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Abstract This is because the involved computational kernel is almost
exclusively an iterative solution process for systems of lin-
Simulating the propagation of 3D ultrasonic waves in ear equations, where the encountered inter-processor com-
a nonlinear medium is a demanding task. It requires the munication consists of two simple types. The first type is
solution of time-dependent and nonlinear partial differen- all-to-all broadcast of very short messages and the second
tial equations (PDEs). For such nonlinear PDEs, we have type is that a processor exchanges long message®nligh
to use an implicit numerical method that is very CPU- its immediate neighbors. When sequential PDE simulators
intensive. Parallel simulation is therefore essential for are parallelized carefully using a message-passing program-
studying those ultrasonic waves with satisfactory accuracy. ming model, those PC clusters may thus produce computing
We present in this paper the parallelization of an ultra- power comparable with that of medium scale supercomput-
sonic wave simulator and report some numerical experi- ers. In particular, our numerical experiments of simulating
ments that have been run on a 24-node Linux cluster. Our3D ultrasonic waves achieve better performance on a 48-
CPU-measurements indicate that Linux clusters can deliver CPU linux-cluster, compared with a SGI Origin 2000 ma-
satisfactory parallel computing power for the numerical so- chine when using the same number of processors.
lution of PDESs. For simulating 3D ultrasonic waves in par- The rest of the paper is organized as follows. Section 2
ticular, we have found that our Linux cluster, which consists gives a brief introduction to the mathematical model of
of 48 Pentium-11l 500MHz processors inter-connected with propagating acoustic waves in a nonlinear medium. Sec-
a 100Mbit/s ethernet network, is fully comparable with an tion 3 then follows with a presentation of the numerical
SGI Origin 2000 machine. method to be used. Afterwards, Section 4 is concerned with
a numerical ultrasonic wave simulator and its paralleliza-
tion. Thereafter, Section 5 contains the specifications of
1. Introduction a 24-node Linux cluster and the results of two benchmark
tests. Numerical experiments and measurements of some
In order to mathematically model the propagation of 3D 3D ultrasonic wave simulations are reported in Section 6,
ultrasonic waves in a nonlinear medium, we have to resortbefore Section 7 summarizes with some discussions.
to a system of nonlinear PDEs. Solution of these time-
dependent and nonlinear PDEs requires an implicit numer-
ical method. The resulting numerical simulations are very
CPU-intensive, thus can only be run on parallel computers
when a large scale discretization is employed. Traditionally, = We start with the nonlinear model for acoustic waves as
such huge computing power is acquired on multi-million- derived by Makarov and Ochmann in [15]:
dollar supercomputers. However, the emerging research

2. The mathematical model

field of scientific computing on clusters of low-cost PCs , 1%
provides a more cost-effective alternative; see [3, 4, 16]. 2 o2
Although the inter-processor communication of those PC 2

. . 10 >  BJ/A (0p 2
clusters, compared with that of high-end supercomputers, +c—2§ (Vo)™ + 52 \ Bt +bVip| =0,
is considerably slow against the processor speed, numeri-

cal solution of PDEs is well suited on them, see [1, 2, 11]. (1)
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The above model (1-2) is derived from the equations of on c Ot

hydrodynamics for compressible fluids under two assump- . . .
. X . . In comparison with the nonlinear model (1,3), we also
tions, where the first one says that the acoustic wave ampli- . oo

i . consider the following linear model
tude is small such that only second-order nonlinear terms

are kept. The second assumption is that we only consider A 1 9%
low-absorbing fluid, so only linear thermoviscous terms are Vp— 555 =0, (1) € QxR 9)
: . . c® Ot
taken into account. Equation (1) governs the velocity po-
tential o, and the relation between pressprandy is im- which is a linearized wave equation in pressure, arising
plicitly given by Equation (2). Moreove, is the speed of  from the the equations of hydrodynamics by assuming an
sound,py is the densityp, is the initial pressurej is the incompressible fluid. The initial and boundary conditions
absorption parameter arigl/ A is the nonlinearity parame-  will be the same as those of the nonlinear model, while the
ter. The problem is to be solved in some dom@ire R? non-reflecting boundary condition for this linear model is
fromt = 0 and for a time period forward.
In the present paper, a simpler relation betweeand @ _ _1@ z € e (10)
pis used. That is, we assume that the nonlinear and lossy on cot’ e
terms in (2) are small, thus get the following simpler rela-
tion 3. The numerical method
_ ¥ . . . .
P=Do=pog,- 3) Our approach to solving the nonlinear equation (1) is

to use Galerkin finite element method in the spatial do-
Therefore, equations (1) and (3) constitute the nonlin- main, combined with finite difference approximations of the
ear model to be studied by the present paper. Furthermoretemporal derivatives. Using centered differences for time
we assume that the system is at rest initially, with some con-derivatives, we get a semi-discrete scheme as:
stant velocity potential. This gives the following initial con-

ditions V2" — e (" — 20" 4 o)
(,0(.77,0) = Yo, T € Qa (4) 1 B/A /0O 2 n+%
A T 2ar [(W))Q * 2/2 <a_f> * bv%}
(5,0 =0, zeq. 5) c c
B/A (0¢ n—3
The boundary consists of two disjointed part2 - [(V@Q + 222 (E) + bVQw] } =0.

andoQr., wheredQr is the part of the boundary on which
the ultrasound transducer is located. & the pressure
waves we want to study are implemented. The present work
is part of a larger project whose main objective is to study
limited diffraction beams. Two variants of such beams are
the Bessel beams of order zero,

(11)

Assume tha{;};" | is a finite element basis for the so-
lution domain(2, such that the approximation gf at time
level n is 3, 7' N;. Then using the Galerkin finite ele-
ment method for the spatial derivatives in (1) will yield an

p(r, z,t) = Jo(ar)el P8 (6) m X m system of ponlinear equations involving appr_oxima—
tions from three time levelsp™t!, o™ andyp™~!. At time
and the X-wave of order zero, leveln + 1, wheny™ andyp™ ! are already computed, we

can solve the nonlinear problem (11) by using Newton iter-

p(r,z,t) = . ations, which will use the solution of the linearized model
\/r2 sin? ¢ + [ap — j(zcos ¢ — ct)]? (9) as the starting guess. More specifically, at each time

level we first solve (9) and then (11). A Krylov subspace

Hereay is a constanty is the frequencyy is the distance  method will be used to iteratively solve the linear system
from the center line of the transduceris the propagation  of equations encountered in each Newton iteration. More

distance from the transducer surface, @ndv are design  details on the numerical method may be found in [17].

parameters with8 = /(w/c)? —a?. See [14, 10, 9] for A simplified approach is used for the linear model (9).
the details of design and implementation. Using centered differences for the time derivatives, we get

0]




the semi-discrete scheme computational mesh is partitioned into a set of local sub-
A 1 meshes. Each processor is then responsible for one or sev-
Vi — NG (p"tt—2p" +p" ) =0, ze. eral sub-meshes. In such a parallelization approach, global
¢ (12) matrices and vectors are replaced by local sub-matrices and
sub-vectors. The global linear algebra operations needed

Then the Galerkin finite element method will yield a set of in the numerical solution of PDEs can now be achieved by

m equations for then unknowngp?**, operating oronly those sub-matrices and sub-vectors, plus
. inter-processor communication. Therefore, message pass-
Z [L N.NdTl + 1 (N;, N;) | prtt ing is an appropriate programming model because the inter-
— | cAt Joq,. e c2AgzY T processor communication is mostly in form of neighboring

1 (13) processors exchanging messages that contalln mesh nodal
:E/ p"N;dl' — (Vp", VNj) values shared between them. Message passing also works
0S2re well for the other form of frequently encountered inter-
+ 022752 2p" —p" ', N;), j=1,...,m, processor communication, Which_ is all-to-al_l broadcast of
one or several scalar values. This form of inter-processor
which can be solveexplicitly at each time level. In (13) communication is e.g. used during the calculation of the
above, the fornfu, v) meansf, uv dz. inner-product between two vectors that are distributed on
multiple processors.
4. A parallel ultrasonic wave simulator Sequential Diffpack simulators can be parallelized by

two approaches; see e.g. [5]. The first so-caliedar-
algebra-level(LAL) approach aims to provide automatic
parallelization of the CPU-intensive linear algebra opera-
tions that are needed in solving PDEs. The code related to
this parallelization approach is organized into a sradH-

We started the creation of a parallel ultrasonic wave sim-
ulator by building a sequential simulator in the framework
of Diffpack, which is an object-oriented programming en-

vironment for developing PDE software; see [6, 13]. More . r S . . :
specifically, Diffpack consists of a large number of “build- onlibrary to the existing sequential Diffpack libraries. This

ing blocks” that are organized in form of hierarchies of C++ add—r(])n L'At"t‘ Iibratry foqtains,(jar:]l_or;]gl oth?r thitngs, cfiiffe_rr;\nt
classes and cover all the sub-tasks in the numerical solutior] '€S" Parition strategies and high-ievel routines for inter-
of PDEs. Examples of such building blocks are mesh gener-p.rocessor communlca.tlon. An existing seqqentlal Qlﬁpack
ation, finite element and difference discretization function- i:nLulator car;] ge.stra|?htfor¥varily p?rallellﬁe? ltjkslmﬁpf[‘e
ality, time stepping control, different iterative strategies for approach by inserting a few function cafis to the

solving systems of nonlinear equations, as well as an ex_llbrary.
tensive collection of solution methods, preconditioners and ~ The second parallelization approach, termediesila-
convergence monitors for systems of linear equations. tor parallel (SP), is based on the LAL approach and aims to
The construction of a sequential Diffpack simulator for let Diffpack users easily develop parallel multilevel meth-
ultrasonic waves is therefore realized by deriving a new 0ds for solving PDEs, such as multigrid and domain decom-
C++ class from a generic Diffpack base class containing position methods. In this approach the existing sequential
functionality for finite element discretization. The mostim- Simulator is meant to be reused as a whole on each proces-
portant task is to re-implement a virtual C++ member func- SOr- The code related to the SP parallelization approach is
tion that translates the integrals needed in writing out (11) of &ls0 organized as an add-on library containing generic C++
the Galerkin finite element method. Another main task is to class hierarchies, from which users can pick out ready-made
implement the strategy of first solving the linearized model classes and/or derive new C++ subclasses. In this way, the
(9) to obtain a good starting guess and then submitting it to SP approach provides a flexible and structural way of build-
the subsequent Newton iterations at each time level. Thankdnd parallel PDE solvers with exceptionally good numerical
to Diffpack’s rich collection of PDE class hierarchies, the efficiency, which is due to the incorporation of a multilevel
development of such a sequential ultrasonic wave simula-method.
tor that incorporates a quite sophisticated numerical method The LAL parallelization approach has been applied to
was relatively straightforward. the sequential ultrasonic wave simulator. As only 10 new
Discretization of PDEs by finite elements, as well as lines of function calls to the LAL library were needed to be
by finite differences or finite volumes, almost exclusively inserted into the over-1000-line original sequential code, the
gives rise to sparse matrices, because only mesh nodes lyingvhole parallelization process was done under half an hour.
in the same element have nonzero couplings between eacihe performance of this parallel ultrasonic wave simulator
other. This property suits very well for a domain decompo- on a Linux-cluster will be reported in Section 6. We remark
sition parallelization approach, in which the original global that the use of MPI functions inside the add-on LAL library



makes the parallel simulator completely portable, i.e., the

source code used on the Linux-clusteidisnticalwith that Table 1. Measurements of the ping-pong test

used on other parallel Unix platforms. running on 2 CPUs on different nodes

5. A Linux-cluster ST 4 | 64 | IK | 16K ] 256K | IM | 4M
o _ . T |0.32|0.33|0.70| 3.59| 48.9 | 197 | 782

5.1. Specification and configuration 5 [020]309] 234| 731| 857 | 85.1] 858

We have recently built a beowulf-class Linux-cluster, us-
ing only off-the-shelf components. The cluster consists of  «
24 dual Pentium-IIl computing nodes, where all the 48 pro-
cessors run at 500MHz and are equipped with 512KB level
two cache. In addition, a separate single-CPU computer is
used as the front-end and file server. All the computers have
a 3com905B network interface card and are inter-connected
with a 100Mbit/s ethernet network, through a 26-port Cisco
Catalyst 2926 switch. Each computing node is equipped
with 512MB of memory, amounting to a total of 12GB for
the entire cluster. The whole system was purchased in the
beginning of 2000 for a total cost of NOK 500,000, approx-
imately US$ 60,000. (For more information please refer to
the web page [7].)

The Debian GNU/Linux operating system runs on the
cluster, with a Linux-kernel of version 2.2.14 customised PREETa——

Mbit/s

256 1K 4K 16K 64K 256K 1M 4m

for the hardware. We have installed the MPI library Mpich, ves

version 1.1.2 [18]. Moreover, all parallel jobs on the cluster

are run through the PBS bgtch gueue system [19]. We are Figure 1. Memory bandwidth for different
currently running PBS version 2.2, patch level 7.

message sizes, measured by the ping-pong

test running on 2 CPUs on different nodes
5.2. Benchmarks

Two standard benchmark tests are used to measure the
performance of the Linux-cluster. The first one is the 6. Numerical experiments and measurements
Top500-test from netlib, which is based on LU-factorization
of a dense matrix. Using a matrix of dimensi82000 x All simulations are done in a 3D spatial domain =

32000 and a (_jivision intd x 8 =48 subparts,_i.e. one per_ [—0.004, 0.004] x [0, 0.008], see Figure 3, which has a cir-
CPU, we achieved 9274.77 Mflops. The required block-size . ,15r ultrasound transducer located on the face at 0,

in this test was set to8 x 58. . _ with the center of the transducer in origin. The transducer
The second test is a simple ping-pong MPI-test, which paq 4 radius = 0.002 anda in (6) is chosen such that the

sends a number of messages of increasing sizes, back angrth zero of the bessel function of order zero coincides
forth between two processors. This test measures the roundWith the edge of the transducer (i.e.rat= 0.002). More-

trip average time and the memory bandwidth of the net- 5y er we uses = 2.5MHz speed of sound = 1500m/s
work. When the test is run on two processors located on ' '

two different nodes, we have found out that the latency of

the network on our cluster is approximatdl§0us, while

the bandwidth is over 85Mbit/s for large enough messages; Table 2. Measurements of the ping-pong test
see Table 1 and Figure 1. Meanwhile, if the two proces-  running on 2 CPUs on the same node

sors chosen by the ping-pong test are located on the same

node, the measurements for both latency and bandwidth ar
greatly improved; see Table 2 and Figure 2. In both Table1 | S | 4 64 | 1K | 16K | 256K | 1M | 4M
and Table 2, we denote the message size (in bytesy,by | 7" | 0.208| 0.21| 0.23| 1.01| 12.8 | 56.5| 241
round-trip time (inms) by T and memory bandwidth (in B | 031 ]485]70.1] 261 | 328 | 296 | 276
Mbit/s) by S.
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Figure 2. Memory bandwidth for different
message sizes, measured by the ping-pong
test running on 2 CPUs on the same node

and initial pressurg, = 1.01-10°. For the nonlinear model,
we set the absorption parametet 6.8 - 10-6 and the non-
linearity parameteBB/A = 2.5. These are the parameters
experimentally derived for water. Finally, we use the den-
sity po = 1000.0.

TransducerQr

[

y TransducerQr

xr

Figure 3. Two perspectives of the 3D solution
domain 2 used for all the simulations

In the following, we report some CPU measurements ob-

tained on both our Linux cluster and an SGI Origin 2000

tively. In Tables 3-5P denotes the number of processors
andn denotes the speedup obtained by

_n
n=

6.1. Measurements for the linear model

For the linear model (9), we discretize the spatial domain

by 963 = 884, 736 tri-linear elements. Each element has 8
nodes, amounting to a total 812, 673 degrees of freedom.
The problem is solved from = 0 until ¢ = 5.0 - 1076,
Two snapshots of such simulations are shown in Figures 4-
5. When multiple processors are used, the spatial domain
is partitioned by planes perpendicular to the axes. The sub-
meshes are non-overlapping and of strictly the same size.

Figure 4. A snapshot of a Bessel beam trav-
elling in a linear medium

Table 3 and Figure 6 show the CPU-times and the associ-
ated speedup results for different numbers of processors in
use. We note that the numerical method for the linear model
is an explicit scheme, where the computational kernel at

machine with 128 R10000 195MHz MIPS processors. We each time step is matrix-vector multiplication. The inner-
remark that the Origin 2000 machine scored 40.25GFlopsprocessor communication is of the form that one processor

in the Top500-test. All the CPU-times are given in seconds,

and the C++ compiler and command-line options are
g++-0

and
CC —64 -G 0 —O —mips4 —OPT:Olimit=4000

for the Linux-cluster and the Origin 2000 machine, respec-

only exchanges information with its immediate neighbors,

no all-to-all communication occurs. Together with perfect

load balance, this explains why the Linux cluster performs
very well even at its full capacity, whereas, the measure-
ments of the Origin2000 machine are more or less affected
by the high word load.



Figure 5. A snapshot of a X-wave travelling in
a linear medium

6.2. Measurements for the nonlinear model

For the nonlinear model (1,3), we use tri-quadratic el-  Figure 6. CPU-times and efficiency measure-
ements where the total number of degrees of freedom is  ments obtained on the Linux-cluster associ-

1,030,301. Here we adopt a general mesh partition ap-  ated with simulations for the linear model
proach that is much more flexible than that being used for
the parallel linear simulations. More specifically, we use
the METIS [12] package to first get an unstructured non-
overlapping partition. Then a member function of the add-
on LAL library enlarges each sub-mesh, such that a layer

of element overlap arises between neighboring sub-meshes, d Bi-Coni Gradi hod. C  thi
The overlap is necessary for the parallel nonlinear simula-'2€¢ BI" onjugate-Gradient method. Convergence of this

tions, because systems of linear equations need to be solveffiethodis considered to b?gachleved if the discrat@orm
of the residual is belo#0~°. For the Newton iterations,

convergence is reached if the difference between the two lat-
est solutions, divided by the latest solution, is smaller than
Table 3. CPU-measurements of simulations 1078.
for the linear model Table 4 and Figure 7 show the measurements for running
one time step of the nonlinear simulation. Since the dis-
cretization of the entire spatial domain requires more than
512MB, measurement associated with a single processor of

by the processors collaboratively.
In each Newton iteration, the linear system of equations,
hich is non-symmetric, is solved iteratively by the stabi-

Origin2000 || Linux-cluster

P | Sub-mesh | CPU | 7 CPU | 7 the Linux cluster is not available. Although this is not a

1 196x96x96 | 944.83| N/A || 640.7| N/A problem for the Origin 2000 machine, which has a shared
2 | 48x96x96 | 549.21| 1.72 | 327.8| 1.95 memory of 24GB, we have used the CPU-time obtained on
4 | 48 x48 x 96 | 282.75| 3.34 || 174.0| 3.68 two processors as the reference for calculating speedup re-
8 | 24 x48x96 | 155.01] 6.10 || 90.98| 7.04 sults for both the machine types. In this way Table 4 brings
16 | 24 x 48 x 48 | 80.41 | 11.8| 46.35| 13.8 a fair comparison.

24 | 32 x24x48 | 65.63 | 14.4| 34.05| 18.8 We remark that the relatively poorer speedup results of
32|24 x24x48 | 49.97 | 18.9 || 26.27| 24.4 Table 4, when compared with those of the linear simula-
48 | 24 x 24 x 32 | 35.23 | 26.8| 17.74| 36.1 tions, are primarily due to the general mesh partition ap-

proach and the element overlap layer between neighbor-



Table 4. CPU-measurements of simulations
for the nonlinear model

5000

o 4000F

Origin2000 Linux-cluster
CPU n CPU n o0
8670.8| N/A || 6681.5| N/A
4628.5| 3.75 || 3545.9| 3.77
2404.2| 7.21| 1881.1| 7.10
1325.6| 13.0|| 953.89| 14.0 0
1043.7| 16.6 || 681.77| 19.6 .
725.23| 23.9 || 563.54| 23.7
48 | 557.61| 31.1|| 673.77| 19.8

pu tim

2000

W{N| =
N_bojoo.br\)w

ing sub-meshes. Secondly, the stabilized Bi-Conjugate-
Gradient method involves inner-product calculation be-
tween two vectors, requiring all-to-all reduction operations
of inter-processor communication. Such all-to-all commu-
nication becomes very costly on the Linux cluster, when
being used close to its full capacity. That is why measure-
ments of the Origin 2000 machine become better than those
of the Linux cluster for large numbers of processors. We
also recall that for the current configuration of our cluster,  Figyre 7. CPU-times and efficiency measure-

the two processors on the same node have to shasathe ments obtained on the Linux-cluster associ-

ethernet cable connecting towards the switch, thus making  sted with simulations for the nonlinear model

the inter-processor communication extraordinarily expen-

sive when more than 24 processors are in use. The situa-

tion may be improved if each node is equipped with a sec-

ond network card and ethernet cable towards the switch. ToSGI Origin 2000 machine. It is reflected by not only the
see when the communication overhead makes the paralle@bsolute CPU-time measurements, but also the speedup ca-
nonlinear simulations unprofitable for the current configu- pability. This is especially true for simulations where no
ration, we also list in Table 5 more detailed measurementsall-to-all inter-processor communication occurs. Undoubt-
for the Linux cluster obtained on between 32 and 48 proces-edly, clusters fabricated with high-end myrinet-based net-
sors. The speedup results are scaled against the CPU-timeorks are capable of delivering better parallel performance,
obtained on two processors. In addition to the maximum as pointed in e.g. [11]. We believe, however, that low-end
CPU-time consumption among all the processors, which weLinux-clusters will remain a usable and cost-effective op-
have consistently used in previous tables, we also listed thetion for solving certain types of PDEs in parallel.

average and minimum CPU-time consumption among the

processors. This is to show the disparity in the measure-

ments due to load-imbalance. Acknowledgements. The authors thank the anonymous
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In this paper, we have included different aspects of the time.

numerical simulation of 3D ultrasonic waves. A parallel

simulator has arisen easily from its sequential counterpartpaferences

in the framework of Diffpack, and the source code is com-

pletely transparent for the underlying parallel platform. For
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Table 5. Detailed simulation measurements
for the nonlinear model, using from 32 to 48

processors of the linux cluster

P | CPU-time| 7 Avg. CPU | Min. CPU
32 563.5 | 23.71| 546.4 519.8
34 541.0 | 24.70| 523.7 491.1
36 518.0 | 25.80| 495.4 444.0
38 555.3 | 24.06| 497.5 440.4
40 625.4 | 21.37| 438.0 334.8
42 734.2 | 18.20| 598.2 434.4
44 601.2 | 22.23| 483.1 389.7
46 966.2 | 13.83| 667.5 373.7
48 673.8 | 19.83| 522.9 389.9
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