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C! INTERPOLATORY SUBDIVISION WITH SHAPE CONSTRAINTS
FOR CURVES*

TOM LYCHE! AND JEAN-LOUIS MERRIEN?

Abstract. We derive two reformulations of the C' Hermite subdivision scheme introduced by
Merrien. One where we separate computation of values and derivatives and one based of refinement
of a control polygon. We show that the latter leads to a subdivision matrix which is totally posi-
tive. Based on this we give algorithms for constructing subdivision curves that preserve positivity,
monotonicity, and convexity.
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1. Introduction. Subdivision is a technique for creating a smooth curve or sur-
face out of a sequence of successive refinements of polygons; or grids see [2]. Subdivi-
sion has found applications in areas such as geometric design [6, 16], and in computer
games and animation [4]. We consider here the two point Hermite scheme, the HC'-
algorithm, introduced in [11]. We start with values and derivatives at the endpoint
of an interval and then compute values and derivatives at the midpoint. Repeating
this on each subinterval we obtain in the limit a function with a certain smoothness.
The scheme depends on two parameters o and 3 and it has been shown that the limit
function is C! for a range C of these parameters. For more references to Hermite
subdivision, see [5, 10, 12, 13].

The strong locality of the H(C!-algorithm was used in [13] to construct subdivision
curves with shape constraints like positivity, monotonicity, and convexity. A notion
of control points, control coefficients, and a Bernstein basis for two subfamilies of the
HC-interpolant were introduced in [15].

In this paper we continue the study of subdivision with shape constraints initiated
in [13, 15]. Before detailing our results let us first describe the shape preserving
subdivision process and give an example. Suppose we have values y1,...,y, and
derivatives ], ...,y at some abscissae t; < to < --- < t,,. With each subinterval
[ti,tis1] we associate parameters (ay,3;) € C chosen so that the HC'-interpolant
using data (yi,¥;, Yi+1,¥;4,) has the required shape on [t;,t;+1]. We then obtain a
C!-function on [t1,t,]. As an illustration consider the function in Figure 1.1.

This function is defined on the interval [0,4]. It is positive on [0,1], strictly
increasing on [1, 2], constant on [2,3], and concave on [3,4]. Suppose we want to use
subdivision to construct a Cl-approximation to this function with the same shape
characteristics and that all we know about the function is the function values y1, ..., yn
at some points t; < --- < t,. We can achieve this with the HC!-algorithm using only
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Fic. 1.1. A given function.

crude estimates for the derivatives y/,...,y,, as long as the transition points 1,2, 3
are among the abscissae and the chosen derivatives are consistent with the required
shapes; see section 6 for details. For classical curve based shape preserving algorithms
we refer to [7, 8, 9] and references therein.

As for Bézier and spline curves we introduce a control polygon for the HC'-
interpolant. The originality of this family of interpolants is that monotonicity or
convexity of the control polygon and of the function are equivalent (see Propositions
5.3 and 5.6). We observe that this is only true in one direction for Bezier or spline
curves.

Our paper can be detailed as follows. In section 2, we recall the HC'-algorithm
and some properties which were proved in [13]. We give a new formulation of the H(C*-
algorithm where we separate the computation of function values and derivatives. This
formulation is useful for proving shape preserving properties and with the aid of this
formulation we simplify the proofs of the main results in [13]. The new formulation
also shows why the one parameter family given by o = 3/(4(1 — )) and 8 € [-1,0)
considered in [13, 15] really is an extension of the quadratic spline case. We will refer
to this family as the EQS-case of the H(C'-algorithm. We also give a new domain C
for C''-convergence of the algorithm. In section 3 we use the control points introduced
in [15] to reformulate the HC'-algorithm as a stationary subdivision algorithm called
SC*. The control points depend on a third parameter A > 2 and we show convergence
of the SC'-algorithm for (a, 3) € C and A > 2. Starting in section 4, we restrict our
attention to the EQS-case. By formulating the SC!-algorithm as a corner cutting
scheme we show that the subdivision matrix S is totally positive. We show this for an
extended range of 3 and ) and also prove the total positivity of the H(C'-Bernstein
basis. With this last property, the interpolant inherits shape properties of the control
polygon such as nonnegativity, monotonicity, or convexity. In section 5, we give
algorithms for interpolation with any of the previous shape constraints. An example
based on Figure 1.1 is given in section 6.

We also point out that Proposition 2.1 on one hand and Proposition 3.1 with
Theorem 3.4 on the other hand show that we obtain two Lagrange subdivision schemes
from the HC'-Hermite subdivision scheme.

2. The HC*!-algorithm. We recall the univariate version of the Hermite subdi-
vision scheme for C'! interpolation given by Merrien [11], which we call here HC!. We
start with values (f(a),p(a)) and (f(b),p(b)) of a function f and of its first derivative
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p = [’ at the endpoints a,b of a bounded interval I := [a,b] of R. To build f and
p on I, we proceed recursively. At step n (n > 0), let us denote by P, the regular
partition of I in 2™ subintervals and let us write h,, := (b — a)/2". If ¢ and d are
two consecutive points of P,, then we compute f and p at the midpoint (¢ + d)/2
according to the following scheme, which depends on two parameters a and 3,

F (c—;—d) ::f(d) -2|-f(c) + ahy[p(d) — p(c)],

) <c42rd> —( —ﬂ)f(d)f;f(C) i) ;rp(C).

(2.1)

By applying these formulae on ever finer partitions, we define f and p on P = UP,
which is a dense subset of I. We say that the scheme is C'-convergent if, for any
initial data, f and p can be extended from P to continuous functions on I with p = f’.
We call f defined either on I or on P the HC'-interpolant to the data.

The HC*-algorithm can also be formulated as follows. We start with Hermite
data fo, po, f1, p1 at the endpoints of a finite interval [a, b] and set f§ = fo, p§ = po,
f2=fi,and pY = p;. Forn=0,1,2,..., h, =2""(b—a),and k=0,1,...,2" — 1

n+1 _fl?-Fl +f]?

(22) 2nk+1 = fl?v f2k+1 :_# + Cth (pz+1 - p}rcl)v
. . fn _ fn P+l
(2.3) P = Py = (1 BT 4 g

and f;,tll = foh, pgntll := p,. If the scheme is C'l-convergent with limit functions f
and p, then

(2.4) ) = fr, fiay) =piy) =, t :=a+kh,, k=0,1,...,2™

2.1. The vector space of HC!-interpolants. To each choice of («a, 3) there
is a vector space

VC) 5(P):={f:P —R: f,p computed by (2.2)—(2.4)}
of HC'-interpolants. If the scheme is C''-convergent we define
VCLs(I):={f:1—=R: flp e VC, 4(P)}.

The HC*-Hermite basis functions {¢o, o, @1, } are defined by taking as initial
data the four unit vectors e; = (8; ;)7_;, respectively. They are always defined on P
and the HC-interpolant corresponding to initial data (fo,po, f1,p1) can be written
f = fodo + poo + fid1 + p11. Since the Hermite basis functions are clearly linearly
independent on P they form a basis for VC}, 5(P). Thus VC} 5(P) and VC,, 4(I) are
vector spaces of dimension 4.

Let us denote the HC!-interpolant to initial data sampled from a function g by
f = Hg. By induction it is easy to see that for any («,3) we have g = Hg for all
polynomials g of degree at most one, while ¢ = Hg for all quadratic polynomials if
and only if @ = —1/8. We also have g = Hg for all cubic polynomials if and only if
a = —1/8 and # = —1/2 and it can be shown that z* # Ha* for any integer k > 4.
The fact that the scheme reproduces polynomials up to a certain degree can be used
to give error bounds; see [13, section 5]. Assume (o, ) are chosen so that the scheme
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is C''-convergent. Then there is a constant C(«, 3) such that for all intervals I = [a, b]
and all g € C*(I) we have

lg — Hgllz.(1) < O(aaﬂ)hk”g(k)”Lw(l)a

where h := b — a and k = 2 for most choices of o and (3.
Notice some important choices of («, 3):

1. fa=-1/8, 8 = —1/2, then f is the cubic polynomial known as the Hermite
cubic interpolant. For this choice of parameters, (2.5) holds with k£ = 4 and
C(a, B) = 1/384.

2. f a =—-1/8, B8 = —1, then f is the Hermite quadratic interpolant, i.e., the
quadratic C*! spline interpolant with one knot at the midpoint of the initial
interval. In this case (2.5) holds with k = 3 and C(«, 8) = 1/96; see [13].

3. The EQS-case a = ﬁ with 8 € [-1,0) is a one parameter extension of
the quadratic spline case; it was introduced and studied in [13], see also [15].
In this case (2.5) only holds with & = 2 and C(a, 8) < 1/48 unless 8 = —1,
but as we will see this scheme has important shape preserving properties.

(2.5)

2.2. Direct computation of the function or the derivative. We can refor-
mulate (2.2), (2.3) so that only values of p are involved and similarly for f.

ProroSITION 2.1. For «,f € R, the function f and the derivative p of the
HC'-interpolant satisfy the following relations:

Forn=1,2,... andi=0,1,...,2"" 1 —1,
pitt 1 0 0 n
Py poo148/2 —v| | 0%
(2.6) S 1 0 D2t
47+2 .
S e | e
Forn>2andi=0,1,...,2" 2 -1
[ fathT 4 0 0 0 0 ]
fotd l+p 22—p) p+v—-1 -2 v .
fail 0 4 0 0 0 Jdi
2.7) f&ié L 2(04p) 2-p—v 2v —v ;‘g“
faiil 4] 0 0 4 0 0 f%;” ’
feis —v v 2—p-v 20+p)  —p fff”
foil 0 0 0 4 0 ditds
i 55117_ i —2v pAv—1 22—p) 1+ pu]

where p:= —2a(1 — ) and v = p+ /2.

Proof. The result is clear for equations corresponding to even subscripts of p and
f since the scheme is interpolating. Consider therefore the odd subscript equations.
We will use the notation Apy = py ., —pg, Afy = fiy, — fi and A2fr = A(AfP) =
Tipo = 2f5 + 1

Let us start by proving (2.6). Using (2.3) with k = 2i and k = 2i 4+ 1

p4¢++11 =(1-0) hiz + 5( biv1 + Phi)
(28) 1 N
pz;-_s-f, =(1-7) 4 *(sz‘+2 +P3¢+1)'

h, 2
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From (2.2) we obtain

n n—1
‘Ajéi::‘ﬁj} *720M3pn—a
hn hnfl ¢
29 Affia _ Af! 1
L= 1 2aAptT.
hn hnfl =P

The f difference on the right can be eliminated by a reordering of (2.3) with k = ¢

andn —-n-—1

AfP?
hnfl

n—1

(2.10) (1-0) = Phiy1 — g(p?;f +p; )

Combining (2.8)—(2.10), we find

B _ _
pZ‘iﬁ = phit1 t by (P3iy1 — p?+11) — pApPt,

B _ _
Phis = phia + 5(p5i+1 — i) + pAp) h

and we obtain (2.6).
In terms of differences (2.6) takes the form

Apy = (1 — w)Apyt —vApyY,

Apligq = MAngl +v Apgz;ll’
n—1

Aplfiio = VApgi_l + /U‘Ain-i-l’
APZ¢+3 = *VApgi_l +(1— ﬂ)Apg;rll-

(2.11)

Notice that an equivalent formulation of (2.2) is
A? I = —2ah, Ap}
and (2.11) can be written
24 Sni+1 =(1- N)A2f£i - VA2fzﬁ'+2»
2P fT = pA f + VAP,
20 ft = N [l + A
20 [ = —vAPfi 4 (1= A fiips.

(2.12)

It remains to extract the values fglii} j=1,3,5,7 from the previous formulae to

obtain (2.7). O

From (2.6) it follows that the new p-values on level n + 1 (n > 1) can be formed
by an affine combination of three p values on the previous level n. This can especially
be used to simplify the proofs of two results in [13] on monotonicity and convexity of
the HC-interpolant.

For monotonicity the HC!-algorithm is applied in [13, section 3] to test data
(fo,po, f1,p1) = (0,2,1,y) computing the corresponding HC!-interpolant f and its
derivative p. For fixed («, 3) the authors determine the set of slopes (z,y) giving
p > 0. Theorem 11 in [13] states that if -1 < 8 <0 and 0 > a > 3/(4(1 — 3)), then

M(O‘>ﬁ) = {(:c,y) ER%r :pZO}:{(a:,y) ERiZl‘—i—yS’y} = T(7)7
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where v := @ and R = {(z,y) € R: 2 > 0, y > 0}. Note that any point in R?
belongs to T'(y) for some 8 < 0. Thus we can obtain an increasing interpolant for
any nonnegative initial slopes x,y by choosing (3 suitably close to zero. For arbitrary
initial data (fo,po, f1,p1) on [a,b] one can use the change of variables g(t) := (f(a +
t(b—a)) — fo)/(f1 — fo) to show that the HC-interpolant f is increasing if and only
if (po/A,p1/A) € M(a, 8), where A := (f1 — fo)/(b—a).

The proof of Theorem 11 follows immediately from (2.6). Indeed for the assumed
range of («, 3) the elements in the matrix in (2.6) are all nonnegative. Thus if p is
nonnegative on level n — 1 it is nonnegative on level n. Moreover, if (z,y) € T(v),
then p((a +0)/2) =1-08+px+y)/2>1—-F+ g%(ﬁ — 1) = 0 and the theorem
follows. In fact the theorem holds for —2 < 3 < 0 as long as we have C'-convergence
of the HC'-interpolant; see the next subsection for convergence results.

For convexity the HC!-algorithm is applied to the test data (fo,po, f1,p1) =
(0,—,0,y) with (z,y) € R2. For fixed (a,3) the set of slopes (z,y) giving an
increasing p, is determined. Theorem 18 in [13] states that if —1 < 8 < 0 and
v := (8 —2)/B, then

C(a, B) :={(z,y) € R? : p is increasing} = {(z,y) € RZ 1 2/y <y < zvy} =: C*(v)

if and only if o = 8/(4(1 — )). Since any point in R3 belongs to C*(v) for § suffi-
ciently close to zero, this result implies that we can obtain a convex HC'-interpolant
in the EQS-case by using any nonnegative values (x,y) as initial data. For arbitrary
initial data (fo, po, f1,p1) on [a,b] with h = b—a, one can for convexity use the change
of variables ¢(t) := f(a+th) — (1 —t)fo — tf1 to show that the HC'-interpolant f is
convex if and only if h* (p1 — A, A —py) € C(a, 3), where as before A := (f1 — fo)/h.

To prove Theorem 18 we use (2.11). For the given value of o we have v = 0 and
moreover 0 < g < 1. Thus p is increasing on level n if it is increasing on level n — 1.
Since —z = B(y— 1)z < By —x)/2 = p((a+b)/2) < By —vy)/2 =y, p is increasing
on level 1 and the if part of the theorem follows. The only if part is easy; see [13,
p. 293].

In the EQS-case we only need two of the three p-values on the right of (2.6).
Moreover, the derivatives will be sampled from a piecewise linear curve.

COROLLARY 2.2. In the EQS-case o = ﬁ we have

n ﬁ 5 n
p4;5r11 = _52731‘ +({1+ 5 ) P2it1

(2.13) it = <1 . g) Vi1~ v

and
Af5h —( §) FiH (A4 B)ffh - ( +5 ) Jiie
I =54 Q- A+ (24 5) i

(2.14)

4fiis = < g) flizo+ (2= 0)fiiys + ﬂf41+4

15t == (14 5) Mo+ @4 AR+ (1-5) Fha
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If in addition 8 € (—2,0), then there exist
(2.15) a=7) <7< < Ty =D,

with 73,1 = ‘%rb forn > 1, such that

(2.16) pr=L(r"), i=0,1,...,2", n=0,1,...,

where L is the piecewise linear curve connecting the three points (a,p(a)), (LH),P(%H)));

2
(b, p(b)).

Proof. If oo = ﬁ, then = —0/2 and (2.13) follows from (2.6). Similarly, we
obtain (2.14).

We claim that (2.16) holds with

ot =13, 741'111 =5 +(1+ 5 ) T2t
(2.17)

n+l _ _n n+1l __ 6 n 6 n
Tait2 = T2t Tai43 T T 572042 + (1 + 2> T9i41-

Since p§ = p(a) and p3. = p(b), we have 7' = a and 75, = b for all n > 0.
Moreover, since pJ,_, = p(%“’), we see that 7, _, = %*b for all n > 1. Thus (2.15)

will follow from (2.17) since the latter involves convex combinations for 5 € (—2,0);
(2.17) follows from (2.13) by induction. Suppose (2.16) holds for some n. Since L is
linear on the actual segment we obtain

n Brin p n n
Pty = _§L(T2i) + |1+ By L(7gi11) = L(734h),
where Tfij'_ll is given by (2.17). The proof of the other 7-relation is similar. |

2.3. Cl-convergence. To study convergence we observe that it is enough to
consider the interval [0,1]. Indeed, if I := [a,b] and h := b — a, defining the initial
data g(u) = f(a + hu), ¢'(u) = hf'(a + hu), for u € {0,1}, the construction of f
on [a,b] or g on [0,1] by (2.1) are equivalent and at step n, g(u) = f(a + uh) and
g (u) = hf'(a+ hu) for u € {0,1/2",...,¢/2™, ... 1}.

In [12] it was shown that if there exist positive constants ¢, p with p < 1 such that

for each integer n > 0 we have |Ap?| < cp™ for i =0,1,...,2" — 1, where
. i+1 i , .
(2.18) Apl :=p o) “P g ) 1=0,1,...,2" — 1,

then p has a unique continuous extension to I. Moreover, there is a positive constant
c1 such that for all (z,y) € [0, 1]

|p(x) —p(y)\ < Cl|£L' — y|_10g2 P,

i.e., p is Holder continuous with exponent — log, p.

Suppose p is continuous and lim  max |A(f,p)7| =0, where
n—oo 0<i<2m —1

(2.19) A(fip)i =2"Af —opi, o} =5 (P( on )+p(2n>>’
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and Af = f(5H) - f(& ) Then [12] f has a unique continuous extension to
I := [0,1]. Moreover, f € C*([0,1]) w1th f' = p. From this discussion we have the
following lemma.

LEMMA 2.3. Let U = [Ap?, A(f,p)M]T fori = 0,1,...,2" — 1 and n =
0,1,2,.... If we can find a vector norm ||-|| on R? and positive constants c,p with
p <1 such that

U <epm, i=0,1,...,2" =1 and n =0,1,...,

then the HC'-algorithm is Ct-convergent and f' = p is Hélder continuous with expo-
nent —log, p.

We can now show the following proposition.

PROPOSITION 2.4. Algorithm HC* is C*-convergent for (a,3) € [—1/8,0) x
[-2,1).

Proof. An immediate evaluation gives

Uyt = MU and U = AU} for i =0,1,...,2", n=0,1,...,

where
1
9 e(1-p)
€ -~
4 2

Note that the off-diagonal elements of A. have the same sign for « > —1/8 and

B < 1. We define a vector norm by ||v|| := ||[P71v||2, where || - |2 is the usual
. C[2yI=B 0 s .

Euclidian vector norm and P := 0 N-Esik Then P~ A.P is symmetric

and the corresponding matrix operator norm is given by ||A.|| := ||[P~'A.P||2, where

[IAll2 :== v/p(AT A) is the spectral norm of a matrix A. The eigenvalues of A, or of
P~ 1A_P are

M= (2+5+VEBF 8200 F), A= (2+0— PP+ 320 ).

Since P~1A. P is symmetric the eigenvalues are real with Ay < A\;. Now for 3 € [-2,1)
and o € [—1/8,0) we find My < 2+ 8+ +/(2—-0)?)/4d =1and Ay > 240 —
(2—0)%)/4 = B/2 > —1. Thus p := ||A:]| = max{|A\1],[A2]} < 1 for e = £1 and

we have shown that max{||U2"z+1|| I ”ZillH} < p||UP|| so that |U|] < p"||UQ]| for i =
0,1,...,2"—=1landn =0,1,2,.... The C*-convergence for (o, 3) € [-1/8,0) x [-2,1)
now follows from Lemma 2.3. 0

By Proposition 2.4, the HC'-algorithm converges for 3 € [—1,0) if a = ﬁ.
We can now extend this result.

PROPOSITION 2.5. If a = ﬁ, then the HC'-algorithm is C'-convergent for
B8 € (—2,0).

Proof. For e = £1 the matrices A, in (2.20) take the form

5 c(1=p)
AE:( ﬂ2+1 148 >

ST ) 2
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Now, for any positive real number @, we define the norm ||-||p on R? by ||(z, )]s =
|z|+0]y|. It is easy to prove that for any matrix M = (m;;) € R?*2, the corresponding
matrix operator norm is given by ||[M]||p := max(|m1| + 0lma1|, |mi2|/0 + |masl).
Choosing 0 = 2(1 — ) we find ||A1]jo = |[A—1]le = 1/2(1 + |1 + G]), which is stricly
less than one for —2 < § < 0. Lemma 2.3 now gives the convergence. 0

We define the convergence region C' by

(2.21) C:= {(a,B) : the scheme HC" is C'-convergent }.

We have shown that [—1/8,0) x [-2,1) C C and also that {(ﬁ,ﬁ) -2< i<
0} cC.

The function f’ = p is Holder continuous with exponent —log, p. In the case
where o = ﬁ we have ||A1llg = ||A-1lle = p = p(B) = 1/2(1 + |1 + F]) which is
piecewise linear with a minimum for § = —1 and we obtain the best regularity of the
interpolant for 3 = —1 when f is a quadratic spline.

To illustrate the smoothness properties of a HC'-interpolant we show the Hermite
basis with 8 = —3/5 and « = 4(%5) = —3/32 in Figure 2.1. The spectral radius of
the matrices A. is 7/10 and hence the derivatives of the Hermite basis functions are
Holder continuous with exponent p = —log,(7/10) =~ 0.5146.

1.2 T T T T 2

0.2 . . . . 2 . . . .
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

F1G. 2.1. Hermite basis and derivatives, corresponding to o = —3/32 and 8 = —3/5.

Remark. The data f(a),p(a), f(b), p(b) can either have real values or vector values
in R® s > 2. In this second case, we look for vector continuous functions f and p
with f' = p from I = [a,b] to R®. The C'-convergence is guaranteed for all (a, 4) in
the convergence region C' since it suffices to study the convergence independently for
each component of f and p.
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3. Control polygons and subdivision algorithm.

3.1. Control coefficients and control polygons. Suppose we apply the sub-
division scheme HC?! to some real valued data f(a), p(a), f(b), p(b). In order to
obtain a geometric formulation of the scheme we define control coefficients relative to
the interval [a, b] by

(3.1) ap = f(a), a1 = f(a)+ <pla), az=f(b)— <p(b), a3z= f(b),

where h := b —a and X\ > 2 is a real number to be chosen. We define the control
points (Ao, A1, A2, Az) on [a,b] by

h h
(32) AO = (ayao)a Al = (a + )\7a1> ’ A2 = (b - )\7042> ’ A3 = (b7 a3)a

and the control polygon {Ag, A1, Az, As} on [a,b] by connecting the four control
points by straight line segments. If f is the HC'-interpolant, then the parametric
curve (z, f(x)) with € [a, b] passes through Ay with tangent directions A; — Ay and
Az with tangent direction A3 — As; see Figure 3.1.

2

15F

0.5

-2

0 ol o0z 03 04 05 o8 o7 o8 oo 1
FiG. 3.1. A HC-interpolant and its control polygon, 3 = —3/5, a = —3/32, A = 16/3.

We can also apply the subdivision scheme HC' to vector valued data fq, po, f1,p1
in R® for some s > 2. We pick an interval [a,b] and use the HC!-algorithm on each
component of f and p. To obtain a geometric formulation of this process we define
control coefficients relative to [a, b] by (3.1) and we define the control points to be the
same as the control coefficients. The computed curve interpolates the first and last
control coefficient and its tangent direction at ag is a1 — ag, and at as the tangent
direction is a3 — as.

Note that if 4 points ag, a1, as, a3 in R® for s > 1 are given we can think of these
as control coefficients of a HC-interpolant on some finite interval [a, b] and apply the
H(C'-algorithm to the data given by

(33 fla)i= a0 pla) = > — a0). F) = ay, p(6) == (o — as).
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where h := b—a. We now derive a parameter independent formulation of this scheme.
In particular suppose (ap, a1, aq, a3) are points in R® for some s > 1 which are distinct
if s > 2 and let [a, b] be any finite interval.

Using (3.1) and (3.3) we can compute new control coefficients (ag, @1, as,as) for
the interval I and new control coefficients (@s, a4, as, ag) for Is, and then join them
into control coefficients (ag, a1, as,as, a4, as, ag) on [a,b]. In the following geometric
formulation of the subdivision scheme we do this computation directly without picking
an underlying interval [a, b]. The proposition is a generalization of [15, Theorem 10].

PROPOSITION 3.1. Suppose a; € R® fori=0,1,2,3 and some s > 1. After one
subdivision of the control coefficients (ag, a1, as, as) we obtain new control coefficients
(C_Lo, C_Ll, C_LQ, C_Lg, C_L4, C_L5, C_lﬁ) given by

ao 4 0 0 0
ay a 2 2 0 0 “
as aO 1 ¥ v—0F v+p 6 ao
(3.4) as| =8 al =7 2—w v v 2—vw al ,
ay a2 19 v+ 0 v—p 5 a2
as 3 0 0 2 2 3
| a6 | | O 0 0 4 |
where
v = —4a,
(3.5) y=2—v+ 2+ 8(N=2))/\
6=2—v—(240AN-2)/A\
Moreover,
_ 1,
(36) as = 5(&2 + a4).

Proof. Pick any interval [a,b] and let h := b — a. By (3.1)

h

%zf@,%zf@—zﬁ@LM:fth>+£pCif>

From (2.1) and (3.3) we obtain on an interval [a,b] the inverse relations

f(@) = a0, pla) = 2(ar — ao),

h
Fb) = as, p(b) = (a5~ a2),
(3.7) f (a—;—b) = ao—;—ag - g(as — a2 —ay + ap),
%P <a—2kb> = 12_)\5(a3—a0)+1(a3—a2+a1—ao),
2+ 68(N-2)

= f(ag —ag) + Z(al —az).
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But then we see that (ag, a1, @z, as, s, as, ag)’ = S(ag,...,as3)”, where S is the matrix
n (3.4). Since the sum of rows three and five in the matrix S equals twice row four
the relation (3.6) follows. 0

For s > 2 the control coefficients and control points are the same and the propo-
sition also gives rules for subdividing the control polygon. The following corollary
holds in general.

COROLLARY 3.2. Suppose (ag,a1,as2,a3) € R® for some s > 1. After one subdi-
vision of the corresponding control polygon {Ao, A1, Aa, A3} we obtain a new control
polygon {Ag, A1, Ay, Az, Ay, As, Ag} given by

(3.8) Ay A1 Ay A3 Ay A5 Ag)' =S[Ag Ai Ay As]"

)

where S is given by (3.4). Moreover,
I T
(3.9) Az = 5(142 + Ag),

which means that these control points always lie on a straight line.

Proof. This has already been shown for s > 2 and for the control coefficients
for s = 1. For the control point abscissas we obtain the relation (a,a + h/(2)\),a —
h/(2)\),a,a+h/(2X),b—h/(2)),d)T = S(a,a+h/\,b—h/\,d)T, where @ = (a+b)/2,
since the scheme HC' reproduces linear functions. Thus (3.8) and (3.9) also holds
for s = 1. a

3.2. A stationary subdivision algorithm. By applying (3.4), we can refor-
mulate the Hermite subdivision scheme HC'"! as a stationary subdivision scheme work-
ing on points in R?.

Starting with 4 points ag, a1, az,a3 in R*, s > 1, (o, 3) in the convergence region
C, and X\ > 2, we define Algorithm SC* as follows.

At step n = 0, we set a) = ag, ai = ay, a3 = as, a3 = as.

At step n+ 1, n > 0, we define

agtt 4 0 0 0
1
agitf 2 2 0 0 ay;
n
3.10) %2 =1 | v v B eS8 as ) gy o

agihs 412—-v v v 2—v| |a5i,o

agth 6 v+pB v-0 vy azits

agits 0 0 2 2

and aggiﬂ = a4 on. Here v,7,8 are given by (3.5). The matrix (s¢)¢=o0,...,5 k=0,....3
in (3.10) is formed from the first 6 rows of S given by (3.4).

LEMMA 3.3. Foralln>1 and for alli=1,...,2" — 1, we have
agﬁ'l =a%, i=1,...,2"" 1
1 . _
(3.11) agifl - agfl = §(a§i+1 - agi)a i=1,...,2" "1,
agi+1 + a’gifl = 20/?’&7 i=1,... 7271 -1

Proof. The first two equations follow immediately from (3.10). As in the proof of
(3.6) it is clear that

n+1 n+l __ n+1 . n _
agi''o tag 'y = 206,73, 1=0,...,2" =1, n=0,1,...,
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and in particular a + aj = 2a}. By (3.11) and induction on n

1 1
1 1 1
ag;-rs-l +ag™h = i(a‘gi +ag;q) + §(a§fi71 + a%;) = 2a%; = 2ag;. o

If we define a? for i < 0 and 4 > 3 in any way, the subdivision scheme can be
written a}”‘l = D wez0ekay, L € Z, where o6i1¢3i4k = Sep fori € Z, £ = 0,...,5,
k=0,...,3 and 0, ; = 0 otherwise. With the definitions recalled in [3], the scheme
is local since oy ) = 0 for |¢ — 2k| > 4. Since ), ., 00 = 1, it is affine but is not

interpolating in a classical sense since we generally have agi':_lQ F g, -

3.3. Convergence of SC'. The convergence of the subdivision schemes are
usually established by studying the difference sequence. Alternatively convergence
follows since SC! was derived from HC". Here are the details.

THEOREM 3.4. Let s > 1 and ag, a1, as,as be 4 points in R®. Suppose A > 2 and
that («, B) is in the convergence region C given by (2.21). We build the sequence of
points {al }neni=o.....3.2n by (3.10). Choose any interval I := [a,b] with h :=b—a >0
and define t}' := a + ih,, where hy, := h2™" forn € N andi=0,...,2". Then, there
exists a C1 function f : I — R® such that for all n € N:

ay; = f(t? 1=0,...,2"

3% f(z)? ) ’ ’
hy ‘

agi+1 _agi = Tf/(t?)’ ZZO?"'72n_]—7

hy ‘
agi_agifl = Tf/(t?)’ Z:]-v"'72n~

For s > 2, let A? = a7,
Ay = (7B a31,+1) A3z+
(b, a5 on)-

Then the sequence of polygons {Ag,..., A% on} converges to the curve {f(t),
tel}.

Proof. We will show that the scheme SC! generates sequences {f"} and {p"}
of piecewise linear vector functions which interpolate values and derivatives at the
points of P, = {t§,...,t5n}.

We define f™ and p™ to be linear on [t}, ¢} ], i =0,...,2" —1, and to interpolate
the following values:

0,1,...,3 x2" andfors-l let A%, = (7, a%;),
(t71 — )\,a31+2) =0,1,...,2" -1, andAdXan

A
() =ay, p"(t) = }T(a?iﬂ —ay;), 1=0,...,2" -1,
n n 7 A n n
") =azqn, p"(b) = hf(%xzn — AZyogn_1)-

n

(3.12)

Since 7' = 37" we find from (3.11) and (3.12)

(3.13) Fre) = e, pt ) =t ), i=0,...,2m
Below we prove that, for i =0,...,2" — 1,
il /ym Sra) + (@) nyen n(pn
(3.14) f +1(t2£11) - + ahy, (p" (tiq) — " (E)),

2

i) — (@) " Bp"(t?ﬂ) +pn(tzﬂ).

(3.15) p"“(tg;fl) (1-5) o, 2
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Comparing (3.13), (3.14), and (3.15) with (2.2)—(2.3) we conclude that f™* = f
and p"™ = p on P,, where f and p are the functions built on UP,, by HC" defined
by (2.2)-(2.4) from the initial data f(a) = ao, p(a) = 2 (a1 — ao), f(b) = a3, and
p(b) = 2(as — a2), and then extended to [a,b]. So that if (a,3) € C, then the
sequences f" and p" defined from SC! by (3.12) converge uniformly to continuous
vector functions f and p defined on [a, b]. Moreover f € C([a,b]) and f" = p.

Now since f’ is bounded and a%;,, —a%; = xa f'(t1), i = 0,...,2" — 1, we deduce
that a%; ;| — a%; tends uniformly to 0. We conclude that the sequence of polygons
{Ap, ..., Asxan} tends to the curve {f(t), t € I'} since a;, = f(t}) for i =0,...,2"

It remains to prove (3.14) and (3.15). Since o = —v/4A, for i = 0,...,2" — 1 and
using (3.12) and (3.10),

S ) + F(ED) + aha (8" (Hy) — 7 (21))
= §(a§z‘+3 +af;) — %(agws — a9 — a3;qq +03;)
= aghs = [T (1)
so that (3.14) is proved.

Similarly, for (3.15), let @ € {0,...,2" — 1}. With the definitions of v and ¢ in
(3.5) we find

1-p g

(f* () = F(8)) + 5 (0" (E5) +p" ()
1-p5 BA

_ n n n n
= ——(ag;45 —ag;) + 5 (a345 — a31o +ag; 1 —agy;)
hy, 2h,,

_ A 1_ﬁ ﬁ n én 7@71 1_6 ﬁ n
hn+1< (2)\ +4> 3t 0 T O oy T ) it

1 A . B . )
=1 " ((5 —2+wv)ay; + Paz; — Baz; o+ (v —2+ U)a3i+3)
A n+1 n+1 1/4n+1
- f( aghy — agis) = P50
n+1

4. Total positivity and consequences.

4.1. Corner cutting and total positivity of the subd1v1s10n matrix. Con-
sider now the subdivision process in the EQS-case when o = (1 ) with 8 € (—2,0).

Since v = —daA = 5= 1)\ or A= ﬁ Ly we find from (3.5)

B 2+ 6A—-28 24+ (B-1v—-26, (2—v)(v—p)
VEIovh = vk ey A=
and similarly
s 2-0@+h)

v
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Thus the subdivision matrix (3.4) can be written

i 4 0 0 0 T
2 2 0 0
2-v)(v=58) _ 2—v)(v+8)
1 - v—0 v+ .
(4.1) S = 1 2—w v v 2—w
(2—v)(v+pB) 2—v)(v—p
T R Ry etf
0 0 2 2
L 0 0 0 4 i

In this case, as soon as 1 < v < 2 and v > —(, we can compute the subdivided
control points

(Ag, A1, As, As, Ay, A5, Ag)" = S(Ag, A1, Az, A3)T

by successive convex combinations starting with the polygon defined by (Ag, 41, Aa,
As). With 2 intermediate quantities B and C' we have (see Figure 4.1)

_ _ 1 1 _ 1 1 —
Ag =4y, A= §Ao + §A1, As = 5142 + 5143, Ag = As,

B=(1- g)AO + Ay,

2
C:(l—%)A3+;A2,
(4.2) ~ _
A=t Pp vt
2v 2v
A4:U+ﬁB+U_BC,
2v 2v

_ 1_ 1_
A3: §A2+§A4

Fic. 4.1. Corner cutting with o = —3/32, 8 = —3/5 and v = 1.5.

For v = 2 we obtain B = Ay and C = A,. The value of A corresponding to v = 2
was considered in [15, Theorem 10], where formulae similar to (4.2) were given.

The equations (4.2) can be formulated as a corner cutting scheme in the following
way. We start with the polygon {Ag, A1, A2, A3} and then either cut one of the
previous corners or break an edge in the following sequence of convex combinations:
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1. B=(1—-%)Ao+ 5A; (replace A; by B to obtain {Ag, B, Az, A3}).

2. C=(1-3%)As+ 5As (replace Ay by C to obtain {Ag, B,C, A3}).

3. Ay =(1-1Ag+ 1B (break [Ay, B] to obtain {4y, 41, B,C, As}).

4. As =1C+(1—1)A3 (break [C, As] to obtain {Ag, A1, B,C, A5, A3}).

5. Ay = ”;fB + ";fC (replace B by As to obtain {Ag, A1, As, C, As, As}).
6. Ay = zfﬁ Ay — f_ﬁﬂC (replace C' by A4 to obtain {Ag, A1, As, Ay, As, A3z}).

7. A3 (AQ +A4)/2 (break [/IQ,Azd to obtain {Ao,Al,A27A3,A4,A5,A3}).

Since Ay = Ay and Ag = A3 we have obtained the subdivided polygon {14_10, Ay,
Ay, As, Ay, As, AG} by carrying out a sequence of simple corner cuts (see, for example,
[14, 8]) on the polygon defined by {A4o, A1, A2, A3}.

We recall that a matrix is totally positive if all minors are nonnegative [1]. Then
we obtain the following theorem.

THEOREM 4.1. Suppose —2 < <0,1<v:= ﬂ T <
matriz S given by (4.1) is totally positive. For each v ¢
such that S is not totally positive.

Proof. The sequence of simple corner cuts corresponds to a factorization of S into
a product of 7 matrices as follows:

2, and A > 1—03. Then the
[1,2] there is a B € [-1,0]

L 00000~ 45 o o o000 0 0 00
010 0000151 ¢ o oo/lo1 0o o0 00
00 000y 0 1 0 0 o0|fo0 E oo o
STl o2 o loo = 2 ooloo T T 0o
0000 1olloo 0 0 1ofjoo 0o 0 10
0 0000 1/l0 0 o 01floo o o 01
1000 0
010001E12881000 1 000
0010 0 0 T ool oo o fji-s 500
0001 0 0 o 1 olloo =gl o 010
000 2=t ol ooo 1 0 00 1
0000 1

Since these matrices are bidiagonal and the entries are nonnegative for the indicated
values of the parameters it is well known that each of the 7 matrices are totaly positive
(see, for example, [8]). Since a product of totally positive matrices is totally positive
we conclude that S is totally positive.

If v ¢ [1,2], then we can find 8 € [—1,0) such that S has at least one negative
entry. Hence S is not totally positive for these v, 5. O

4.2. The HC!'-Bernstein basis. Let a,b be 2 real numbers with a < b and let
us define h := b — a. Recall that the HC'-Hermite basis {¢q, %0, ¢1,%1} on I := [a, b]
forms a basis for the space VC’Clvﬁ(I ) of all possible HC" interpolants on I. The
HC*-Bernstein basis {bg, b1, ba, b3} on I are defined as in [15] from the Hermite basis
on I by

A

A A A
(4.3) b 1= ¢o — Eibo, by := 5%7 by := —Ewl, bz := ¢1 + E%,

where A > 2 is the parameter used to define the control points; see Figure 4.2. These
functions are clearly linearly independent and so they form a basis for VC}X, 5 (I). The
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coefficients in terms of this basis are the control coefficients of f. This follows since

[ = f(a)po +p(a)o + f(b)p1 + p(b)Y1, & f = apby + a1by + azbs + asbs,

where ag, a1, as, as are the control coefficients of f on I given by (3.1).

We note that b;(0) = 6;,0 and b;(1) = 6;3.

For certain values of the parameters the HC!'-Benstein basis is totally positive.

THEOREM 4.2. Suppose =2 < < 0,1 < v := % <2, and A\ >1— 0. Then
the HC'-Bernstein basis is totally positive.

Proof. Tt is enough to prove the result for the interval [0,1]. Consider for some
integers n, k with n > 0 and 0 < k < 2" — 1 the interval I} := [k/2", (k + 1)/2"].

On I} the HC'-Hermite basis {80 1> V0 ks @1 ks YT 1} can be expressed as

GEA(1) = 0(2"t — K), Ufult) = 2 o(2"t ),
Te(t) = 012"t — k), U7 () =271 (2"t — k),

where {¢o, %o, ¢1,%1} is the HC'-Hermite basis on [0,1]. From (4.3) with h := 27",
it then follows that the HC'-Bernstein basis {b};, by 1, iy y0 bipss}t on I can be
expressed in terms of the HC!-Bernstein basis {bg, b1, b2, b3} on [0, 1] as

bj(2"t — k), iftel} and j=0,1,2,3
0 otherwise.

(4.4) e (1) = {

We note that
(45) Zk+](k/2n) = 05,05 bZk-‘r]((k + 1)/2n) = 053 for j = 07 17 27 3.

Let f € C'[0,1] be a HC!-interpolant to some initial data. We can then write

m
_ nin
f—E a‘ibia
=0

where m := 4 x 2" — 1 and where for k = 0,...,2" — 1 the numbers aj,, aj,_ 1,

n n 3 n — n - n
A4y 19> A4z are the control points of f on Ii!. In vector form, we have f = b"a",
where b" = (bf,...,b"%) is a row vector and a” = (af,...,a”)’ a column vector.

Note that " is a vector of linearly independent functions on [0,1]. They span a
space containing VC’é’ 510,1] as a 4-dimensional subspace. On level n + 1 we have
f = b"la™t! where from Proposition 3.1 it follows that a"t! = A,a" for some
matrix A,. The matrix A, is a block diagonal with 2™ diagonal blocks S of order
8 x 4. Indeed, S is obtained from the matrix S in (3.4) by adding a copy of row 4 as a
new row 5. But then f = b"T1a"*! = p"T1A 0" = b"a™ and by linear independence,
it follows that b = b”t1A,,. Thus we obtain

(4.6) W =0b"A,_1---Ay, n>1.

For distinct points yo, ..., ¥y, and functions fo,..., f; defined on the y’s, we use the
standard notation

{y y] fo(yo) --- fq(yo)
M 05+ Yp — . .
Jos-o fq : :
’ fO(yp) fq(yp)
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for a collocation matrix of order (p + 1) x (¢ + 1). In order to show total positivity
of b = b° we choose 0 < zg < 71 < T2 < 3 < 1 and consider the collocation matrix

M ﬁ)o’ 21’52’53} From (4.6) we immediatly obtain
0,91, Y2, U3
(4.7) M [“}”)Oﬂ =M [x,?l‘;”,f’} A, 1Ay, n>1.
0y---5U3 0s: 2 Ym

Since the matrix S is totally positive, it follows that S and hence each Ay, is totally
positive. We now show that the first matrix on the right of (4.7) is totally positive
provided z; € P, for j = 0,1,2,3. For this, with m = 2”71 — 1, we consider the
bigger matrix

B=M |:y07"'7ym+1:|

mn 3
0y ey bm

using all points y; = /2", =0,1,...,2" in P,,. From (4.5) it follows that byx_1(yx) =
1Lfork=1,...,2" bar(yx) =1 for k=0,...,2" — 1 and b} (y;) = 0 otherwise. Thus
the columns of B have the following form:

B =[e1,0,0,e9,e2,0,0,e3,e3,0,0,e4...,€m,0,0,emn11],

where e; = (6; ;)™ is the jth unit vector in R™*!. From this explicit form we see that
B is totally positive since each nonzero minor must be the determinant of the identity
matrix. But then all matrices on the right in (4.7) are totally positive and we conclude

that M ﬁ)g: :Zj] is totally positive provided z; € P, for j = 0,1,2,3. Since UP,
is dense in [0, 1] we conclude that the HC!-Bernstein basis is totally positive. ad

COROLLARY 4.3. Forp >0 and m = 4-2P — 1, the basis b = (b, ..., b2)) for
the space span(bP) is totally positive on [0,1].
Proof. Instead of (4.6) we use for n > p the equation

W =b"A,_ A,

The argument now proceeds as in the proof of Theorem 4.2 replacing zg,...,z3 by
suitable zq, ..., Zm. 0

It is well known that total positivity of the HC!-Bernstein basis on [0, 1] implies
that the HC'-interpolant f inherits properties of the control polygon P° defined by
{ag, a1, a2, as}; see, for example, [8]. In particular if Py is positive (monotone, convex)
then f is positive (monotone, convex). We can use this to generalize Theorem 4 in
[15].

COROLLARY 4.4. Let by, by,ba,bs be the HC-Bernstein basis on [0,1] given by
(4.3) with A = v(B —1)/8 > 2. Suppose also that o = ﬁ, -1 <5 <0, and
1<wv<2. Then

1. by is nonnegative, decreasing, and convex on [0,1]. If v = 2, then by(t) = 0
fort e [1/2,1].

2. by is nonnegative and concave on [0,1/2] and nonnegative, decreasing, and
convez on [1/2,1].

3. by is nonnegative, increasing, and conver on [0,1/2] and nonnegative and
concave on [1/2,1].

4. b is nonnegative, increasing, and convex on [0,1]. If v = 2, then bs(t) =0
forte0,1/2].
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05f B

e -

0 L L L L L L L L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

F1G. 4.2. Bernstein basis, 8 = —3/5, a = —3/32, A = 16/3.

5. 30 obi(t) =1 fort €[0,1].

Proof. From (4.3) it follows that the control points of the function b; is the jth unit
vector ej41 for j = 0,1,2,3. Thus nonnegativity of b; follows from the nonnegativity
of ej4q for j = 0,1,2,3. Moreover, the monotonicity and convexity properties of by
and b3 follow. For the remaining properties of b; and by, we carry out one subdivision,
then the proof is similar.

The refined points are given as the columns of the matrix S given by (4.1). When
v = 2 the first column is given by [1,1/2,0,0,0,0,0]. Since the last four entries are
zero it follows that bg(¢) = 0 for ¢ € [1/2,1]. Similarly bs(t) = 0 for ¢ € [0,1/2].

The interpolation of the constant function f = 1 with p = f/ = 0 gives ag = a1 =
as = az = 1 in (3.1) so that 5. holds. |

5. Algorithms for local shape constraints. We base shape preserving algo-
rithms on the extended quadratic spline case given by o = ﬁ. The control point
subdivision matrix for this case is given by (4.1), where we have both 8 and A as
free parameters. The matrix simplifies when v = % = 2 and we will use this one
parameter family of schemes in our algorithms. Using the parameter A to control the
shape we thus have

16} 1 2
5.1 = —__ -
(5-1) Sii-p e PTam
We restrict our attention to A > 4. We then have 5 € [—1,0) and both algorithms
HC' and SC' are convergent. In the limit when n — oo we obtain a function
f € CY(I). This function is the quadratic spline interpolant with a knot at the
midpoint of I when A\ = 4, while p = f’ is Holder continuous on I with exponent

1 1.44
10g2 (1+>\_3)WA_3, A — 00.

Thus the derivative becomes less regular when X increases, but it is always C*.

Given s > 1, points a? =a; € R® for j = 0,1,2,3, and A > 4, the following
algorithm computes sequences {a™} of control coefficients a™ = (af}, ay, ..., a4 ) in
R®.
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ALGORITHM 5.1 (CC?t).

1. 3=2/(2-)).

2. Forn=10,1,2,3,...,
Fort=0,1,...2" — 1,

) agi—ill = %(agi +aj;1),
(c) ag;-_x-lz =(3-Dagia+(G+ g)a§i+2,
(d) agis = $(agi1 + afipo),
(e) agit-14 = (11 + 5)a%iq + )(é - g)a%g?
n
2

—
3

() agfs =
a3.9n+1 = A3.2n.

The control points corresponding to the computed control coefficients converges
to a Cl-curve. More specifically, pick any finite closed interval [a, b] and define h,, :=
(b—a)/2™ and t}} := a+ kh,, for k=0,...,2", n > 0. By Theorem 3.4 the computed
control points converge uniformly to a Ct-curve f : [a,b] — R*. Moreover,

agi :f(t?), 1=0,...,2",
h
agiy — ag; = T"f’(t?), i=0,...,2" -1,

h
ag; —ay;_q = T"f’(t?), i=1,...,2"

We now discuss shape preservation in the scalar case s = 1 in more detail. We
start by noting that if the initial control polygon is nonnegative (respectively, in-
creasing, convex) on an interval I = [a,b], then the HC!-interpolant computed in
Algorithm 5.1 will be nonnegative (respectively, increasing, convex) on the same in-
terval I. This follows from the total positivity of the Bernstein basis. In addition
to total positivity the main tool will be Corollary 2.2 which says that the p-values of
the interpolant are located on the piecewise linear curve connecting the three points

(a,p(a)), (5%, p(%5*)), (0, p(b))-

5.1. Nonnegative interpolants. We already remarked that if the initial con-
trol coefficients are nonnegative, then the HC!-interpolant will be nonnegative. No-
tice that the converse is false. For example, the HC!-interpolant to the function f
given on [0,1] by f(z) := 16(z — 1/4)? and using A\ = 4 is f itself. Note that f is
nonnegative, but the initial control coefficient a; = —1 is negative.

To give an algorithm for constructing a nonnegative interpolant we assume that

(52)  f(a)=0, f(b) >0, pla) > 0 if f(a) =0, and p(b) < 0 if f(b) = 0.

Under these weak assumptions nonnegative initial control coefficients ag, ..., a3 can
always be obtained by choosing A sufficiently large. Indeed, since ag = f(a) > 0
and az = f(b) > 0 we only need to make sure that a; = f(a) + hp(a)/A > 0 and
az = f(b) — hp(b)/X > 0. If f(a) = 0, then p(a) > 0 and a; > 0 whenever A > 0.
Similarly as > 0 if f(b) = 0. But then we can choose A = 4 except possibly in the
two cases f(a) > 0, p(a) < 0 and f(b) > 0, p(b) > 0. If (5.2) holds, then the following
algorithm will compute a nonnegative HC!-interpolant on [a, b].
ALGORITHM 5.2 (nonnegative interpolant).
1. Compute \:
(a) A =14,
(b) if (f(a) > 0) and (p(a) < 0), then A = max(A, ~hp(a)/f(a)),
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(¢) if (f(b) >0) and (p(b) > 0), then A = max(\, hp(b)/f(b)).
2. Compute initial control coefficients using (3.1).

3. Apply Algorithm 5.1 or Algorithm HC' with o = —%, 8= %

5.2. Monotone interpolants. The monotonicity of the HC!-interpolant is
completely determined by the monotonicity of the initial control polygon. If f is
decreasing, then — f is increasing and we restrict our discussion to increasing inter-
polants.

PROPOSITION 5.3. Suppose that the parameters are chosen according to (5.1).
Then the HC-interpolant f is nondecreasing on an interval I = [a,b] if and only if
the control polygon on I is nondecreasing.

Proof. By Theorem 4.2 the Bernstein basis is totally positive and it follows that
the HC-interpolant is nondecreasing if the control polygon is nondecreasing; see [8].
Conversely, suppose the HC!-interpolant f is nondecreasing. Since 3 = 2/(2—\), we
obtain from (2.1)

(5.3 p(“57) = 55 (VO o+ pn).

From (3.1), we then find

h A—2 a+b h
(5.4) al—aozxp(a), ag—alz)\hp( 5 >7 a3—a2:Xp(b).

Now p > 0 at all points if f is nondecreasing. It follows that the control coefficients,
and hence the control polygon is nondecreasing. O

Consider next the case of a strictly increasing interpolant.

PROPOSITION 5.4. Suppose that the parameters are chosen according to (5.1)
and that the HC-interpolant f is nondecreasing on an interval I = [a,b]. Then f
is strictly increasing on [a,b] if and only if the two middle control coefficients on I
satisfy as > aq.

Proof. Since f is nondecreasing, we have p(a) > 0, p(%‘”’) >0 and p(b) > 0. By
Corollary 2.2, it follows that f is strictly increasing on [a, b] if and only if p(‘%b) > 0.
By (5.4), this happens if and only if as > a;. d

To give an algorithm to construct a nondecreasing interpolant we assume that

(5.5) fla) < f(b), p(a) =0, p(b) >0 and p(a) = p(b) = 0 if f(a) = f(b)-

In the latter case the HC -interpolant is constant and we can set A = 4.
Suppose f(b) > f(a). With h := b — a we then have

a0 = £(@) < o = f(a) + 5p(a) < a2 = F6) = 1p(b) < a5 = J(0)
provided
as — a1 = f(b) — f(a) - %(p(b) +p(a)) >0
or
656 4o (@) + )
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If (5.5) holds, then the following algorithm will compute a nondecreasing HC'*-
interpolant on [a,b]. It will be strictly increasing if f(b) > f(a) and (5.6) holds with
strict inequality.

ALGORITHM 5.5 (nondecreasing or strictly increasing interpolant).

1. Compute A:
(a) A =4,
(b) 1 f(@) < £(0) then
(1) A > (P(&))ﬂ)f((); ;
(ii.) A = max (4, A1).

2. Compute initial control coefficients using (3.1).
; : 1, __1 _ 2
3. Apply Algorithm 5.1 or Algorithm HC" with o = —55, B = 57
Note that if the initial control points are located on a straight line then the HC'!-
interpolant is the line segment connecting the first and last control point. For if the
initial control points are located on a straight line, then

A A
7 (a1 —ao) = oo

7 (a2 —a1) = 7 (a3 — az)
and by (5.4) the three slopes p(a), p(i),p(b) are all equal. By Corollary 2.2, all
slopes are equal and the function f is a straight line.

In Figure 5.1 we interpolate three sets of data on [0, 1]. In all cases f(0) = —1 and

f(1) = 1. In the first case, with p(0) = 3 and p(1) = 4 we find % =7/2 <4
Suppose in Algorithm 5.5 we choose 7/2 < A\; < 4 in statement (b)(i). and apply
Algorithm 5.1 with A = 4. Then the HC'-interpolant is the quadratic spline and

it is strictly increasing since A > 7/2. In the two other cases we use p(0) = 8 and

p(1) = 4 giving fglg ((0)) = 6. With A = 6 we have p(1/2) = 0 and the interpolant
is increasing, but not strictly increasing. We obtain a strictly increasing interpolant
by using A = 10. Note that choosing a bigger A\ decreases the regularity of the
interpolant. In both cases the first derivative is Holder continuous, but the exponent

is log, (4/3) =~ 0.415 when A = 6 and log, (4/3) ~ 0.193 when A = 10.

5.3. Convex interpolants. The convexity of the HC!-interpolant is also com-
pletely determined by the convexity of the initial control polygon.

PROPOSITION 5.6. Suppose that the parameters are chosen according to (5.1).
Then f is convex (concave) on an interval I = [a,b] if and only if the control polygon
on I is convex (concave).

Proof. Again by total positivity of the Bernstein basis the HC!-interpolant is
convex (concave) if the control polygon is convex (concave); see [8]. Conversely,
suppose the HC'-interpolant f is convex (concave). Now the control polygon is
convex if and only if the conditions

a; — aop as — ay asz — az
h/AX  — h—=2h/X — h/A

hold. But from (5.4) we find

a1 — ap as — ay a+b as — as

BN = p(a), h_Zh/A=p( 5 ) hN = p(b).

Since f is convex (concave) the function p is nondecreasing (nonincreasing) and hence
the control polygon is convex (concave). 1]
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1 =4y,

05 f . p=f"y
0 2

0.5 1

1o 02 o024 o6 o8 1 % oz 02 o5 o8 1
1 - =6  s—

05} 2 6 P2~ 2
0 4

0.5 2

-10 0.2 0.4 0.6 0.8 1 00 0.2 0.4 0.6 0.8 1
i =10 5

05| 3 6 Ps=l's
0 4

0.5 2

-10 0.2 0.4 0.6 0.8 1 00 0.2 0.4 0.6 0.8 1

Fic. 5.1. Monotone interpolants.

To give an algorithm for constructing a convex (concave) HC-interpolant on an
interval I = [a, b] we first assume that

61 s < TG iy ) > LT ),
where h := b — a. We define

p(b) — p(a) p(b) — p(a)
(58) M= OSION Az = O _ yq)

and note that the tangents
te(x) = f(a) + (z — a)p(a), ta(z) = f(b) + (z — b)p(b)
of f at a and b intersect at the point (Z,y) given by

i‘—a_i and b—fc_i
h o N h Ao

Moreover, the hypothesis (5.7) is equivalent to a < Z < b.
Under the assumption

69 o)< T <y gy OO )

the following algorithm will compute a convex (concave) interpolant.
ALGORITHM 5.7 (convex or concave interpolant).

1. (a) If p(a) = w # p(b), choose A > max (4, A1),
(b) If p(a) # M = p(b), choose X\ > max (4, A2),
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(c) If p(a) # M # p(b), choose X\ > max (4, A1, A2).
2. Compute initial control points using (3.1).
3. Apply Algorithm 5.1 or Algorithm HC' with o = —5, 8= %

1 =4
f p,=f
osl 1 B L
06 1
0.4 0
0.2 1
0 02 04 06 08 1 0 02 04 06 08 1
1f A=6 10 -
2 P=T,
05 5
0 0
0.5 5
0 02 04 06 08 1 0 02 04 06 08 1
1f A=10 4 =
p =
osl 3 37 3
5
06
0
0.4
0.2 5
0 02 04 06 08 1 0 02 04 06 08 1

Fic. 5.2. Convez interpolants.

In Figure 5.2, we have interpolated three sets of data on [0,1]. In all cases
f(0)=0.5 and f(1) =1.

In the first case, p(0) = —1 and p(1) = 3 so that A\; = 8/5 and Ay = 8/3. Then
max (4, A1, A\2) = 4 and we have chosen A = 4. In this case, the interpolant is the
quadratic spline.

In the two other cases p(0) = —1 and p(1) = 8 so that A; = 18/5 and Ay = 6.
Then max (4, A1, A\2) = 6. With A = 6 we have p = —1 on [0, 1/2], while we obtain a
strictly convex interpolant by using A = 10. Recall that choosing a bigger A decreases
the regularity of the interpolant.

6. Example. Given data (¢;,y;,y;) fori=1,...,n, where t; < --- < t,, and the
y’s are real numbers, we look for a function f € C'([t1,t,]) that satisfies

(6.1) ft) =y, f'(ti) =y, fori=1,...,n.

In addition we would like f to be positive, monotone, linear, or convex on some or all
of the subintervals I; = [t;,t;41],4 = 1,...,n — 1. We assume that
(P) (5.2) holds for the subintervals where we want nonnegativity or positivity,
(M) (5.5) holds for the subintervals where we want a nondecreasing or a strictly
increasing interpolant,
(L) ¥ = yisqn = §5=f for the subintervals where the interpolant should be
linear,
(C) (5.9) holds for the subintervals where the interpolant should be convex or

concave.
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0.5 1

0 0.5 1 15 2 25 3 35 4

F1c. 5.3. The function ¢ and its derivative.

We also require that the given data is consistent with these shape requirements. We
can compute f locally by applying the H C’l—algorithm with parameters given by
(5.1) on each subinterval I; = [t;,t;41], = 1,...,n — 1 using initial data f(¢;) = yi,
ftix1) = yiy1, p(t;) = vy, and p(ti11) = yH_1 We obtain C'-convergence and the
desired shape locally by choosing the parameter \; for the interval I; sufficiently large.

Consider now (6.1) for the example illustrated in Figure 1.1. The data are sampled
from the function ¢ € C'*(]0,4]) given by

$sin(2rt 4+ 7/2) + &, 0<t<1,

1+ exp(— 5w + 1), 1<t<2

2 t) = 1-(t-2)° ’
(6.2) (1) 9. 9<t<3
2 cos(m %) 3<t<4.

The function and its first derivative are displayed in Figure 5.3 and it can be shown
that ¢ is positive on [0, 1], strictly increasing on [1, 2], constant on [2, 3], and concave on
[3,4]; given n and let (¢1,...,t,) be a partition of [0,4]. The points (t2,...,t,—1) are
chosen randomly except that 1,2, 3, are among them. In the example, we used t; = 0,
th, =ts =1,1t,, =tg =2, t,, =t13 =3, and ¢, = {17 = 4. We want an interpolant f
which is positive on [t1, nl] [0, 1], strictly increasing on [t,,,tn,] = [1, 2], constant
on [tn,,tns = [2,3], and concave on [t,,,t,] = [3,4].

In the first test we use y; = ¢(¢;) and exact derivatives y, = ¢/'(¢;),i =1,...,n
In this case all \’s become equal to 4 and the quadratic spline interpolant f; does the
job. Plots of this function and its first derivative are shown in Figure 6.1. The first
derivative appears continuous and piecewise linear.

For the second test shown in Figure 6.2, we kept the previous data t; and y; = ¢(t;)
fort=1,...,n =17, but we used inexact derivatives given by crosses in the lower part
of the figure. However, the derivatives were chosen so that the relevant requirement
(P), M), (L), and (C) above are satisfied on each subinterval [t;,t;11]. We obtain
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Fic. 6.1. Interpolation with exact derivatives.

6 L L L L L L L
0 05 1 15 2 25 3 35 4

FiG. 6.2. Interpolation with modified derivatives.

a Cl-interpolant f, satisfying the required shape constraints. The computed val-
ues of \; are successively (4,5.1425,4,4,4,12.8631, 55.8239,4, 4, 4,4, 17.6767, 20.0216,
4.4087,11.3544). These are the smallest values on each interval. Any larger value
of \; is possible without losing the shape, but then the curve is less regular (smaller
Hélder exponent) on the corresponding interval. This example shows that we can
obtain a desired shape even with more or less random derivative values.
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7. Conclusion. We have shown that the Hermite subdivision scheme introduced
by Merrien in 1992 [11] has many desirable properties. It gives a C! limit curve for a
wide range of parameters. A one parameter subfamily called the extended quadratic
spline-scheme is particularly interesting. This family can be formulated as a scheme,
the SC' algorithm, with a totally positive subdivision matrix. When applied in
a piecewise fashion its local nature makes it easy to control the final shape of the
subdivision curve. In many cases a desired shape can be obtained even without
accurate derivative estimates.

The SC! algorithm can also be used in the parametric case, but a discussion of
this will be deferred to a future paper. We also defer the construction of interpolating
C" surfaces with shape preserving properties.
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