,

where the latter minor is of order k − 1 and hence positive by induction. Suppose next i1 > j1
and g > 0. We pick j /∈ {j1, . . . , jk} and use the basic determinant identity this time on the
columns to obtain

D

(
i1 , . . . , ik−1

j2, . . . , j, . . . , jk−1

)
D

(
i1, . . . , ik
j1, . . . , jk

)

= D

(
i1, . . . , ik−1

j2, . . . , jk

)
D

(
i1, . . . , ik

j1, . . . , j, . . . jk−1

)

+ D

(
i1, . . . , ik−1

j1, . . . , jk−1

)
D

(
i1, . . . , ik
j2, . . . , j, . . . jk

)
.

Here we choose j as small as possible. This choice of j implies that j = jl + 1 for some l. Now
is ≥ is for s ≤ l and il+1 ≥ il+1 ≥ jl+1 = j. Moreover, is ≥ js ≥ js−1 for s = l+2, . . . , k. Thus
the nesting assumption of the row and column indices of the first and last minor is satisfied and

those minors together with D

(
i1, . . . , ik−1

j1, . . . , jk−1

)
are positive by the induction hypothesis. Since

the first two minors on the right are nonnegative we conclude that D

(
i1, . . . , ik
j1, . . . , jk

)
is positive.

The converse follows from Lemma 3.6 in the same way as in the proof of Lemma 3.7.

Theorem 3.10. Suppose {λ1, . . . , λn} ∩ {µ1 . . . , µn} = ∅. Then the matrix D(λ, µ) is totally
positive if and only if (3.16) holds.

Proof: This follows by combining Lemma 3.3 and Lemma 3.9.

Consider now the case where the first λ’s and µ’s are equal.

Lemma 3.11. Suppose that λi = µi for i = 1, . . . , r. Then

D(λ, µ) =
(

Ir 0
0 D(λ̃, µ̃)

)
,

where Ir is the identity matrix of order r, D(λ̃, µ̃) is the matrix of order (n − r) defined from

λ̃ := (λr+1, . . . , λn) and µ̃ := (µr+1, . . . , µn) according to (3.10), i.e.,

D(λ̃, µ̃)i,j := [λr+1, . . . , λr+j ]ϑµ̃,i
, 1 ⊂, j ≤ n− r , (3.17)

with ϑ
µ̃,i

(x) := ϑµ,r+i(x)/ϑµ,r+1(x) =
∏r+i−1

j=r+1(x− µj).

Proof: Since D(λ, µ) is lower triangular and µi = λi for i = 1, . . . , r we see that D(λ, µ) is
block diagonal. For the D(λ̃, µ̃) part we apply repeatedly the divided difference identity

[λk, . . . , λn]
(
(.− λk)u

)
= [λk+1, . . . , λn]u . (3.18)

resulting from the Leibniz formula, valid for any sufficiently differentiable function u defined on
IR, i.e., when we take the divided difference of a function containing the factor (x−λk) we can
remove that factor whenever λk is one of the arguments of the divided difference.

We now have the following strengthening of Theorem 3.10.

Theorem 3.12. Suppose for a nonnegative integer r that λi = µi for i = 1, . . . , r and that
{λr+1, . . . , λn} ∩ {µr+1 . . . , µn} = ∅. Then the matrix D(λ, µ) is totally positive if and only if
λr+j − µr+i > 0, for all i, j ≥ 1 and i + j ≤ n− r.

Proof: From Lemma 3.11 it follows that D(λ, µ) is totally positive if and only if the matrix
D(λ̃, µ̃) given by (3.17) is totally positive. By Theorem 3.10, D(λ̃, µ̃) is totally positive if and
only if λr+j − µr+i > 0, for all i, j ≥ 1 and i + j ≤ n− r.
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3.4. Comments on the total positivity conditions

Theorems 3.10 and 3.12 give necessary and sufficient conditions for total positivity of certain
(connection) matrices and by Theorem 2.5 the total positivity of such matrices is sufficient for
the existence of E-blossoms and hence for the existence of B-splines bases. In this subsection
we shall apply these conditions to particular cases and we shall give an example showing that
blossoms may exist in the space E even though the connection matrices are not totally positive.

Given λ := (λ1, . . . , λn) ∈ IRn and any permutation σ of the set {1, . . . , n}, let us set σλ :=
(λσ(1), . . . , λσ(n)). Since E(σλ) = E(λ), with the set E(λ) it may possible to associate another
sequence of weight funtions, defined from σλ instead of λ according to (3.1). Given another
n-tuple µ := (µ1, . . . , µn), and another permutation σ′, it may occur that the matrix D(σλ, σ′µ)
is totally positive while the matrix D(λ, µ) is not. For instance, if n = 2 and if r and r′ are two
distinct nonnegative real numbers, D((r,−r), (−r′, r′)) is totally positive, D((−r, r), (r′,−r′)) is
not, D((r,−r), (r′,−r′)) is totally positive if and only if r′ < r, and D((−r, r), (−r′, r′)) is if and
only if r′ > r.

Let us denote by E(λ, µ) the space of all Cn functions U : IR → IR for which there exist
F ∈ E(λ), G ∈ E(µ) such that

U(x) =
{

F (x) if x ≤ 0 ,
G(x) if x ≥ 0 .

The space E(λ, µ) is a particular example of piecewise exponential space. It corresponds to
selecting any subdivision T = (t`)`∈ZZ of the real line, with t0 = 0, and to defining E` as the
restriction of E(λ) to [t`, t`+1] for any negative ` and the restriction of E(µ) to [t`, t`+1] for any
nonnegative `. In order to apply Theorem 2.5 to this particuliar piecewise exponential space,
we only need to ensure the total positivity of the connection matrix at the point 0. Existence of
blossoms in the space E(λ, µ) will thus be ensured by the total positivity of the matrix D(σλ, σ′µ),
for any permutations σ, σ′. According to Theorem 3.12, this will be satisfied as soon as

λσ(i) = µσ′(i) for i = 1, . . . , r, {λσ(r+1), . . . , λσ(n)} ∩ {µσ′(r+1) . . . , µσ′(n)} = ∅ (3.19)
λσ(r+j) − µσ′(r+i) > 0 for all i, j ≥ 1, i + j ≤ n− r (3.20)

When (3.19) is satisfied, the weakest among all the conditions (3.20) is obtained by choosing
the two permutations as in the following Proposition.

Proposition 3.13. Choose two permutations σ, σ′ of the set {1, . . . , n} satisfying (3.19) and
also λσ(r+1) ≥ · · · ≥ λσ(n) and µσ′(r+1) ≤ · · · ≤ µσ′(n). Then, blossoms exist in the space E(λ, µ)
as soon as

λσ(n−i) − µσ′(r+i) > 0, 1 ≤ i ≤ n− r − 1 . (3.21)

Note that the conditions stated in the latter proposition are automatically satisfied if both
E(λ) and E(µ) are hyperbolic tensions spaces, i.e., if, up to permutations, λ = (0[n−2],−r, r)
and µ = (0[n−2],−r′, r′), where r, r′ are distinct nonnegative real numbers.

Given an integer m, 0 ≤ m ≤ n, let us also introduce the exponential spline space S(λ, µ)
composed of all Cn−m functions S : IR → IR for which there exist F ∈ E(λ), G ∈ E(µ) such that

S(x) =
{

F (x) if x ≤ 0 ,
G(x) if x ≥ 0 .

By application of Theorem 2.6, we more generally obtain the following result.

Proposition 3.14. Blossoms exist in the spline space S(λ, µ) as soon as

λσ(n−m−i) − µσ′(r+i) > 0, 1 ≤ i ≤ n−m− r − 1 , (3.22)

where the permutations σ, σ′ are chosen as in Proposition 3.13.

We shall show in the next section that the conditions stated in Propositions 3.13 and
3.14 are not only sufficient to ensure existence of blossoms in the space E(λ, µ) and S(λ, µ)
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respectively, but also necessary. Unfortunately, if we have to consider two or more connections
between different exponential spaces, we cannot take benefit of these weak conditions. Indeed,
in Theorem 2.5, the weight functions are fixed once and for all in each section and we cannot
change them in one section independently of the others.

Let us return to the most general piecewise exponential space E described at the beginning
of Subsection 3.2, i.e., the case where, for all ` ∈ ZZ, E` is obtained by restriction of E(λ`) =
Ker

[
D

∏n
s=1(D − λ`

sI)
]

to [t`, t`+1], where λ` = (λ`
1, . . . , λ

`
n) ∈ IRn. We are not allowed to

change the order of the λ`
i ’s for a given ` independently of the other sections. In order to be

able to conclude that blossoms exist through Theorem 2.5, we can only require, by induction,
the existence of a sequence σ`, ` ∈ ZZ, of permutations such that, for any ` ∈ ZZ, the matrix
D(σ`−1λ`−1, σ`λ`) is totally positive. However this is a very restrictive condition as we shall point
out by considering the case of piecewise hyperbolic tension spaces.

Choose n = 2, and E(λ`) = Ker(D3 − r`
2D), where r`, ` ∈ ZZ, is a sequence of nonnegative

real numbers. Assume that there exists an integer ` ∈ ZZ such that r` 6= r`−1, r`+1, which
means that we have to consider the connections at t` and t`+1 at least. If we order the central
parameters in decreasing order, that is, if we work with λ` = (r`,−r`), we have to choose
λ`−1 = (r`−1,−r`−1) and, in order to ensure the total positivity of D(λ`−1, λ`) we have to
require r` < r`−1. More generally we shall then have to require rj−1 ≤ rj for all j ≤ `. For the
(`+1)th section we can choose either λ` = (r`+1,−r`+1), with r`+1 < r`, or λ` = (−r`+1, +r`+1),
with no condition on r`+1, but this latter choice implies that the sequence rj , j ≥ ` + 1, has to
be nondecreasing. Similar conditions appear when ordering the central parameters in increasing
order, that is when starting with λ` = (−r`, r`). Let us summarize all the possiblities to
guarantee existence of blossoms through total positivity conditions (using all possible weights
defined as in (3.1))

• the whole sequence rj , j ∈ ZZ, is either increasing or decreasing,

• there exists an integer j0 such that the sequence rj , j ≤ j0, is decreasing, and the sequence
rj , j ≥ j0 + 1, is increasing.

Now, according to Proposition 2.7, we know that blossoms exist in the piecewise hyperbolic
tension space E without any condition on the r`’s. Therefore, the condition of total positivity
proves to be unnecessarily strict as soon as we have to deal with two or more connections.

§4. Existence of blossoms in E(λ, µ) and S(λ, µ)

This section is devoted to proving to prove the following result.

Theorem 4.1. The conditions stated in Propositions 3.13 and 3.14 are necessary and sufficient
to obtain existence of blossoms in the spaces E(λ, µ) and S(λ, µ) introduced in Subsection 3.4.

The sufficient part was the object of Propositions 3.13 and 3.14. The necessary part will
be achieved by using Theorem 2.4.

4.1. Preliminaries

The space DE(λ) = Ker
∏n

k=1(D − λkI) is spanned by the n functions xj e`i x, 1 ≤ i ≤ s,
0 ≤ j ≤ ri − 1, where, up to a permutation, λ = (`1[r1], . . . , `s

[rs]), with pairwise distinct
`1, . . . , `s, and positive integers r1, . . . , rs. For a given x ∈ IR, denote by fx the function
fx(t) := ex t, t ∈ IR. Since the divided difference [λ1, . . . , λn]fx is a linear combination of
the quantities fx(`q), . . . , fx

(rq−1)(`q), with nonzero coefficients, as a basis of DE(λ) we can as
well choose the n functions [λ1]f. , [λ1, λ2]f. , . . . , [λ1, . . . , λn]f..

In this section, for any positive integer i, the function x 7→ xi will be denoted .i.

Lemma 4.2. Denote by Φλ : IR → IRn a given (nondegenerate) E(λ)-function such that

Φλ
′(x) = ([λ1]fx, [λ1, λ2]fx, . . . , [λ1, . . . , λn]fx)T , x ∈ IR . (4.1)
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Then the function Φ ]
λ (defined according to (2.6)) is given by

Φ ]
λ (x) =

(
[λ1, . . . , λn]f−x, [λ2, . . . , λn]f−x, . . . , [λn]f−x

)T
, x ∈ IR , (4.2)

=
(
[λ1, . . . , λn](f−x ϑλ,1), . . . , [λ1, . . . , λn](f−x ϑλ,n)

)T
, (4.3)

where the functions ϑλ,i are defined as in (3.11), i.e., ϑλ,s(t) :=
∏s−1

`=1(t− λ`).

Proof: From (4.1) we obtain, for any positive integer i

Φλ
(i)(x) =

(
[λ1](.i−1fx) , [λ1, λ2](.i−1fx) , . . . , [λ1, . . . , λn](.i−1fx)

)T
, x ∈ IR .

Hence, for a given x ∈ IR, Φ]
λ(x) :=

(
Φλ,1

](x), . . . , Φλ,n
](x)

)T is uniquely determined by the n
relations

n∑

k=1

[λ1, . . . , λk](.i−1fx) Φλ,k
](x) =

{ 0 if 1 ≤ i ≤ n− 1 ,
1 if i = n .

Now, using the Leibniz formula, we have

n∑

k=1

[λ1, . . . , λk](.i−1fx) [λk, . . . , λn]f−x = [λ1, . . . , λn](.i−1fxf−x) = [λ1, . . . , λn](.i−1) .

The right-hand side of the latter equality is equal to 0 if 1 ≤ i ≤ n − 1, and to 1 if i = n.
Therefore Φλ,k

](x) = [λk, . . . , λn]f−x for all k = 1, . . . , n.
On the other hand, applying repeatedly (3.18) transforms (4.2) into (4.3).

Lemma 4.3. With the same notations as in Lemma 4.2, let Φ be any E(λ, µ)-function such
that Φ′(x) = Φλ

′(x) for all x ≤ 0. Then, for all x ≥ 0, we have

Φ′(x) = D(µ, λ)T . Φµ
′(x) , (4.4)

where D(µ, λ) is the nth order square matrix defined according to (3.9) and where Φµ denotes
an E(µ)-function such that Φµ

′(x) := ([µ1]fx, [µ1, µ2]fx, . . . , [µ1, . . . , µn]fx)T .

Proof: Since the components of Φµ
′ form a basis of DE(µ), we know that

Φ′(x) = A . Φµ
′(x), x ≥ 0 , (4.5)

where the nth order square matrix A is to be determined so as to ensure

Φ(i)(0+) = Φ(i)(0−) , i = 1, . . . , n . (4.6)

Since Φ′(x) = Φλ
′(x) for x ≤ 0, equality (4.1) yields

Φ(j)(0−) =
(
[λ1](.j−1) , [λ1, λ2](.j−1) , . . . , [λ1, . . . , λn](.j−1)

)T
, j ≥ 1 .

Hence, we have
(
Φ′(0−), . . . , Φ(n)(0−)

)
=

(
[λ1, . . . , λi](.j−1)

)
i,j=1,...,n

, i.e., according to (3.13)
and (3.8) (

Φ′(0−), . . . , Φ(n)(0−)
)

=
(
Hi

j−i(λ)
)
i,j=1,...,n

= C(λ)T . (4.7)

From (4.5) we can derive similarly
(
Φ′(0+), . . . , Φ(n)(0+)

)
= A . C(µ)T . (4.8)

Let us recall that the inverse of matrix C(µ) is B(µ) (cf. Corollary 3.2). Therefore, taking into
account (4.7) and (4.8), relations (4.6) are fulfilled if and only if

A = C(λ)T . C(µ)−T =
(B(µ) . C(λ)

)T = D(µ, λ)T .
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Lemma 4.4. Consider again an E(λ, µ)-function Φ such that Φ′(x) = Φλ
′(x) for all x ≤ 0.

Then, on [0, +∞[, the function Φ] is given by

Φ](x) =
(
[µ1, . . . , µn](f−x ϑλ,1) , . . . , [µ1, . . . , µn](f−x ϑλ,n)

)T
. (4.9)

Proof: For a given x ≥ 0, Φ](x) :=
(
Φ]

1(x), . . . , Φ]
n(x)

)T is determined by the n relations
〈Φ](x),Φ(k)(x) 〉 = δn,k, k = 1, . . . , n. Now, from (4.4) we can derive

Φ(k)(x) = D(µ, λ)T . Φµ
(k)(x) , k = 1, . . . , n .

One can readily check that this implies

Φ](x) = D(µ, λ)−1 . Φ ]
µ (x) . (4.10)

Since D(µ, λ) = B(µ) . C(λ), it results from Corollary 3.2 that D(µ, λ)−1 = D(λ, µ). On the
other hand, from Lemma 4.2 we know that

Φ ]
µ (x) =

(
[µ1, . . . , µn]f−x, [µ2, . . . , µn]f−x, . . . , [µn]f−x

)T
, x ∈ IR .

Therefore, using Proposition 3.1 and (4.2), we can write equality (4.10) as follows:

Φ]
i(x) =

n∑

k=1

[µ1, . . . , µk]ϑλ,i [µk, . . . , µn]f−x , i = 1, . . . , n .

Due to the Leibniz formula, the right-hand side of the latter equality is just [µ1, . . . , µn](f−x ϑλ,i),
which gives the announced result.

4.2. Existence of blossoms in the space E(λ, µ)

If blossoms exist in the space E(λ, µ), for any x < 0, any y > 0 and any integers i, j, k such
that i + j + k = n, the osculating flats Oscn−iΦ(x), Oscn−jΦ(0), and Oscn−kΦ(y) intersect at
a single point. This subsection gives necessary condition for this to be satisfied.

Proposition 4.5. Assume that λ1 ≥ λ2 ≥ · · · ≥ λn, µ1 ≤ µ2 ≤ · · · ≤ µn, and that
{λ1, . . . , λn} ∩ {µ1, . . . , µn} = ∅. Let Φ denote a nondegenerate E(λ, µ)-function, and let i, j, k
be three nonnegative integers such that i + j + k = n. Suppose that, for every x < 0 and every
y > 0, the intersection

Oscn−iΦ(x) ∩Oscn−jΦ(0) ∩Oscn−kΦ(y) (4.11)

consists of a single point. Then we have

Ki,k :=
k∏

r=1

i∏
s=1

(λs − µr) > 0 . (4.12)

Proof: Without any loss of generality, we can assume that Φ′(x) = Φλ
′(x) for x ≤ 0. According

to Theorem 2.4, given x < 0 and y > 0, the intersection (4.11) consists of a single point if
and only if the n vectors Φ](x), . . . , Φ] (i−1)(x), Φ](0), . . . , Φ] (j−1)(0), Φ](y), . . . , Φ] (k−1)(y), are
linearly independent, or equivalently, if and only if the determinant

∆(x, y) := det
(
Φ](x), . . . , Φ] (i−1)(x),Φ](0), Φ] ′(0−), . . . , Φ] (j−1)(0−), Φ](y), . . . , Φ] (k−1)(y)

)

never vanishes, and therefore keeps a strict sign, on ]−∞, 0[×]0, +∞[.
From (4.3) we see that for any x < 0, and any r ≥ 0

(−1)r Φ] (r)(x) =
(
[λ1, ..., λn](. rf−x ϑλ,1), [λ1, ..., λn](. rf−x ϑλ,2), . . . , [λ1, ..., λn](. rf−x ϑλ,n)

)T
.
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We also have

Φ](0) =
(
[λ1, . . . , λn](1I), [λ2, . . . , λn](1I), . . . , [λn](1I)

)T = (0, . . . , 0, 1)T ,

and, for 0 < r ≤ n− 1,

(−1)r Φ] (r)(0−) =
(
[λ1, . . . , λn](. r) , [λ2, . . . , λn](. r) , . . . , [λn](. r)

)T

= ( 0, . . . , 0︸ ︷︷ ︸
n−r−1 times

, 1,×, . . . ,×)T ,

where ×, . . . ,× denotes quantities the values of which are not important in the present context.
On account of the latter equalities, it follows that, up to a possible change of sign, we can express
∆(x, y) as a determinant of order i + k, namely

∆(x, y) = det
(
C1(x), . . . , Ci(x), D1(y), . . . , Dk(y)

)
, (x, y) ∈]−∞, 0[×]0, +∞[ , (4.13)

where, for all r ≥ 1

Cr(x) := [λ1, . . . , λn](. r−1 f−x Θ) , Dr(y) := [µ1, . . . , µn](. r−1 f−y Θ) , (4.14)

and the function Θ : IR → IRi+k being defined by

Θ(t) :=
(
ϑλ,1(t) , . . . , ϑλ,i+k (t)

)T
, t ∈ IR . (4.15)

We thus have to prove that if the determinant ∆(x, y) given in (4.13) keeps a constant strict
sign, on ]−∞, 0[×]0, +∞[, then the number Ki,k is positivity. For the sake of simplicity, we shall
first give a detailed proof in the case where λ1, . . . , λn are all distinct, and so are µ1, . . . , µn.
-1) Assume that λ1 > λ2 > · · · > λn, µ1 < µ2 < · · · < µn.

Then, we can write the second equality in (4.14) as follows:

Dr(y) =
n∑

`=1

e−µ`y µ`
r−1 Y` , Y` :=

1∏
1≤s≤n

s 6=`

(µ` − µs)
Θ(µ`) . (4.16)

By linearity, equality (4.13) thus becomes

∆(x, y) =
∑

1≤`1,...,`k≤n

e−(µ`1+µ`2+···+µ`k
)y µ`2µ`3

2 . . . µ`k

k−1 det
(
C1(x), . . . , Ci(x), Y`1 , . . . , Y`k

)
.

(4.17)
Since µ1 < · · · < µn, it follows that

γ(x) : = lim
y→+∞

e(µ1+µ2+···+µk)y ∆(x, y) (4.18)

=
∑

{`1,...,`k}={1,...,k}
µ`2µ`3

2 . . . µ`k

k−1 det
(
C1(x), . . . , Ci(x), Y`1 , . . . , Y`k

)

= det
(
C1(x), . . . , Ci(x),

k∑

`=1

Y`,

k∑

`=1

µ` Y` . . . ,

k∑

`=1

µ`
k−1 Y`

)
. (4.19)

We can write the matrix involved in (4.19) as

(
C1(x), . . . , Ci(x), Y1, . . . , Yk

)
.

( Ii 0
0 B

)
,
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B being the kth order Vandermonde matrix based on µ1, . . . , µk, and Ii the identity matrix of
order i. Hence, from (4.19) and from the second equality in (4.16) we can deduce that

γ(x) =

∏

1≤r<s≤k

(µs − µr)

∏

1≤`≤k

∏
1≤s≤n

s 6=`

(µ` − µs)
δ(x) , (4.20)

with
δ(x) := det

(
C1(x), . . . , Ci(x)), Θ(µ1), . . . , Θ(µk)

)
, x < 0 . (4.21)

1a) Let us first examine how δ(x) behaves when x → −∞. Writing

Cr(x) =
n∑

`=1

e−λ` x λ`
r−1 X` , X` :=

1∏
1≤s≤n

s 6=`

(λ` − λs)
Θ(λ`) , (4.22)

a similar argument will enable us to derive from (4.21)

A : = lim
x→−∞

e(λ1+···+λi)x δ(x) (4.23)

=
∑

{`1,...,`i}={1,...,i}
λ`2λ`3

2 . . . λ`i

i−1 det
(
X`1 , . . . , X`i , Θ(µ1), . . . , Θ(µk)

)

=

∏

1≤r<s≤i

(λs − λr)

∏

1≤`≤i

∏
1≤s≤n

s 6=`

(λ` − λs)
B , (4.24)

where

B : = det
(
Θ(λ1), . . . , Θ(λi), Θ(µ1), . . . , Θ(µk)

)
. (4.25)

= (−1)ik Ki,k

∏

1≤r<s≤i

(λs − λr)
∏

1≤r<s≤k

(µs − µr) . (4.26)

The latter equality comes from the fact that, for any x1, . . . , xi+k

det
(
Θ(x1), . . . , Θ(xi+k)

)
=

∏

1≤r<s≤i+k

(xs − xr) , (4.27)

which is easy to check by induction on the order of the determinant. Due to our assumptions
on the λs’ and the µs’s, equalities (4.24) and (4.26) prove that the number A is not equal to 0
and that its sign is given by

sign(A) = (−1)ik (−1)i(i−1)/2 sign(Ki,k) . (4.28)

1b) Let us now examine what occurs when x → 0−. We start again with equality (4.21). Using
the Taylor series expansion of e−xt, it is easy to check that each column Cr(x) can be written
as follows:

Cr(x) =
+∞∑

`=0

(−x)`

`!
C`+r(0) , r = 1, . . . , i .

This yields

δ(x) =
∑

`1,...,`i≥0

(−x)`1+···+`i

`1! . . . `i!
det

(
C`1+1(0), . . . , C`i+i(0), Θ(µ1), . . . , Θ(µk)

)
. (4.29)
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Now, due to (4.14),

Cr(0) = 0 for 1 ≤ r ≤ j , Cr(0) =
(

0, . . . , 0︸ ︷︷ ︸
n−r times

, 1 ,×, . . . ,×)T for j + 1 ≤ r ≤ n .

Accordingly, in the series appearing in (4.29), the lowest possible degree terms are obtained for
{`1 + 1, . . . , `i + i} = {j + 1, . . . , j + i}. Let us set Θ̃(t) :=

(
ϑλ,1(t) , . . . , ϑλ,k (t)

)T . Then,
equality (4.29) gives

δ(x) = (−x)ij (−1)ik (−1)i(i−1)/2 K det
(
Θ̃(µ1), . . . , Θ̃(µk)

)
+ xijα(x) , (4.30)

where α(x) goes to 0 as x → 0−, and with

K :=
∑

σ

ε(σ)
(j + σ(1)− 1)! . . . (j + σ(i)− i)!

, (4.31)

the sum being taken over all permutations σ of {1, . . . , i} such that j +σ(`)− ` ≥ 0, ` = 1, . . . , i.
Using relation (4.27), we know that

det
(
Θ̃(µ1), . . . , Θ̃(µk)

)
=

∏

1≤r<s≤k

(µs − µr) . (4.32)

Furthermore, according to Lemma 4.6 below, the number K is positive. Hence, (4.30) shows
that

(−1)ik (−1)i(i−1)/2 δ(x) > 0 , x close to 0−. (4.33)

Taking equalities (4.18), (4.20), and (4.23) into consideration, from ∆(x, y) keeping the same
strict sign on ]−∞, 0[×]0,+∞[ and from (4.33) we can conclude that

(−1)ik (−1)i(i−1)/2 A > 0 , (4.34)

Thanks to (4.28), we eventually have proved the positivity of Ki,k.

2) Suppose now that we have only λ1 ≥ λ2 ≥ · · · ≥ λn and µ1 ≤ µ2 ≤ · · · ≤ µn.
We can thus write λ and µ as follows:

λ = (a1
[r1], . . . , ap1

[rp1 ]) , µ = (b1
[s1], . . . , bq1

[sq1 ]) ,

with positive exponents r1, . . . , rp1 , s1, . . . , sq1 , and a1 > · · · > ap1 , b1 > · · · > bq1 . We can
assume that i, k ≥ 1 (otherwise there is nothing to prove). Hence, we also have

λi = (a1
[r1], . . . , ap

[rp], ap+1
[α]) , µk = (b1

[s1], . . . , bq
[sq ], bq+1

[β]) ,

for some p < p1, q < q1, and with 0 ≤ α < rp+1, 0 ≤ β < sq+1. The method will be
similar to our case 1), but we shall now break the symmetry between λ1, . . . , λn and between
µ1, . . . , µn in the expression of the divided differences involved in ∆(x, y). Note that this expres-
sion may now contain exponentials multiplied by powers of x, y. After multiplication of ∆(x, y)
by e(µ1+µ2+···+µk)y and possibly division by a suitable power of y, if we let y go to +∞, up to
a multiplicative constant, we shall now have to deal with the function δ defined on ]−∞, 0[ by

δ(x) := det
(
C1(x), . . . , Ci(x),

Θ(b1), . . . , Θ(s1−1)(b1), . . . , Θ(sq−1)(bq), Θ(bq+1), . . . , Θ(β−1)(bq)
)

. (4.35)

We do not give details on this part of the proof, for the argument is similar to what we shall do
now with x → −∞ instead of y → +∞.
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2a) Let first x go to −∞. Making a repeated use of the equality

[λ`, . . . , λn](. rf−xΘ) = λ` [λ`, . . . , λn](. r−1f−xΘ) + [λ`+1, . . . , λn](. r−1f−xΘ) ,

leads to the following expression of δ(x):

δ(x) = (−1)i(i−1)/2 det
(
[λi, . . . , λn](f−xΘ), [λi−1, . . . , λn](f−xΘ), . . . ,

[λ2, . . . , λn](f−xΘ)), [λ1, . . . , λn](f−xΘ)),Θ(b1), . . . , Θ(β−1)(bq+1)
)

. (4.36)

Before letting x go to −∞ we have to identify the elements which contains e−(λ1+···+λi)x =
e−(r1a1+···+rpap+αap+1)x and the greatest possible powers of x.

Suppose first that i ≥ r1 ( i.e., p′ ≥ 1). Then in order to produce terms containing
e−(λ1+···+λi)x, we necessarily have to involve the r1 columns [λ`, . . . , λn](f−xΘ)), 1 ≤ ` ≤ r1, in
(4.36). Now, for 1 ≤ ` ≤ r1, we can write

[λr1−`+1, . . . , λn](f−xΘ) = [a1
[`], a2

[r2], . . . , ap
[rp]](f−xΘ)

= e−a1x
`−1∑
r=0

A`,r

r∑
s=0

(−x)r−s( r
s ) Θ(s)(a1) + · · · · · · , (4.37)

with
A`,`−1 =

1

(`− 1)!
p1∏

s=2

(a1 − as)rs

, 1 ≤ ` ≤ r1 . (4.38)

and the dots in (4.37) standing for terms which do not contain e−a1x. Therefore, in the
search of all terms of δ(x) containing e−(λ1+···+λi)x, in (4.36) we can replace the columns
[λ`, . . . , λn](f−xΘ)), 1 ≤ ` ≤ r1, by

e−r1a1x A1,0A2,1 . . . Ar1,r1−1 det
(
. . . , Θ(a1), . . . , Θ(r1−1)(a1), Θ(b1), . . .

)
. (4.39)

On the opposite, if i < r1 ( i.e., if p = 0 and i = α), we obtain

δ(x) = e−αa1x

(
(−x)α(r1−α) Λα,r1−α

r1∏

`=r1−α+1

A`,`−1 det(Θ(a1), . . . , Θ(α−1)(a1)) + · · ·
)

the dots standing for terms which contain powers of (−x) of smaller exponents, and Λs,r :=
det

(
( r+`

m )
)
0≤`,m≤s−1

. It is easy to check (by induction) that Λs,r = 1. Making repeated use of
such arguments, in any case we eventually obtain

(−1)i(i−1)/2 δ(x) = Γ e−(λ1+···+λi)x (−x)α(rp′+1−α) B + · · · , (4.40)

where the dots stand for terms of the form e−σxxs, with either σ < λ1+· · ·+λi or σ = λ1+· · ·+λi

and s < α(rp′+1 − α), and where the constants Γ, B are defined respectively by

Γ := (−1)
∑

1≤`≤s
r`rs(−1)α(i−α)

p∏
s=1

rs∏

`=1

As
`,`−1

rp+1∏

`=rp+1−α+1

Ap+1
`,`−1 , (4.41)

and

B := det
(
Θ(a1), . . . , Θ(r1−1)(a1), . . . , Θ(rp−1)(ap), Θ(ap+1), . . . , Θ(α−1)(ap+1),Θ(b1), . . .

)
(4.42)

Therefore

A := lim
x→−∞

e(λ1+···+λi)x

(−x)α(rp′+1−α)
δ(x) = (−1)i(i−1)/2 Γ B . (4.43)
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Given a function of ν variables, supposed to be antisymmetric and infinitely many times differ-
entiable on IRν , pairwise distinct numbers ξ1, . . . , ξr, and positive integers %1, . . . , %r such that∑r

s=1 %s = ν, we have (see the proof of [11, proof of Lemma 3.1])

lim
(x1,...,xν )→(ξ1

[%1],...,ξr
[%r ])

xr 6=xs

F (x1, . . . , xν)∏

1≤`<s≤ν

(xs − x`)
=

1
r∏

`=1

1!2! . . . (%` − 1)!

1∏

1≤`<s≤r

(ξs − ξ`)%`%s

× ∂10,21,...,%1
%1−1,(%1+1)0,(%1+2)1,...,n%r−1H(ξ1

[%1], . . . , ξr
[%r]) . (4.44)

Let us apply equality (4.44) to F (x1, . . . , xi+k) := det
(
Θ(x1), . . . , Θ(xi+k)

)
. On account of

(4.27) and of the order of a1, . . . , ap+1 and b1, . . . , bq+1, there exists a positive number H such
that

1 = (−1)
∑

1≤`≤s
r`rs(−1)α(i−α)H

B

(−1)ik Ki,k
, (4.45)

From the positivity of all numbers As
`,`−1 and from (4.41), (4.43), and (4.45), we can conclude

that the number A is not equal to 0 and that (4.28) is still valid.
2b) Let us examine what occurs when x → 0−. Following the same arguments as in 1b) will
lead us to

δ(x) = (−x)ij (−1)ik (−1)i(i−1)/2 K det
(
Θ̃(b1), . . . , Θ̃(β−1)(bq′+1)

)
+ xijα(x) , (4.46)

where α(x) goes to 0 as x → 0− and where K is the the positive number introduced in (4.31).
Applying (4.44) to the function F̃ (x1, . . . , xk) := det

(
Θ̃(x1), . . . , Θ̃(xk)

)
, and taking (4.32) into

account, proves the positivity of det
(
Θ̃(b1), . . . , Θ̃(β−1)(bq′+1)

)
. Comparison of (4.28) and (4.46)

allows to conclude to the positivity of Ki,k as in the case 1).

Lemma 4.6. For any integers i > 0, j ≥ 0, the number K defined in (4.31) is positive.

Proof: Choose n real numbers %1 > %2 > · · · > %i+j and denote by Φ% : IR → IRi+j an E(%)-
function satisfying Φ%

′(x) = ([%1]fx, . . . , [%1, . . . , %i+j ]fx)T , x ∈ IR. Since the space DE(%) is
an (i + j)-dimensional extended Chebyshev space on IR, we know that Oscj Φ%(x) ∩Osci Φ%(0)
consists of a single point for any x < 0. Equivalently, the function det

(
Φ ]

% (x), . . . , Φ ] (i−1)
% (x),

Φ ]
% (0), . . . , Φ ] (j−1)

% (0)
)

keeps a strict sign on ] − ∞, 0[. Replacing n by i + j and k by 0 in
the proof of Proposition 4.5, comparison of the corresponding relations (4.28) and (4.34) proves
that (−1)i(i−1)/2 and (−1)i(i−1)/2 K have the same sign.

Proposition 4.7. Suppose again that the intersection (4.11) consists of a single point for any
x < 0 and y > 0, under the assumptions λ1 > λ2 > · · · > λn, µ1 < µ2 < · · · < µn, but now
without the assumption {λ1, . . . , λn} ∩ {µ1, . . . , µn} = ∅. Then, if q1(k) < . . . < qi(k) denote
the i smallest integers p such that λp /∈ {µ1, . . . , µk}, we have

(−1)(q1(k)−1)+···+(qi(k)−i)
k∏

r=1

i∏
s=1

(λqs(k) − µr) > 0 . (4.47)

Proof: The arguments are the same as in the proof of Proposition 4.5, the only change con-
cerning the behaviour of δ(x) when x → −∞. We now have to consider

A := lim
x→−∞

e(λq1(k)+···+λqi(k))x δ(x) .

This yields

A =
∑

{`1,...,`i}={q1(k),...,qi(k)}
λ`2λ`3

2 . . . λ`i

i−1 det
(
X`1 , . . . , X`i ,Θ(µ1), . . . , Θ(µk)

)
,

where the quantities X` are defined in (4.22). On account of (4.27), we eventually obtain

sign(A) = (−1)
∑i

s=1
(qs(k)−1) sign

( k∏
r=1

i∏
s=1

(λqs(k) − µr)
)

,

while (4.34) is still valid. This gives the announced result.
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4.3. Proof of Theorem 4.1

Suppose that λ1 ≥ · · · ≥ λn, µ1 ≤ · · · ≤ µn. Let us first consider the case where
{λ1, . . . , λn} ∩ {µ1, . . . , µn} = ∅. Existence of blossoms in the space S(λ, µ) means that D(ϕ)
contains the set A of all n-tuples which are admissible with respect to the knot vector reduced
to (0[m]). Now, for any x < 0 and any y > 0, all n-tuples (x[i], 0[j], y[k]) belong to A provided
that the integer j is greater than or equal to the multiplicity m. It follows that, for any integers
i, k such that i + k ≤ n−m, the number Ki,k defined in (4.12) is positive. Taking successively
i = 1 and k = 1, . . . , n − m − 1, then i = 2 and k = 1, . . . , n − m − 2, and so forth up to
i = n−m− 1 and k = 1, we obtain that

λj − µi > 0 for all i + j < n−m.

On account of the order of the λj ’s and the µi’s, these conditions reduce to

λn−m−i − µi > 0 , 1 ≤ i ≤ n−m− 1 ,

which is nothing but condition (3.22) of Proposition 3.14.
Let us now assume that {λ1, . . . , λn} ∩ {µ1, . . . , µn} 6= ∅. Then, we obtain the positivity of

all quantities (4.47), with i + k ≤ n−m. We let the reader get conviced that, due to the order
of the λs’s and the µr’s, once again this amounts to condition (3.22) of Proposition 3.14.

Finally, note that the particular case m = 0 gives necessary conditions for existence of
blossoms in the space E(λ, µ).

§5. Conclusions

Once and for all we fix a sequence (λ`)`∈ZZ of n-tuples λ` := (λ`
1, . . . , λ

`
n) ∈ IRn, and a

sequence (m`)`∈ZZ of multiplicities. With each subdivision T := (t`)`∈ZZ of the real line, let us
associate the corresponding space E(T ) of Cn functions on IR with sections in the restrictions
of E(λ`) to [t`, t`+1]. Denote by K(T ) the knot vector K(T ) :=

(
t`

[m`]
)
`∈ZZ

, by A(T ) the
corresponding set of admissible n-tuples, and by S(T ) the corresponding spline space based on
E(T ). We can then state the following two results.

Proposition 5.1. For each ` ∈ ZZ, let σ` and σ′` be two permutations of {1, . . . , n} such that
λ`−1

σ`(i)
= µ`

σ′
`
(i) for i = 1, . . . , r`, {λ`−1

σ`(r`+1), . . . , λ
`−1
σ`(n)} ∩ {λ`

σ′
`
(r`+1) . . . , λ`

σ′
`
(n)} = ∅, λ`−1

σ`(r`+1) ≥
· · · ≥ λ`−1

σ`(n) and λ`
σ′

`
(r`+1) ≤ · · · ≤ λ`

σ′
`
(n). Suppose that, for any subdivision T , there exists a

B-spline basis in the exponential spline space S(T ) and in any spline space derived from S(T )
by insertion of knots. Then, we have

λσ`(n−m`−i) − µσ′
`
(r`+i) > 0, 1 ≤ i ≤ n−m` − r` − 1 , ` ∈ ZZ . (4.48)

Proof: Assume the existence of B-spline bases, that is, according to Theorem 2.2, existence
of blossoms in the space S(T ) for any subdivision T . For a given subdivision T , choose a
nondegenerate E(T )-function ΦT . Then, D(ϕT ) contains A(T ). Select an integer integer ` ∈ ZZ.
The set A(T ) contains in particular all n-tuples (x[i], t`

[j], y[k]), i, k ≥ 1, j ≥ m`, for any
x ∈ [t`−1, t`[, and y ∈]t`, t`+1], and any ` ∈ ZZ. On account of the translation invariance of the
exponential spaces, we may as well assume that t` = 0. Denote by Φ the E(λ`−1, λ`)-function
which coincides with ΦT on [t`−1, t`+1]. The intersection

Oscn−i Φ(x) ∩Oscn−j Φ(0) ∩Oscn−k Φ(y) = Oscn−i ΦT (x) ∩Oscn−j ΦT (0) ∩Oscn−k ΦT (y)
(4.49)

therefore consists of a single point for any (x, y) ∈ [t`−1, t`[×]t`, t`+1] and any i, k ≥ 1, j ≥ m`.
This being valid whatever the subdivision T , the left-hand side of (4.49) consists of a single point
for any (x, y) ∈] −∞, 0[×]0,+∞[. This means existence of blossoms in the space S(λ`−1, λ`).
Hence (4.48) results from Theorem 4.1.

Again, observe that the particular case of all mutiplicities equal to 0 gives a necessary condi-
tion for existence of B-spline bases in any spline space based on any space E(T ), or equivalently
for existence of blossoms in any space E(T ). Let us consider a particular case where all knots
are simple.
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Proposition 5.2. Suppose that n = 3 and that m` = 1 for all ` ∈ ZZ. Then, the following two
properties are equivalent:
(i) for any subdivision T , there exists a B-spline basis in the exponential spline space S(T )

and in any spline space derived from S(T ) by insertion of knots,
(ii) Min(λ`

1, λ
`
2, λ

`
3) < Max(λ`−1

1 , λ`−1
2 , λ`−1

3 ) for any integer ` such that {λ`−1
1 , λ`−1

2 , λ`−1
3 } ∩

{λ`
1, λ

`
2, λ

`
3} = ∅.

Proof: Given a subdivision T , a triplet (x, y, z), with x ≤ y ≤ z, belongs to A(T ) if and only
if there exists an integer ` ∈ ZZ such that either x, y, z ∈ [t`, t`+1] or x ∈ [t`−1, t`[, y = t`,
and z ∈]t`, t`+1]. Therefore, requiring existence of blossoms in the spline space S(T ) for any
subdivision T is now equivalent to requiring existence of blossoms in each space S(λ`−1, λ`) with
multiplicity one. Therefore (ii) follows from Theorem 4.1.

Conjecture. The necessary condition stated in the Proposition 5.1 becomes sufficient too in
the particular case considered in Proposition 5.2. We conjecture that it is always necessary
and sufficient. However proving the sufficiency (either by considering intersections of osculating
flats, or by limiting the number of zeros in the space E(T )] by modifying P.J. Barry’s results)
is certainly not easy in the general case.
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