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Abstract

We present a numerical study of several parallel alge-
braic preconditioners, which speed up the convergence of
Krylov iterative methods when solving large-scale linear
systems. The studied algebraic preconditioners are of two
types. The first type includes simple block preconditioners
using incomplete factorizations or preconditioned Krylov
solvers on the subdomains. The second type is an enhance-
ment of the first type in that Schur complement techniques
are added to treat subdomain-interface unknowns. The nu-
merical experiments show that the scalability properties of
the preconditioners are highly problem dependent, and a
simple Schur complement technique is favorable for achiev-
ing good overall efficiency.

1. Introduction

Solving systems of linear equations is a topic of funda-
mental importance for the numerical solution of partial dif-
ferential equations (PDEs). Almost all the numerical strate-
gies rely on solving systems of linear equations on the form

Ax = b. (1)

In (1),A is often referred to as the system matrix,b is called
the right-hand side vector and vectorx contains the un-
knowns. In this paper, we only consider linear systems that
arise from the standard discretization techniques, i.e., finite
elements, finite differences and finite volumes. The system
matrix A is sparse in such cases, meaning that the num-
ber of nonzeros per row is small. Discretization on a very
fine grid will result in a linear system that has a very large
number of unknowns. Traditional direct solution methods
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for (1), such as Gaussian elimination, will become inappli-
cable due to high operation counts, large storage demand
and high sensitivity to computer round-off errors. Large-
scale linear systems are therefore better handled by iterative
methods, especially the so-called Krylov subspace solvers;
see e.g. [7].

If the grid resolution keeps increasing, the dimension of
A will eventually become so large that one single processor
has trouble handling the entire linear system. This makes
the use of parallel computers mandatory. Of course, another
perhaps more important motivation for adopting parallel
computers in solving PDEs is to save time by using more
processors. Krylov subspace methods are in fact easily par-
allelized, because they involve only three types of kernel
operations: vector update/addition, inner-product between
two vectors and matrix-vector product. Once the unknowns
of (1) are partitioned among the processors, see Section 1.1
below, the three types of kernel operations can be paral-
lelized by running local computations on each processor,
plus inter-processor communication when necessary.

1.1. Distributed sparse linear systems

A natural way of partitioning the unknowns of (1) is to
use the idea ofdomain decomposition[11], which parti-
tions the global solution domainΩ into a set of subdomains.
Such a partitioning implies a partitioning of the rows ofA.
The grid points that lie on the boundary of a subdomain
are calledinterdomain interface points, whereas the other
grid points of a subdomain are calledinternal points; see
Figure 1. We remark that the solid curves in Figure 1 rep-
resent “cutting lines” that divide the grid points disjointly
among the subdomains. (Note that there are no grid points
lying on the cutting lines.) We also observe that only the
interdomain interface points have direct couplings with the
external interface points that belong to neighboring subdo-
mains. These interface points need to exchange values by
communication during a parallel matrix-vector product.

Here we have an important observation. There is no
need to first build up the global linear system (1) by a dis-
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Figure 1. A subdomain that arises from do-
main decomposition.

cretization on the entireΩ, and then divide the rows ofA
among the processors. A better approach is to decompose
Ω first and assign one subdomain (and its associated sub-
grid) to each processor. Thereafter, each processor carries
out discretization on its own subdomain to produce the des-
ignated rows ofA. These rows constitute a subdomain ma-
trix. This “distributed discretization” approach avoids con-
struction and storage of the global matrices/vectors. So the
global linear system (1) only exists logically and we work
with a distributed sparse linear systeminstead. Each pro-
cessor thus handles only sub-matrices and sub-vectors asso-
ciated with a subdomain.

An “economic” partitioning scheme should divide the
grid points evenly and disjointly among the subdomains.
Although an external interface point (see Figure 1) is the
“responsibility” of a neighboring subdomain, it is beneficial
for a subdomain to include all its external interface points
into its local data structure. In this way, the rows ofA that
correspond to the interdomain interface points can be built
without need for communication. This is equivalent to al-
lowing a minimum amount of overlap between neighboring
subdomains. In other words, each subdomain includes its
external interface points in its local data structure, but is not
responsible for finding the solution on these points. More
overlap between subdomains is strictly speaking not neces-
sary for parallelizing Krylov subspace methods. However,
an increased overlap may help to produce better parallel
preconditioner, as is well known for the so-called overlap-
ping domain decomposition methods; see e.g. [11].

1.2. Preconditioner and convergence

It is well known that the difficulty of solving a linear
system, which arises from discretizing a PDE, grows as the
grid resolution increases. For example, an elliptic PDE typ-
ically produces a system matrixA with a condition number
of orderO(h−2), where1/h characterizes the grid resolu-
tion. The number of iterations needed by a Krylov subspace

solver is typically of orderO(h). To achieve faster conver-
gence, we can use preconditioned iterations. That is, we
may, e.g., solve an equivalent system

M−1Ax = M−1b, (2)

whereM is the preconditioner approximatingA in some
way; see e.g. [7]. An extra difficulty in parallel solution
of PDEs is that a good sequential preconditioner may not
function equally well in the parallel setting. It is thus our
purpose to study the behavior of the so-called parallel alge-
braic preconditioners.

2. Parallel algebraic preconditioners

We adopt the framework of a distributed sparse linear
system, as has been described in Section 1.1. Each subdo-
main vectorxi of local unknowns is split into two parts: the
sub-vectorui of internal variables and the sub-vectoryi of
interdomain interface variables. The right-hand side vector
bi is split accordingly into two sub-vectorsfi andgi,

xi =
(

ui

yi

)
; bi =

(
fi

gi

)
. (3)

The subdomain matrixAi residing on processori is block-
partitioned according to this splitting, leading to

Ai =
(

Bi Fi

Ei Ci

)
. (4)

In this setup, the local linear system can be rewritten as:

(
Bi Fi

Ei Ci

)(
ui

yi

)
+

( 0∑

j∈Ni

Eijyj

)
=

(
fi

gi

)
, (5)

where the termEijyj represents the contribution to the local
system from the neighboring subdomainj, andNi is the set
of neighboring subdomains for subdomaini.

Parallel block preconditioners are the simplest algebraic
preconditioning strategy, where each subdomain updates its
local solutionindependentlyby solving a subdomain lin-
ear system formed byAi and a given local residual. The
subdomain systems can be solved in different ways, e.g.,
by a local (preconditioned) Krylov solver. Another simpler
subdomain solver is to use the backward-forward procedure
associated with an incomplete LU-factorization (ILU). We
will use, in particular, a zero fill-in ILU (denoted ILU(0)) or
a dual-threshold ILU (denoted ILUT); see [7].

Schur complement techniques refer to methods that it-
erate only on the interdomain unknowns, implicitly using
internal unknowns as intermediate variables. Schur comple-
ment systems are derived by eliminatingui from the local
system (5). By noticing thatui = B−1

i (fi − Fiyi), we get

Siyi +
∑

j∈Ni

Eijyj = gi − EiB
−1
i fi ≡ g′i, (6)



whereSi is thelocal Schur complement,

Si = Ci − EiB
−1
i Fi. (7)

By assembling all the local Schur complement systems
(6), we can get aglobal Schur complement system for all
the interface unknowns. This global Schur complement sys-
tem has a natural block structure:




S1 E12 . . . E1p

E21 S2 . . . E2p

...
. . .

...
Ep1 Ep−1,2 . . . Sp







y1

y2
...

yp


 =




g′1
g′2
...

g′p


 . (8)

The diagonal blocks in this system, the matricesSi, are
dense in general. The off-diagonal blocksEij are sparse.
More compactly, the global Schur complement system (8)
can be written as

Sy = g′,

where all the subdomain interface variable vectors
y1, y2, . . . , yp are stacked into a long vectory. The matrixS
is called the global Schur complement matrix. An idea pro-
posed in [8] is to exploit methods thatapproximatelysolve
(8) and use them as preconditioners for (1). Such a Schur
complement based parallel algebraic preconditioner can be
expressed by the following algorithm:

ALGORITHM 2.1 Schur complement based preconditioner
1. Compute local right-hand sides:g′i = gi − EiB

−1
i fi.

2. SolveSy = g′ approximately.
3. SolveBiui = fi − Fiyi.

Let us consider Step 2 in more detail. First, we rewrite
(8) as a preconditioned system with the diagonal blocks:

yi + S−1
i

∑

j∈Ni

Eijyj = S−1
i

[
gi − EiB

−1
i fi

]
for all i.

(9)
This can be viewed as a block-Jacobi preconditioned ver-
sion of (8). This global system can be solved by a GMRES-
like accelerator, requiring a solve withSi on subdomaini
in each iteration. An ILU factorization ofSi can be easily
extracted from an ILU factorization ofAi. Specifically, if
Ai is of the form (4) and is factored asAi = LiUi, where

Li =
(

LBi 0
EiU

−1
Bi

LSi

)
and Ui =

(
UBi L−1

Bi
Fi

0 USi

)
,

then,LSiUSi is equal to the local Schur complementSi. So
an ILU factorization ofAi provides an approximation ofSi.
There are, of course, other techniques for approximatingSi,
see e.g. [8].

In [5], an Algebraic Recursive Multilevel Solver
(ARMS) [9], which acts onAi, has been used to extract an

Interdomain

Interior points

Local 
Interfaces Interfaces 

Figure 2. A two-level group-independent set.

approximation of the local Schur complementSi. The con-
struction of ARMS starts with defining “group-independent
sets” in each subdomain. A group-independent set is a set
of groups of unknowns such that there is no coupling be-
tween unknowns that belong to any two different groups
[10]. An illustration is shown in Figure 2 for a simple case
with two subdomains. The sold curve in the middle con-
tains no vertices, it only illustrates the separation of the two
subdomains. On each subdomain, an independent set re-
ordering is applied locally. In Figure 2, local interfaces de-
note the unknowns that separate the group independent sets.
The local system with matrixAi can be reordered such that
the rows corresponding to local and interdomain interface
unknowns are placed after the rows corresponding to the
group independent set unknowns. With such a permutation,
the Schur complement include both types of the interface
unknowns. We call this larger Schur complement theex-
panded Schur complement.

An advanced parallel algebraic preconditioner is thus to
use a Krylov solver, preconditioned by a distributed ILU(0),
for the global expanded Schur complement system. Such a
Schur complement based preconditioner normally produces
better convergence than a simple parallel block precondi-
tioner. This Schur complement based preconditioner can,
e.g., use ARMS as an approximate subdomain solver, de-
noted bySchur2 in Section 4.4.

3. A suite of PDEs with test cases

In this section, we present a suite of four PDEs. We have
deliberately chosen these PDEs, which are simple in the
mathematical formulation, but of great importance for many
complicated mathematical models. It is therefore hoped that
the numerical results presented in Section 5 will be of inter-
est for many. We have also taken care to select test cases
involving 2D/3D computations on uniform, structured and
unstructured computational grids. Although we use finite
elements exclusively for the discretization, the resulting lin-
ear systems have similar properties as those arising from
other discretization techniques, e.g., finite differences.



3.1. Poisson equation

Poisson equation is the simplest elliptic PDE and reads

−∇2u = f, (10)

wheref is prescribed.

Test Case 1. The Poisson equation (10) is considered in
the 2D unit square. The right-hand sidef is chosen as
f(x, y) = xey, andu(x, y) = −xey is given on the en-
tire boundary∂Ω.

Test Case 2. The Poisson equation (10) is considered in
the 3D unit cube. The right-hand sidef is chosen as
f(x, y, z) = x(y2 + z2)eyz, andu(x, y, z) = −xeyz is
given on the entire boundary∂Ω.

Test Case 3. The Poisson equation (10) is considered in
a special 2D domain depicted in Figure 3. The right-hand
sidef and the boundary condition are the same as in Test
Case 1. We use an unstructured 2D computational grid that
has 521,185 points and 1,040,256 triangular elements.

Figure 3. The solution domain and grid for
Test Case 3; the Poisson equation.

3.2. Heat conduction

The following parabolic PDE is the simplest model of
heat transfer in a homogeneous medium:

∂u

∂t
= k∇2u, (11)

where constantk denotes the heat conductivity.

Test Case 4. The 3D unit cube is used as the spatial so-
lution domainΩ. We choosek = 1 and use an implicit
time-stepping scheme for solving (11), i.e.,

ul − ul−1

∆t
= ∇2ul ⇒ ul −∆t∇2ul = ul−1, (12)

where the superscriptl denotes the time level number. We
note that the resulting system matrixA is on the form

A = M + ∆t K, (13)

where matrixM is often referred to as themass matrixand
K arises from discretizing−∇2ul. Moreover, we choose
∆t = 0.05 and letu0(x, y) = sin(πx) sin(πy) be the initial
condition. As boundary conditions, we useu = 0 on the
side ofx = 1 and ∂u

∂n = 0 on the rest of∂Ω.

3.3. Convection-diffusion equation

For a stationary convective flow that is also affected by
diffusion, its mathematical model reads as follows,

~v · ∇u = ∇2u, (14)

where the constant vector~v has magnitudev and an direc-
tion angleθ, i.e.,~v = (v cos θ, v sin θ). The magnitudev
indicates the relation between convection and diffusion.

Test Case 5. We consider the convection-diffusion equa-
tion in the 2D unit square. The following boundary con-
ditions are used: the normal derivative ofu is zero on the
right side (x = 1) and top side (y = 1). On the bottom side
(y = 0) we haveu = 0, whereas the left size (x = 0) is
divided into two parts:

u =
{

0 x = 0, 0 ≤ y ≤ 1
4 ,

1 x = 0, 1
4 < y ≤ 1.

By choosingv = 1000, we make the test case convection-
dominated. The angle of~v is chosen asθ = π/4. Note that
the boundary condition is discontinuous onx = 0, resulting
in a rather sharp discontinuity of the solution that lies on a
line starting from(x = 0, y = 0.25) with an angleθ =
π/4; see Figure 4. Due to the dominating convection, we
have to use one type of upwind weighting functions, see [4],
resulting in an unsymmetric system matrixA.

¡
¡¡µ
θ = π

4

u = 1

u = 0

u = 0

∂u
∂n = 0

∂u
∂n = 0

Figure 4. The solution domain of Test Case 5;
the convection-diffusion equation.



3.4. Linear elasticity

For an elastic body subject to a volume load, the dis-
placement field~u can be described by the following vector
PDE that is of the elliptic type:

−µ∆~u− (µ + λ)∇(∇ · ~u) = ~f, (15)

whereµ andλ are elasticity constants,~f is a given vector
function representing the volume load; see e.g. [11].

Test Case 6. We study the displacement field~u =
(u1, u2) inside one quarter of a ring, which has inner ra-
dius 1 and outer radius 2; see Figure 5. We use a curvi-
linear structured computational grid consisting of triangu-
lar shaped elements. For the boundary condition, the stress
vector is specified on the entire boundary∂Ω except onΓ1

andΓ2, whereu1 = 0 onΓ1 andu2 = 0 onΓ2.

Γ

Γ

1

2

Ω

Figure 5. The solution domain for Test Case
6; the linear elasticity equation.

4. Experiment setup

4.1. Software

We will use a “composite” parallel code for running sim-
ulations of the test cases presented in Section 3. More
specifically, two software packages–Diffpack and pARMS–
are coupled together. Diffpack (see [2, 4]) is an object-
oriented computational environment with a special empha-
sis on solving PDEs. A Diffpack simulator is typically set
up using C++ objects of classes that are provided by hierar-
chically designed libraries. Diffpack has a rich collection of
classes representing grids, fields, finite element discretiza-
tion tools, matrices, vectors, Krylov solvers, precondition-
ers, convergence monitors, and many more. Paralleliza-
tion of a sequential Diffpack simulator can be easily done
by using a special add-on parallel toolbox, which contains
functionalities for grid partitioning, communication pattern
recognition, and inter-processor MPI communication rou-
tines that are associated with parallel Krylov iterations. We
refer to [1] for more details.

pARMS (see [6]) is mainly a library of parallel linear
algebra routines. Its main feature is a large collection of
state-of-the-art parallel algebraic preconditioners based on
various incomplete factorization techniques, recursive mul-
tilevel strategies, and Schur complement solvers. The rea-
son for coupling together the two software packages is to
equip Diffpack with modern parallel algebraic precondi-
tioners. In the resulting “composite” code, Diffpack is
responsible for the overall parallel computing framework,
finite element discretization, control of Krylov iterations,
whereas pARMS is responsible for performing the desired
parallel algebraic preconditioning operations.

Due to Diffpack’s object-oriented design, it is quite easy
to incorporate an “alien” code. In our case of using pARMS
as new parallel preconditioners inside Diffpack, it suffices
to write a small wrapper class, as a subclass of the generic
preconditioner class in Diffpack. The function of this small
wrapper class is to initiate the pARMS data structure, and
shuffle data between Diffpack and pARMS every time a
preconditioning operation needs to be carried out by the
pARMS code.

4.2. Hardware

We have used two quite different parallel computing sys-
tems for running the simulations. One system is a low-end
Linux cluster using Pentium III 1GHz processors and a fast
Ethernet-based network. We have obtained exclusive access
to run all the simulations on this relatively small parallel
computer. The other system is a high-end SGI Origin 3800
machine using R14000 600MHz processors. Due to a re-
stricted access to this parallel computer, we have only run a
few selected simulations.

4.3. Measurements

In all the experiments to be presented in Section 5, we
record the number of (F)GMRES iterations (withm = 20,
see [7]), which is needed to achieve afixedconvergence cri-
terion. More precisely, the 2-norm of the residual vector
should be reduced by a factor of106, compared with its ini-
tial value. For Test Case 4, we only run one time step so
the initial guess of the solution is the initial condition of the
PDE. For all the other test cases, we use zero initial values
for all the unknowns except those associated with Dirichlet
boundary conditions. The obtained iteration counts reveal
the convergence speed of different parallel algebraic pre-
conditioners when applied to different test cases. We have
used ageneralgrid partitioning scheme (based on Metis [3])
for all the simulations. We remark that due to different ran-
dom number generators on the two different parallel com-
puting systems, the global computational grid is in fact par-
titioned differently on the Linux cluster than on the Origin



3800 machine.
In addition, we record thewall-clock timeconsumption

of the preconditioned parallel (F)GMRES solver. For ev-
ery test case, these measurements are used to compare the
overall computational efficiency of the different algebraic
preconditioners. However, we remark that wall-clock time
measurements are highly sensitive to the work load level of
a parallel computing system. (The Origin 3800 machine has
often been heavily loaded during our experiments.) Certain
care should therefore be taken when interpreting these tim-
ing results.

For each test case, we use afixed global problem sizeand
let the preconditioner type and the number of processorsP
vary. When the parallel efficiency is studied with respect
to speed-ups, a fixed global problem size normally favors a
smaller value ofP , because the communication overhead is
relatively low compared with the local computation. How-
ever, an opposite effect may occur ifP exceeds a threshold
such that the subdomain problems become small enough to
be handled efficiently by the cache sitting on the an individ-
ual processor.

4.4. Notation

We use the following symbols to denote four different
parallel algebraic preconditioners:

• Schur1: A Schur complement enhanced preconditioner
where the global Schur complement system is solved
approximately using a few distributed global GMRES
iterations preconditioned by block Jacobi. The associ-
ated subdomain solver is a few local GMRES iterations
preconditioned by ILUT.

• Schur2: A Schur complement enhanced preconditioner
where the expanded global Schur complement system
is solved approximately using a few distributed global
GMRES iterations preconditioned by a global ILU(0).
Two-level ARMS works as the approximate subdo-
main solver.

• Block1: A simple block preconditioner using ILU(0)
as the approximate subdomain solver.

• Block2: A simple block preconditioner using ILUT as
the approximate subdomain solver.

5. Numerical results

Results for test case 1. We use a distributed FGM-
RES solver and a fixed 2D global grid with1001 ×
1001=1,002,001 points. The following FGMRES iteration
counts and wall-clock time measurements (in seconds) are
obtained on the Linux cluster:

Schur1 Schur2 Block1 Block2
P #itr time #itr time #itr time #itr time
2 102 350.26 101 552.55 1188 1630.04 198 438.09
4 110 188.38 110 331.74 1371 1040.74 346 382.92
8 140 124.33 108 165.82 1008 425.18 352 200.26
16 146 76.70 104 100.59 977 223.31 315 102.65

We see thatSchur1 has the best overall computational
efficiency for this test case, despite thatSchur2 has slightly
faster and more stable convergence behavior. However,
Block1 has the best scalability with respect to wall-time per
iteration. We have also testedSchur1 and Block2 on the
Origin 3800 machine with the following results:

Schur1 Block2
P #itr time #itr time
8 121 303.34 270 118.34
16 145 190.14 386 83.89
32 167 153.31 511 122.70
64 184 88.78 840 98.96

We can see that the growth of iterations forSchur1 is
of moderate speed, whereasBlock2 requires many itera-
tions for large values ofP . We remark that the very poor
wall-clock time measurements are due to the heavy load
on the Origin 3800 machine, which ought to produce bet-
ter measurements because of its more powerful processors
and faster communication network. The different iteration
counts forP = 8 and P = 16 are due to the differ-
ent random number generators used in the grid partitioning
scheme, as explained in Section 4.3.

Results for test case 2. We use a distributed FGMRES
solver and a fixed 3D global grid with101 × 101 ×
101=1,030,301 points. The following results are obtained
on the Linux cluster:

Schur1 Schur2 Block1 Block2
P #itr time #itr time #itr time #itr time
2 60 307.25 70 790.69 93 273.15 74 254.11
4 60 161.77 70 441.38 97 154.90 81 137.82
8 60 88.89 70 275.94 103 89.68 87 81.45
16 61 53.60 69 196.27 110 50.77 93 45.21

We can see that all the four preconditioners produce
quite fast convergence, whereSchur1 andSchur2 show very
stable iteration counts. Unlike the previous test case, the
Block2 preconditioner produces the best overall computa-
tional efficiency, whileBlock1 also performs better than
both Schur1 and Schur2 for this test case. We have also
testedSchur2 andBlock2 on the Origin 3800 machine with
the following results:

Schur2 Block2
P #itr time #itr time
16 70 310.40 94 39.86
32 68 114.76 103 43.83
64 67 91.74 110 26.71

We can see that the iteration counts remain stable with
Schur2, whereas the iteration number growth forBlock2 is
moderate.



Results for test case 3. We use a distributed FGMRES
solver and a fixed global unstructured grid with521, 185
grid points. The following results are obtained on the Linux
cluster:

Schur1 Schur2 Block1 Block2
P #itr time #itr time #itr time #itr time
2 148 223.20 74 256.54 1206 846.30 199 202.19
4 150 117.80 74 120.20 1451 530.48 171 88.87
8 152 66.07 74 70.60 1266 280.46 309 86.98
16 154 41.55 74 43.36 1163 155.06 337 51.83

The Schur complement enhanced preconditioners again
show their advantage for this test case.

Results for test case 4. We use a distributed FGMRES
solver and a fixed 3D global grid with101 × 101 ×
101=1,030,301 points. The following results are obtained
on the Linux cluster:

Schur1 Schur2 Block1 Block2
P #itr time #itr time #itr time #itr time
2 91 466.73 116 1332.34 165 475.84 129 436.84
4 93 251.02 115 794.15 166 257.60 132 224.83
8 93 139.57 114 473.67 164 139.88 137 131.49
16 95 85.91 113 322.01 168 80.30 148 73.45

For this 3D test case, all the preconditioners produce
quite stable iteration counts. However,Block2 seems to
have the best performance with respect to the overall com-
putational efficiency.

Results for test case 5. We use a distributed FGM-
RES solver and a fixed 2D global grid with1001 ×
1001=1,002,001 points. The following results are obtained
on the Linux cluster:

Schur1 Schur2 Block1 Block2
P #itr time #itr time #itr time #itr time
2 11 36.84 27 150.88 285 428.94 29 64.36
4 17 29.16 29 94.71 291 227.30 54 61.31
8 14 12.22 29 53.77 297 131.66 38 21.87
16 16 8.15 30 30.69 298 75.53 40 14.46

We see that theSchur1 preconditioner is a clear “win-
ner” in the overall computational efficiency. Low iteration
counts forP = 32 andP = 64 that are obtained on the Ori-
gin 3800 machine (see the table below) also seem to support
the same observation.

Schur1 Schur2 Block1 Block2
P #itr time #itr time #itr time #itr time
8 15 13.96 27 35.72 296 75.30 32 55.10
16 17 25.13 not converged 297 49.25 39 28.35
32 20 21.97 30 20.11 318 38.63 78 19.57
64 23 13.93 30 13.94 309 13.13 92 18.19

Again, some of the wall-clock time measurements show
traces of strong influence of heavy work load on the Ori-
gin 3800 machine. We remark that we “gave up” onSchur2

when it did not help the FGMRES solver to converge for
P = 16 on the Origin 3800 machine. This seems to
be caused by an unfortunate grid partitioning result, since
Schur2 works fine on the Linux cluster forP = 16.

Results for test case 6. We use a distributed FGMRES
solver and a fixed global curvilinear structured grid with
481 × 481 grid points, where each grid point is associated
with two unknowns. The following results are obtained on
the Linux cluster:

Schur1 Schur2
P #itr time #itr time
2 302 889.84 238 1224.90
4 556 840.66 193 544.26
8 724 572.28 280 404.59
16 620 280.70 299 255.06

This test case is clearly the “toughest” for the parallel
algebraic preconditioners. TheBlock1 andBlock2 precon-
ditioners have trouble producing satisfactory convergence.

5.1. Effect of the subdomain shape

We have so far always used a general partitioning scheme
that does not produce subdomains in the shape of rectangles
or boxes, even if the global computational grid is uniform.
Do we get more rapid convergence if the subdomains are of
simple shapes? To answer this question, we try Test Case 2
again. This time we use a simple grid partitioning scheme
that produces the subdomains as small boxes. The result-
ing FGMRES iteration counts and wall-clock time measure-
ments, which are obtained on the Linux cluster forP = 16,
are listed in the following table. We also compare them
with the earlier measurements obtained by using a general
grid partitioning scheme.

Schur1 Schur2 Block1 Block2
P #itr time #itr time #itr time #itr time

Test Case 2; general grid partitioning
16 61 53.60 69 196.27 110 50.77 93 45.21

Test Case 2; simple grid partitioning
16 63 50.91 70 193.81 109 47.79 93 43.01

We observe that the change in iteration counts is hardly
noticeable. However, the simple grid partitioning scheme
produces better balanced subdomains, such that the com-
munication overhead is lower. This explains the slightly
better wall-clock time measurements. However, we should
remember that such a simple grid partitioning isonlyappli-
cable to global computational grids in the shape of rectan-
gles or boxes.

5.2. Comparison with additive Schwarz

It may be argued that an additive Schwarz preconditioner
(see e.g. [11]) is an algebraic block preconditioner. But



we choose to view additive Schwarz preconditioners differ-
ently, because they normally use more than the minimum
amount of overlap (see Section 1.1). In addition, their con-
vergence depends greatly on the so-calledcoarse grid cor-
rections(CGCs), which require an extra discretization on
another global grid with very low grid resolution.

In the table below, we report the number of GMRES it-
erations and wall-clock time needed by an additive Schwarz
preconditioner on the Linux cluster for Test Case 1. We re-
mark that we use a simple partitioning scheme to produce
subdomains as small rectangles. The amount of overlap in
both x- andy-direction is about5% of the side length of
the subdomains. The global coarse grid has a fixed size:
5 × 17, and the coarse grid level linear system is solved by
Gaussian elimination. The subdomain solver in use is one
Conjugate Gradient (see e.g. [7]) iteration accelerated by a
special FFT-based preconditioner.

Test Case 1; global grid:1001× 1001
Additive Schwarz Additive Schwarz

without CGCs with CGCs

P #itr time #itr time
2 26 88.86 13 47.84
4 33 61.80 18 37.50
8 65 64.04 26 29.97
16 115 56.24 39 23.36

We see that, when CGCs are not used, this additive
Schwarz preconditioner has a dangerously rapid growth of
iteration counts. However, with the help of CGCs, the ad-
ditive Schwarz preconditioner clearly converges faster than
all the four parallel algebraic preconditioners.

6. Concluding remarks

Our six test cases are of course insufficient for drawing
any definitive conclusions on the numerical behavior of the
parallel algebraic preconditioners that have been considered
in this paper. However, the following observations seem to
hold:

• TheSchur1 preconditioner seems to be the best choice,
with respect to the overall computational efficiency.
It has quite stable iteration counts, which are some-
what independent ofP . Moreover, it has an accept-
able scalability of the parallel efficiency, due to the
relatively small overhead associated with solving the
global Schur complement system.

• TheSchur2 preconditioner has the most stable iteration
counts with respect toP . This preconditioner is good
at achieving satisfactory convergence, but not overall
computational efficiency.

• The Block1 and Block2 preconditioners have very
good scalability of parallel efficiency, if we consider
the computational cost per iteration with respect toP .
However,Block1 has often very slow convergence.

• All the four parallel algebraic preconditioners are quite
insensitive to the shape of subdomains.
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