
Optimally Stable Multivariate Bases
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Abstract. We show that the tensor product B-spline basis and the
triangular Bernstein basis are in some sense best conditioned among all
nonnegative bases for the spaces of tensor product splines and multivariate
polynomials, respectively. We also introduce some new condition numbers
which are analogies of component-wise condition numbers for linear sys-
tems introduced by Skeel.

x1. Introduction

Conditioning of a problem measures the sensibility of the solution to per-
turbations of the data. If we focus on the problem of solving a linear system of
equations Ax = b, the traditional condition number �(A) = kAk kA�1k pro-
vides classical norm-wise perturbation results. Skeel performed a component-
wise analysis of the problem, introducing a corresponding condition number
which is often used, see [5].

In this paper we introduce some new condition numbers for function
evaluation. These condition numbers are analogies of the Skeel condition
number for linear systems and are useful when discussing optimal stability
of nonnegative bases for �nite dimensional function spaces. Loosely speaking
a basis is optimally stable if it has the smallest condition number among all
bases belonging to a certain class. In geometric modeling one is particularly
interested in bases which are nonnegative in the domain of interest and we
restrict our discussion on optimality to nonnegative bases.

A striking property of B-splines is the optimal stability of the basis. A
similar property holds for polynomials and the Bernstein basis on [0; 1], see
[2,9]. In this paper we extend some of the univariate results on optimal sta-
bility to the multivariate case. In particular, we show that the tensor product
B-spline basis and the triangular Bernstein basis for polynomials are optimally
stable.

To decide whether a basis is well-conditioned or ill-conditioned one needs
estimates of some condition number. For work on this for the B-spline basis
and the Bernstein basis see [1,6,7,8,10]. We present a result showing that the
new \component-wise" condition numbers for function evaluation can be as
large as the norm-wise condition number, but it can also be much smaller.
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x2. Condition Numbers for the Evaluation of Functions

Let U be a �nite dimensional vector space of functions de�ned on 
 � IRs

and let b = (b0; : : : ; bn) be a basis for U . Given a function f =
Pn

i=0 cibi 2 U
we are interested in measures for the sensitivity of f(x) to perturbations in
the coeÆcients c = (cj)

n
j=0 of f . If g =

Pn
i=0(1 + Æi)cibi is related to f by a

relative perturbation Æ = (Æi)
n
i=0 in c, then for any x 2 


jf(x)� g(x)j =
�� nX
i=0

Æicibi(x)
�� � jjÆjj1

nX
i=0

jcibi(x)j:

The number

Cb(f; x) :=
nX
i=0

jcibi(x)j; (2:1)

acts as a condition number for the evaluation of f at the point x using the
basis b. We can take the size of f into account and de�ne related numbers by

cond(b; f; x) :=
Cb(f; x)

kfk1
=

Pn
i=0 jcibi(x)j

k
Pn

i=0 cibik1
; (2:2)

cond(b; f) := sup
x2


cond(b; f; x); (2:3)

cond(b) := sup
f2U

cond(b; f): (2:4)

Since we use the norm of f in the de�nition of cond(b; f; x) we do not need to
assume that f(x) 6= 0.

We observe that for f; g 2 U as above and x 2 


jf(x)� g(x)j � "Cb(f; x)

jf(x)� g(x)j

jjf jj1
� "cond(b; f; x) � "cond(b; f) � "cond(b); (2:5)

where " = jjÆjj1. Thus the condition numbers can be used to measure the
sensitivity of f to perturbations in the coeÆcients. A related condition number
for roots of polynomials was considered by Farouki and Rajan in [3], see also
[2,9].

There is another related 1-norm condition number of the basis b. For
all coeÆcients c we have

K�1
2 jjcjj1 � jj

nX
i=0

cibijj1 � K1jjcjj1; (2:6)

where K1 = K1(b) and K2 = K2(b) are given by

K1(b) := sup
c6=0

jj
Pn

i=0 cibijj1
jjcjj1

; and K2(b) := sup
c6=0

jjcjj1
jj
Pn

i=0 cibijj1
:
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The condition number �1(b) is now de�ned as the product of K1 and K2

�1(b) := K1(b)K2(b): (2:7)

This number was considered by de Boor in [1] for the B-spline basis and has
been further studied in a series of papers, see [10] for an estimate which is
very close to being best possible. We have a similar inequality to (2.5) for
�1(b). Indeed, from (2.6) we obtain

jjf � gjj1
jjf jj1

� "�1(b);

where f; g, and " are as above. As for the relation between cond(b) and �1(b)
it is easy to show that

cond(b) � �1(b) (2:8)

whenever b is a basis of blending functions, i.e., each bi is nonnegative on 

and

Pn
i=0 bi(x) = 1 for all x 2 
. Indeed, K1(b) = 1 for a basis of blending

functions so that

cond(b) = sup
c 6=0

jj
Pn

i=0 jcibij jj1
jjf jj1

� sup
c 6=0

kck1
kfk1

= �1(b):

Let e = (1; : : : ; 1)T . We can shed some further light on the relation
between the condition numbers introduced by recalling the following condition
numbers for a nonsingular matrix A and a vector f

Cond(A; f) :=
k jA�1j jAj jf jk1

jjf jj1
;

Cond(A) := sup
f 6=0

Cond(A; f) = Cond(A; e) = k jA�1j jAj k1

�(A) := kAk1 kA�1k1:

Here the entries of jAj are the absolute values of the corresponding entries in
A. The numbers Cond(A; f) and Cond(A) where introduced by Skeel in 1979,
see [5], and measures e�ects of perturbations of the data in linear systems
Af = c. As an example we consider a perturbation in the right hand side
c. Suppose this perturbation is of the form � c with � = diag(Æ0; : : : ; Æn)
a diagonal matrix containing the relative perturbations Æ = (Æ0; : : : ; Æn). If
A(f + Æf) = c+� c we �nd

jÆf j = jA�1� cj � jjÆjj1jA
�1j � jcj � jjÆjj1jA

�1jjAj jf j;

and so, if kÆk1 = ", we get the following analogue of (2.5)

jjÆf jj1
jjf jj1

� "Cond(A; f) � "Cond(A) � "�(A):
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We can observe the following two properties (see also Section 7.2 of [2]):
P1. Clearly Cond(A) � �1(A) and it can be much smaller.
P2. In contrast to �(A), Cond(A) is invariant under row scaling: if D is a

nonsingular diagonal matrix then

Cond(DA) = Cond(A):

These properties provide some of the reasons which explain why the Skeel
condition number Cond(A) is more satisfying than the traditional condi-
tion number �(A).
As we have seen similar properties hold for the function condition num-

bers (2.2)-(2.4), and (2.7). By (2.8), the property P1 holds for bases of blend-
ing functions and P2 holds for cond(b). In fact, if we replace b = (b0; : : : ; bn)
by �b = (k0b0; : : : ; knbn) (ki 2 IR 8 i) then cond(b) = cond(�b).

2.1. The Bernstein Basis

In this subsection we will compare cond(b; f; x) and �1(b) for the univariate
Bernstein basis

bj(x) =

�
n

j

�
xj(1� x)n�j ; j = 0; : : : ; n;

and with
f(x) = Tn(2x� 1)

the Chebyshev polynomial of degree n relative to the interval [0; 1]. This
function f is extremal for the sup K2(b) in (2.7) when b is the Bernstein basis,
see [6,7]. Also, since b is a blending basis we have K1(b) = 1. Since

Tn(x) =
nX

j=0

(�1)n�j
jbj(x);

where 
0 = 1 and


j =

�
2n� 1

2j � 1

�
=

�
n� 1

j � 1

�
; j = 1; : : : ; n

the largest coeÆcient 
j is the middle one and

�1(b) =

[n=2]
jjf jj1

= 
[n=2]:

As shown in [6] this gives the asymptotic estimate

n

n+ 1
2n�1=2 � �1(b) �

n+ 1

n
2n�1=2; n � 1:

It is interesting to compare this with cond(b; f; x) for di�erent x's. For
x = 1 we �nd

cond(b; f; x) = 
nbn(1) = 1; n � 1

which is much smaller than �1(b) for large n. On the other hand for x = 1=2
we obtain

cond(b; f; x) =
nX

j=0

�
n

j

�
2�n
j = 2�n

nX
j=0

�
2n

2j

�
= 2n�1; n � 1:

Thus cond(b; f; x) is essentially as large as �1(b) for this choice of f and x.
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x3. Some Auxilliary Lemmas on Optimal Stability.

Given a set B of bases of a vector space U of functions de�ned on 
, we
say that a basis b 2 B is optimally stable for the evaluation of functions if
there does not exist (up to permutation or scaling) a basis u 2 B such that
cond(u; f; x) � cond(b; f; x) for each function f 2 U evaluated at every value
x 2 
. In the rest of this paper we consider the set B of bases of U formed by
nonnegative functions.

Let u; v be two bases of U . It obviously follows from the de�nitions
that cond(u; f; x) � cond(v; f; x) if and only if Cu(f; x) � Cv(f; x). Thus,
we could have de�ned optimal stability in terms of the condition number
(2.1) instead of the condition number (2.2). Also one can easily check that if
cond(u; f; x) � cond(v; f; x) 8f 2 U ; 8x 2 
 then cond(u) � cond(v).

As in the previous section, for any x 2 
 � IRs, basis u = (u0; : : : ; un) and
f =

Pn
i=0 ciui, let us consider the relative condition number for the evaluation

of f at x:

cond(u; f; x) :=

Pn
i=0 jciui(x)j

k
Pn

i=0 ciuik1
:

The following result allows us to compare di�erent bases of a space with
respect to the previous condition number:

Lemma 3.1. Let U be a �nite dimensional vector space of functions de�ned
on 
 � IRs. Let u; v be two bases of nonnegative functions of U . Then

cond(u; f; x) � cond(v; f; x); 8f 2 U ; 8x 2 
 (3:1)

if and only if the matrix A such that v = uA is nonnegative.

Proof: Let A = (aij)0�i;j�n be the matrix of change of basis such that
v = uA. Suppose �rst A is nonnegative. If f(x) =

Pn
j=0 cjvj(x) then we can

write f(x) =
Pn

i=0(
Pn

j=0 cjaij)ui(x). Since A; u and v are nonnegative we
�nd for every x 2 


nX
j=0

jcjvj(x)j =
nX

j=0

jcjjvj(x) =
nX
i=0

(
nX

j=0

jcjjaij)ui(x) �
nX
i=0

�� nX
j=0

cjaij
��ui(x)

and therefore cond(u; f; x) � cond(v; f; x).
Conversely, let us assume that (3.1) holds and assume that A is not

nonnegative. Then apq < 0 for some p; q and the nonnegativity of the basis
function up implies that there exists x 2 
 such that up(x) > 0. Since v = uA
we have

vq(x) = a0qu0(x) + � � �+ apqup(x) + � � �+ anqun(x):

From the fact that apqup(x) < 0 and vq(x) � 0, we deduce that there exists
m such that amqum(x) > 0. Thus, taking into account that apq and amq are
of opposite sign and the functions in u are nonnegative, we may deduce that

cond(u; vq; x) =

Pn
i=0 jaiqjui(x)

kvqk1

>
j
Pn

i=0 aiqui(x)j

kvqk1
=
jvq(x)j

kvqk1
= cond(v; vq; x);
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which contradicts (3.1).

Lemma 3.2. Let M be a nonsingular and nonnegative matrix such that
the �rst and last nonzero entry of each column of M�1 is positive. Then
M = PD, where D is a diagonal matrix with positive diagonal elements and
P is a permutation matrix.

Proof: Since the �rst nonzero element in each column of M�1 is positive it
follows from Lemma 2.2 in [9] that M�1 = LP1, where L is lower triangular
and P1 is a permutation matrix. Using that the last element in each column
of M�1 is positive it can be shown that L is diagonal, see the last paragraph
on page 1558 in [9]. But then M = PT

1 L is of the required form. The diagonal
elements of L must be positive since M is nonnegative and nonsingular.

Lemma 3.3. Let u and b be nonnegative bases for a �nite dimensional vector
space U of functions de�ned on a set 
 2 IRs. Suppose that the change of
basis matrix A de�ned by b = uA is nonnegative and that the �rst and last
element in each column of A�1 is positive. Then u = b up to a permutation
and positive scaling.

Proof: By Lemma 3.2 it follows that A = PD where P is a permutation
matrix and D is a diagonal matrix with positive diagonal elements. But then
u = bA�1 = bD�1PT and the proof is complete.

We also need the following well known properties of the B-spline basis
normalized to form a blending basis (see [11] and Lemma 2.1 of [9]).

Lemma 3.4. Suppose b = (N0;k; : : : ; Nn;k), where Ni;k(t) is the ith B-spline
of order k (degree k � 1) on the knots (�i)

n+k
i=0 with �i+1 � �i for all i and

�i+k > �i for i = 0; : : : ; n. Then

lim
t!�+

j

Ni;k(t)

Nj;k(t)
= 0; if i > j; (3:2)

and

lim
t!��

j+k

Ni;k(t)

Nj;k(t)
= 0; if i < j: (3:3)

x4. Optimal Stability of Tensor Product B-splines.

Consider now s-variate tensor product polynomial splines de�ned on a rect-
angle


 = [a1; d1]� [a1; d1]� � � � � [as; ds]:

We let for x = (x1; : : : ; xs) 2 
, � = (�1; : : : ; �s), and 0 � �r � nr

b�(x) = N�1;k1;�1(x1) � � �N�s;ks;�s(xs) (4:1)
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be the tensor product B-splines, where (Ni;kr;�r)
nr
i=0 are the usual univariate

B-splines on knots (�ri )
nr+kr
i=0 . We have the corresponding space

U = f
X

0���n

c�b� : c� 2 IRg (4:2)

of tensor product polynomial splines on 
. Here n = (n1; : : : ; ns) and we
order the elements of b = (b�) in lexicographical order.

The following result proves that the tensor product B-spline basis is op-
timally stable.

Theorem 4.1. Let b = (b�) be the tensor product B-spline basis (4.1) for the
corresponding space U given by (4.2). If u = (u�) is a basis of nonnegative
functions for U such that

cond(u; f; x) � cond(b; f; x) (4:3)

for each function f 2 U evaluated at every value x 2 
, then u = b up to
permutation and positive scaling.

Proof: By Lemma 3.1 there exists a nonnegative matrix A such that

b = uA

and by Lemma 3.3 it is enough to show that the �rst and last element in each
column of A�1 is positive. Fix a column � of A�1 and let (c�)0���n be the
elements of A�1 in this column so that

u�(x) =
X
�

c�b�(x): (4:4)

Let � = (l1; : : : ; ls) be the index of the �rst nonzero c� in (4.4). We prove
that it is positive by induction on s. If s = 1, the function u� of (4.4) can be
written as

u�(x1) = cl1Nl1;k1(x1) +
X
�1>l1

c�1N�1;k1(x1): (4:5)

Using the nonnegativity of u� and Nl1;k1 joint with (4.5) and (3.2) we deduce
that

0 � lim
x1!(�1

l1
)+

u�(x1)

Nl1;k1(x1)
= cl1 :

Assume that the result holds for s� 1 and let us prove it for s. The function
u� of (4.4) can be written as

u�(x) =
n1X

�1=l1

N�1;k1(x1)

 
n2X

�2=0

� � �
nsX

�s=0

c�N�2;k2(x2) � � �N�s;ks(xs)

!
: (4:6)
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Using the nonnegativity of u� and Nl1;k1 we deduce that

0 � lim
x1!(�

(1)

l1
)+

u�(x1)

Nl1;k1(x1)
(4:7)

By (4.6), (4.7) and (3.2) we conclude that

n2X
�2=0

� � �

nsX
�s=0

c(l1;�2;:::;�s)N�2;k2(x2) � � �N�s;ks(xs) � 0: (4:8)

Since the function in (4.8) depends on s � 1 variables, by our induction hy-
pothesis its �rst nonzero coeÆcient is positive. This coeÆcient is c(l1;l2;:::;ls)
and coincides with the the �rst nonzero coeÆcient in (4.4), so that the result
follows.

Let c�, �r = mr 8 r = 1; : : : ; s, be the last nonzero coeÆcient in (4.4).
Applying a reasoning analogous to the proof of the positivity of the �rst
nonzero coeÆcient in (4.4), but using (3.3) instead of (3.2) and taking limits
when xs ! (�sms+ks

)�, we may deduce that the last nonzero coeÆcient in
(4.4) must be also positive, that is, the last nonzero entry of each column of
A�1 is positive.

For an s-tuple n = (n1; : : : ; ns) consider next the tensor product space

U = f
X

0���n

c�x
� : c� 2 IRg

of polynomials in s variables x = (x1; : : : ; xs) of degree � nr in the variable
xr for r = 1; : : : ; s. A basis for this space is the Bernstein basis

b�1;:::;�s
(x1; : : : ; xs) = Bn1

�1
(x1) � � �B

ns
�s
(xs); 0 � �r � nr; r = 1; : : : ; s;

(4:9)
where

Bnr
�r
(xr) :=

�
nr
�r

�
(xr)

�r(1� xr)
nr��r ; �r = 0; 1; : : : ; nr; xr 2 [0; 1]

is the univariate Bernstein basis function of degree nr for r = 1; : : : ; s.
Taking into account that the Bernstein basis is a particular B-spline basis

we can derive the following consequence of Theorem 4.1:

Corollary 4.2. Let b be the tensor product Bernstein basis for the corre-
sponding space U . If u is a basis of nonnegative functions for U such that

cond(u; f; x) � cond(b; f; x)

for each function f 2 V evaluated at every value x 2 [0; 1]s then u = b up to
permutation and positive scaling.
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x5. Optimal Stability of the Triangular Bernstein Basis.

Let us now introduce the triangular Bernstein basis. Let i = (i1; : : : ; is)
denote a multi-index with i1; : : : ; is in ZZ+. We denote by jij the sum of the
coeÆcients i1+ � � �+is. Let i! = i1! � � � is! and i

� = i�11 ; : : : ; i�s
s . For the vector

space of polynomials of total degree at most n in s variables x = (x1; : : : ; xs)

U = f
X
jij�n

cix
ijci 2 IRg;

let us consider the triangular Bernstein basis

f
n!

�!
��gj�j=n; (5:1)

where (�1; : : : ; �s+1) denotes the barycentric coordinate with respect to a non-
degenerate simplex 
 =< v1; : : : ; vs+1 > in IRs, that is, the (s + 1)-tuple �
corresponding to x is uniquely given by

s+1X
j=1

�jvj = x;
s+1X
j=1

�j = 1:

Note that �� = ��11 � � ���s
s (1��1�� � ���s)

n��1������s , and that � � 0 when
x 2 
 so that the basis is nonnegative on 
. It was shown in [4] that the
bivariate Bernstein basis is better conditioned than the corresponding power
basis. We now show that the triangular Bernstein basis (5.1) is optimally
stable.

Theorem 5.1. Let b be the Bernstein basis (5.1) for the space U of multivari-
ate polynomials of total degree � n. If u is another basis for U of functions
which are nonnegative on 
 and such that

cond(u; f; x) � cond(b; f; x)

for each function f 2 U evaluated at every value x 2 
 then u = b up to
permutation and positive scaling.

Proof: Let us introduce the change of variables (see p. 143 of [7])

x! y = (y1; : : : ; ys)

given by

�1 = y1 = y1
�2 = y2(1� y1) = y2(1� �1)
�3 = y3(1� y2)(1� y1) = y3(1� �1 � �2)
...

...
�s = ys(1� ys�1) � � � (1� y1) = ys(1� �1 � �2 � � � � � �s�1):
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This transformation maps 
 onto the s-dimensional cube [0; 1]s. Since

�s+1 = 1� �1 � � � � � �s = (1� ys)(1� ys�1) � � � (1� y1)

we derive

�� = y�11 � � � y�s
s (1� y1)

n��1 � � � (1� ys)
n��1������s :

Taking into account that

n!

�!
=

�
n

�1

��
n� �1

�2

��
n� �1 � �2

�3

�
� � �

�
n� �1 � � � � � �s�1

�s

�

we conclude that

n!

�!
�� = Bn

�1
(y1)B

n��1
�2

(y2) � � �B
n��1������s�1
�s

(ys): (5:2)

Thus any function f =
P
j�j=n c�

n!
�!�

� in U can be written in tensor product
manner as

nX
�1=0

Bn
�1
(y1)

 
n��1X
�2=0

Bn��1
�2

(y2) � � �

n��1������s�1X
�s=0

c�B
n��1������s�1
�s

(ys)

!
:

(5:3)
The problem now reduces to prove the optimal stability of the basis (5.1)

using the new expressions (5.2) with respect to the new variables. We can
reason similarly as in the proof of Theorem 4.1, using again induction on the
number of variables s appearing in the expression (5.3) of the functions in U .
Now, the expression of u�(x) in (4.6) should be replaced by

nX
�1=l1

Bn
�1
(y1)

 
n��1X
�2=0

Bn��1
�2

(y2) � � �

n��1������s�1X
�s=0

c�B
n��1������s�1
�s

(ys)

!

(5:4)
and formula (4.8) should be replaced by

n�l1X
�2=0

� � �

n�l1��2������s�1X
�s=0

cl1;�2;:::;�s
Bn�l1
�2

(y2) � � �B
n�l1��2������s�1

��s (ys) � 0:

(5:5)
The functions in (5.5) have a similar form to those of (5.3) but using s � 1
variables instead of s variables. So the induction hypothesis can be applied
analogously as in the proof of Theorem 4.1.
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